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1 Fundamental groups and Van Kampen theorem

Exer 1.1. Find the fundamental group of the space X = S' x S'/{p, ¢} obtained from the torus
by identifying two distinct points p and q to one point.

X is homotopy equivalent to S' x S! together with a line from p to q.
So X ~ S xStV S!, d.e m(X)=7Z2?%Z by Van Kampen theorem.

Exer 1.2. Mébius band is the quotient space ([—1,1] x [-1,1])/((1,y) ~ (=1,—y)). Consider
the space X = My U Ms, where My and My are Mébius bands and My N My = OM; = OMs.
Determine the fundamental group of X.

Since Mobius band can given by

So m1(X) = (a,bla®b? = 1) = Z/27 * 7./ 2.
Exer 1.3. (1) Let A be a single circle in R3. Compute the fundamental group w1 (R3 — A).

(2) Let A and B be disjoint circles in R3, supported in the upper and lower half-space, respec-
tively. Compute m (R® — (AU B)).

(1) R? — A is homotopy equivalent to S? together with a line from south pole to north pole.
Som(R3— A)=m(S?VvSH) =7

(2) Consider the upper half-space and the lower half-space.
By Van Kampen theorem, 1 (R? — (AU B)) = Z x Z.

Exer 1.4. Show that for every group G, there exists topological space Xg with m(Xg) = G.

Every group has a presentation by generators and relations.
Then the generators form the 1-cells of X (wedging together at a base point xp) and the
relations form the 2-cells of Xg.

Exer 1.5. Prove that m, of a topological group is abelian

Consider two loops «, ﬁ [0,1] — X with base point 1.

Then let H : [0,1]2 = X, (s,t) = a(t)B(s).

So H(0,-)=H(1,-)=a,H(—,0) = H(—,1) = 5.

Since two path from (0,0) to (1,1) on boundary of square [0, 1]? are homotopy in square.
Hence [a] * [5] = [B] * [a], i.e. m1(X) is abelian.

Exer 1.6. A topological space X is called an H-space if there existse € X and p: X x X — X
such that u(e,e) = e and the maps © — p(e,x) and x — p(x,e) are both homotopic to the
identity map. Show that the fundamental group of an H-space is Abelian.

Consider two loops a, ﬁ [0,1] — X with base point e.

Then let H : [0,1]2 — X, (s,t) = p(a(t), B(s)).

So H(0,—) = H(1,-) = p(a, e) is homotopic to o, H(—,0) = H(—, 1) is homotopic to S.
Since two path from (0,0) to (1 1) on boundary of square [0, 1]? are homotopy in square.
Hence [a] * [8] = [5] * o], i.e. m1(X) is abelian.



Exer 1.7. The mapping torus Ty of a map f : X — X is the quotient of X x I obtained by
identifying each point (x,0) with (f(x),1). In the case X = S'VS! with f basepoint-perserving,
compute a presentation for wi(Ty) in terms of the induced map fi : 7 (X) = m(X).

Let a,b be the 1-cells of X and ¢ be the line from (e, 0) to (e, 1).
Then a, b, c are the 1-cells of Ty and the 2-cells are given by a~tcf.(a)c™t, b efi(b)e™L.
So m(Ty) = {a,b,cla tef(a)c™ = b lef (b))t = 1)

Exer 1.8. What is the fundamental group of SO(3)?

Every elements in SO(3) is given by a unit vector v € R? and an angle # € [0, 7] with
(v,m) ~ (—v,m).

So SO(3) 2 D3/ ~=~ RP®.

Hence 71(SO(3)) = 71 (RP?) = Z/27.

Exer 1.9. Show that 7 (R? — Q?) is uncountable.

Consider the loop 7, given by the boundary of square [0, a]?.

Then for any two different a,b € R, 7, and =, are not homotopic.

This is because there exists ¢ € (a,b) and 7, and 73 are not homotopic in R\{c}.
Hence there are uncountable elements in m (R? — Q?).

Exer 1.10. For relatively prime positive integers m and n, the torus knot K = K, , C R3 is
the image of the embedding f : S' — S! x S C R3, given by

where the torus S* x St is embedded in R? in the standard way. Compute the fundamental group
71 (R3\ K).

RIN\K ~ S3\K.

Notice that S' x S' divides S? into two solid torus A, B.

Let m1(A) = (a), m1(B) = (b) and m (T\K) = m(K) = (¢).

Then a, b corresponds to two generators of 71 (S! x St) and ¢ = ma + nb € 71 (7).
Consider U = AU (S x S'\K),V = BU (S! x S"\K).

By Van Kampen theorem, 7 (R3\K) = (a, bla™ = b").

2 Covering spaces

Exer 2.1. Suppose K is a finite connected simplicial complex. True or false:

(1) If m1(K) is finite, then the universal cover of K is compact.

(2) If the universal cover of K is compact, then m (K) is finite.

(1) Since m1(K) is finite.

So K is also a finite simplicial complex, .e. K is compact.

(2) Consider a point p € K and the covering map 7 : K-> K.
Then the number of 7=1(p) is 71 (K).
And since K is compact.

So 7~ !(p) has no limit point, i.e. 71(K) is finite.



Exer 2.2. Let X be path-connected and locally path-connected, and let' Y be a finite Cartesian
product of circles. Show that if 71 (X) is finite, then every continuous map from X to'Y is
null-homotopic.

Consider f, : m(X) — m(Y).

Since m1(Y) = Z™ and m(X) is finite.

So every element of 71 (X) has finite order, i.e. f.([7]) = 0.

Therefore f can lift to a map f : X — R”, which is null-homotopic since R” is contractible.
Hence f is null-homotopic.

Exer 2.3. Let X be a path connected, locally path connected, semilocally path connected space.
Recall that a path connected covering space X — X is abelian if 1 (X) is normal in 71 (X) and
the quotient is abelian. Show that there is a universal abelian cover: this is an abelian cover
X — X such that for any other abelian cover Y — X, there is a covering map X — Y factoring
the map X = X.

Consider N = [m(X), m1(X)].
Then N is the minimal normal subgroup of 71 (X) such that 71 (X)/N is abelian.
So the corresponding covering space X is the universal abelian cover.

Exer 2.4. Let X = S?VRP? be the wedge of the 2-sphere and the real projective plane. Describe
the universal covering space of X.

Since the universal covering space of RP? is S? and each point of RP? has two preimages
that are antipodal.
So the universal covering space of X is S? v §? v §%.

Exer 2.5. Show that every subgroup of a free group is free.

The covering spaces of \/" S! must only have 1-cells.
So their fundamental groups is free.

Exer 2.6. Let Yo be the closed orientable surface of genus 2.
(1) What is G = 71(X2)?
(2) Why is G non-abelian?
(3) Why does G contain a subgroup of index 77
(4) Show that 3o is not a non-trivial cover of any orientable surface.
(5) Show that ¥ is a non-trivial cover of a space.
(1) G = (a,b,c,dlaba b ede1d™t = 1)
(2) ab # ba otherwise aba~1b~1 = 1.
(3) Consider the normal subgroup H generated by a’, b, c, d.
Then G/H = (a|la” = 1), i.e. H is of index 7.
(4) Since x(¥2) =2 —4 = —2.
So if ¥ is a non-trivial cover of some surface S, then x(S) = —1.
Hence S is not orientable.
(5) Take S = RPZ#T.
Then the 2-sheeted covering space of S is T#S?#T = %,.



Remark 2.1. For (3), we can also construct a 7-sheeted covering space directly. It is of genus 8,
given similarly as example 1.41 in Hatcher.

Exer 2.7. X = S'VS! is the wedge sum of two circles, let a,b denote the two standard generators
Of ™1 (X) = F2 .

(1) Draw a picture of the directed graph of the covering space of X that corresponds to the
following subgroup

H = (a®,b?, ab’a, ba’b, (ab)?).

On each edge of the directed graph, you should draw an arrow for its direction and label “a”
or “b” for its image under the covering map.

(2) Is the covering above a normal covering? Prove your claim.

(1) the red point is base point and edges with one arrow are a, with two arrows are b.

(2) Notice that the graph is symmetric to four points.

So for any g € F>, no matter which point the base point was sent to by g, h corresponds to
a loop at that point for h € H.

Then by ¢~ the point is sent back to base point, i.e. ghg™! corresponds to a loop.
Hence ghg~! € H, i.e. H is normal.

Exer 2.8. Let X be a topological space. We say that two covering spaces f :' Y — X and
g : Z — X are isomorphic if there exists a homeomorphism h :' Y — Z such that go h = f.
If X is a compact oriented surface of genus g (that is, a g-holed torus), how many connected
2-sheeted covering spaces does X have, up to isomorphism?

Let X be the 2-sheeted covering spaces of X.

Then 71(X) is a subgroup of 71(X) of index 2, i.e. it is normal.

So 71 (X) can be given by the kernel of ¢ : 71 (X) — Z/27.

Since ¢ must passing through the abelization Z29 of 7 (X).

So there are 229 — 1 different non-trivial ¢ by appointing each generator of Z29 to 0 or 1.
Hence there are 229 — 1 different X up to isomorphism.

Exer 2.9. Find all the connected 2-sheeted and 3-sheeted covering spaces of S' vV St up to
isomorphism of covering spaces without basepoints. Indicate which covering spaces are normal.

Similar to the above exercise, every 2-sheeted covering space is normal and the number of
2-sheeted covering spaces are 2.

For 3-sheeted covering spaces, there are 3 that are normal.

And for not normal case, there are 2:

(a®,b?, aba, bab), (a, b3, bab, ba™1b).



Exer 2.10. Let M be a connected non-orientable manifold whose fundamental group G is simple
(that is, has no non-trivial normal subgroup). Prove that G must be isomorphic to Z/27.

Consider the oriented 2-sheet covering space M of M.
Then 71 (M) is an index 2 subgroup of 7 (M), i.e. it is normal.
So m (M) =7/27.

Exer 2.11. A covering space is abelian if it is normal and its group of deck transformations is
abelian. Determine all connected abelian covering spaces of S' v S*.

Let X =S!'vS! and X be an abelian covering space of X.

Then 71 (X) can be seen as kernel of homomorphism ¢ : 1 (X) — G where G = 71 (X) /m(X)
is abelian.

Since  must passing through the abelization Z? of 71(X) = Z * Z.

So G must be the subgroup of Z2, i.e. G = Z/mZ x Z/nZ for some m,n € N.

By appointing each generator of Z? to G, we can easily determine all connected abelian
covering spaces of St v St

Exer 2.12. Consider a map f : T?> — RP? from the torus to the projective plane. Suppose
the induced map f. : m(T?) — 7w (RP?) is trivial. Is f always null-homotopic? Prove your
concluston.

No. Consider a map ¢ : T? — S? with degree 1 and the quotient map ¢ : S* — RP?.
Then f = go g induced a trivial map but is not null-homotopic.

Exer 2.13. Show that CP?" does not cover any manifold except itself.

Suppose CP?" is the covering space of X.

Then there exists a non-trivial deck transformation f : CP** — CP?",

Consider f* : H*(CP**) — H*(CP*) and let f*(a) = ka where a is the generator of
H?(CP?™).

So the Lefschetz number of fis 7(f) =14+ k + k> +--- + k> £0.

By Lefschetz fixed point theorem, f has a fixed point, contradiction!

Exer 2.14. Let F), be the free group of rank n.

(1) Give an example of a finite connected graph such that its fundamental group is Fs.
(2) Does Fy contain a proper subgroup isomorphic to Fy?

(8) Does Fy contain a proper finite index subgroup isomorphic to Fy?

(1) Take a graph with one point and two self-loops on it.
Then the graph is homeomorphic to S! V' S!, i.e. its fundamental group is F.
(2) Yes, such as (a?,b).
(3) Suppose there exists a finite index subgroup G of Fy that is isomorphic to Fj.
Then it corresponds to a n-sheeted covering space X of S! v S! where n = [F, : G].
So X is a graph with n points and 2n edges.
Hence starting from a base point, there are at least n + 1 independent loops, i.e. G = F,,

for some m > n + 1, contradiction!

Exer 2.15. Describe all the connected covering spaces of RP?VRP2. Here \V is the wedge sum.



71 (RP? vV RP?) = (a,bla® = b = 1).

The elements in it are (ab)™, (ab)™a, (ba)™ and b(ab)™.

Let H be a proper subgroup of m (RP? v RP?).

Take the shortest element h of H.

If h = (ab)", then (ab)™a,b(ab)™ ¢ H.

Otherwise let m = ng + r, we have (ab)"a € H and it is shorter than h.
Moreover, H is generated by h, i.e. the correspondent covering map is \/
If h = (ab)"a and b(ab)™ € H for some m, let m be the smallest one.

So (ab)"*m+l € H.

Suppose (ab)¥a € H for some k such that (n+m + 1) { (k — n).

Then h(ab)*a = a(ba)"(ab)*a = (ba)*~" € H.

Let k—nm=(Mn+m+1)g+r.

So (ab)" € H and (ab)" "a € H.

When r < n, (ab)""a € H is shorter than h, contradiction!

When r > n, (ab)""a = (ba)" """ 1b is shorter than b(ab)™, contradiction!

Thus H is generated by h and b(ab)™, i.e. it corresponds to RP? v \/"* §2 v RP2
If h = (ab)"a but no b(ab)™ € H, then H is generated by h.

So it corresponds to RP2V S2V SV - ...

2n SQ

Exer 2.16. Let X be a topological space and 7 : R?> — X a covering map. Let K be a compact
subset of X and B the closed unit ball centered at the origin in R2.

(1) Suppose © : R?\B — X\K is a homeomorphism. Show that 7 : R? — X is a homeomor-

phism.

(2) Suppose R\ B is homeomorphic to X\K, where the homeomorphism may mot be 7. Is X

(1)

(2)

necessarily homeomorphic to R2? Prove your assertion.

Since 7~ 1(K) C B is closed and bounded.

So 7~ Y(K) is compact, d.e. 7 is of finite-sheeted.

And since R?\7~!(K) is the covering space of X\K.

Therefore 71 (R?\7~!(K)) is the finite index subgroup of 71 (X\K) = Z, i.e. it must be Z.
Suppose |m1(X)| > 1.

Then 7~ !(K) has at least two components.

So m1(X\771(K)) has at least two generators given by the boundaries of components of
7 HK).

Contradiction!

No. Let X = T2, K is the complement of an open annulus.

Then X\K is an open annulus, which is homeomorphic to R?\ B.

Exer 2.17. Let X and Y be simply-connected covering spaces of the path-connected, locally
path-connected spaces X and Y. Show that if X ~Y (i.e. , X andY are homotopy equivalent),
then X ~ Y.

Let f: X — Y be the homotopy equivalent with inverse g: Y — X and go f g Idx
Take base point zg € X, yo = f(z9) € Y.

Then X is consist of the path ~ from xg to p € X.

Consider f:X=Y,[~=fon]

Sogo f(lv]) =lge fonl

Therefore g o f ~ Idg where H([4],t) = [H(7.t)].

Hence X ~ Y.



Exer 2.18. Show that S? x S! is a double cover of the connected sum RP3#RP3.

RP? = D3/ ~ with 2 ~ —x for z € S%.

Let D = {x € R3||z| < 3}, Dy = {z € R3||z| < 1}.

Then RP3#RP3 2 (D1\Dy)/ ~ with 2 ~ —x for x € dD; UdDs.

So consider map 7 : §* x St — (D1\D3)/ ~, (z,0) — (3 — 2}% - 1‘) x where 0 € [0, 27).
It is easy to see that 7 is a covering map.

Exer 2.19. Let G and H be connected topological groups and ¢ : G — H a continuous homo-
morphism. If ¢ is a covering space map, show that the kernel of ¢ is contained in the center of

G.

Take x € ker ¢, Consider continuous map f, : G — ker ¢, g — grg™'.

fx is well-defined since ¢(grg™!) = ¢(g)p(x)p(g) "t = e.
But since ¢ is covering space map.

So ker ¢ is discrete, i.e. f, must be constant for every x € ker ¢.
Hence grg~! = x for all g € G and z € ker ¢, i.e. ker¢ C Z(G).

3 Classification of closed surface

Exer 3.1. Is the surface of genus 3 a covering space of the surface of genus 27 Is the surface
of genus 2 a covering space of the surface of genus 37 If so, then exhibit an example of such a
covering.

X(Z3) = —4, x(¥2) = —2.
So the surface of genus 2 is not a covering space of the surface of genus 3.
The construction of 7 : X3 — 3o is similar as the example 1.41 in Hatcher.

Exer 3.2. Forn > 2, let X,, be the space obtained from a regular (2n)-gon by identifying the
opposite sides with parallel orientations. This description produces a cell decomposition of X,,.

(1) Write down the associated cellular chain complex.

(2) Show that X, is a surface, and find its genus.

(1) If 2|n, then there are one O-cell €%, n 1-cells ei, ..., el and one 2-cells e2.
And the gluing data is elel---el (6%)_1 - (e}l)_l.
If 2 1 n, then there are two 0-cells e?, eg, n 1-cells e%, ...,el and one 2-cells e2.

And e} is from €Y to €9 if 21 k, from €3 to e if 2|k.
-1
(en)
(2) X, is a manifold of two dimensional, i.e. it is a surface.

And it is orientable, its Euler number is x(X,) = (n —2[%] +1) —n+1=2-2[%].

The gluing data is efel---el (e%)f1

So its genus is [%]

Exer 3.3. Consider the following group with 2n generators and 1 relation:

—1;—1 —1;—1 —1;—-2
Gn = (al,bl,@,bg,...,an,bn|a1b1a1 b1 a2b2a2 bg s apbpay, by, >

For which pairs (m,n) does Gy, contain a finite index subgroup isomorphic to G, ?



Gy, is the fundamental group of %,.

So G, contains a finite index subgroup isomorphic to Gy, iff ¥, is a covering space of X,.
And since x(3,,) =2 —2m, x(Z,) =2 — 2n.

Hence (n —1)|(m — 1).

Exer 3.4. Which topological surfaces can arise from gluing the edges (via linear maps on the
edges) of a 2024-gon?

x(X)=V —-1012+41 > —1010.

On the other hand, every surface X with yx(X) > —1010 can be arise from a polygon with
4 — 2x(X) edges.

And by divide a pair of antipodal edge into m small pieces, where m = 1010 + x(X), we
can easily construct a 2024-gon that can be arised to X.

Hence all surface X with x(X) > —1010 are eligible.

Exer 3.5. Show that a closed orientable surface My of genus g has a connected normal covering
space with deck transformation group isomorphic to Z" (the product of n copies of Z) if and
only if n < 2g.

Let X be the normal covering space of My such that m (M) /7 (X) = Z".
Since the abelization of 1 (X) is Z%.

So Z™ C 7?9, i.e. n < 2g.

Let a1, as, ..., azy be the generator of M,.

Take 71(X) generated by [G,G] and ay, ..., ags—p and their conjugation.
Then 71 (Mgy)/m(X) =2 Z".

Exer 3.6. Let M = T?\D? be the complement of a disk inside the two-torus. Determine all
connected surfaces that can be described as 3-fold covers of M.

Let S be a 3-fold covers of M with genus g and k-punctures.
Then x(S)=2—-29—k=3x(M)=3-(2-2-1)=-3.
So S must be a torus with 3-punctures or a genus 2 surface with 1-puncture.

Exer 3.7. Let n > 2. Classify (up to diffeomorphism) all connected surfaces that can be
represented as n-fold covers of the Klein bottle.

Let S be the n-fold cover of K.

Then x(S) = nx(K) = 0.

So S can only be the Klein bottle or torus.
On the other hand, torus is its 2-fold cover.

Exer 3.8. Let X = (St x SH\{p} be a once-punctured torus.

(1) How many connected, 3-sheeted covering spaces f : Y — X are there?

(2) Show that for any of these covering spaces, Y is either a 3-times punctured torus or a
once-punctured surface of genus 2.

(1) 5, given by exercise 2.9.

(2) By exercise 3.6 there must be one of these two cases.

On the other hand, both cases can be realized. 3-times punctured torus corresponds to
normal covering spaces, and once-punctured surface of genus 2 corresponds to covering
spaces that are not normal.
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4 Singular and Cellular homology, long exact sequence

Exer 4.1. Let X be the quotient space of S* under the identifications x ~ —x for x in the
equator St. Compute the homology groups H,(X). Do the same for S* with antipodal points of
the equator S*> C S? identified.

By cellular homology,

0 72 7 -9 57 50

(a,b) — 2a —2b

So Hy(X)=2Z,H(X) =7Z/27Z,Hs(X) = Z.
For S3, by cellular homology,

0—-2722 %7257 %7 40

In particular, Z? — Z is trivial since S — RP? has degree 0.

So Ho(X) =Z,H1(X) = Z/2Z,Hs(X) = 0, H3(X) = Z2.
Exer 4.2. Let S? <= S2v S? 25 S? be the maps that crush out one of the two summands. Let
f:S? = S?VS? be a map such that ;o f : S*> = S? is a map of degree d;. Compute the integral
homology groups of (S? v S?) LfJID)3. Here D? is the unit solid ball with boundary S?.

By cellular homology,

0 7, ) o 0 z 0

So Ho(X) = Z,Hl(X) = O,HQ(X) =7 Z/ ng(dl,dQ)Z,Hg(X) =0 if dids 7& 0.
If d1 = d2 = 0, then H3(X) = 7.
Exer 4.3. Let A be a CW complex, and n a positive integer. Assuming that every homology

class in degree d > n is in the image of Hy(S%Z) for some map S* — A, show that there is a
CW complex X, and a cellular map A — X such that the inclusion map

Hi(A;Z) — Hi(X;Z)
is an tsomorphism whenever i < n, and vanishes otherwise.

For each generator ¢ of Hy(A;Z), we attach a (d + 1)-cell on it, this is well-defined since we
have S — A that induce c.

This construct a CW complex X and A — X induce isomorphism homology group for
dimension ¢ < n, and vanishes otherwise.

Exer 4.4. Let X be (S? x S?) Y D3, where we attach the 3-disk via the map S*> — S? V' S? which
S

crushes a great circle connecting the north and south poles. Compute the homology groups of

X.
By cellular homology,

(L,1)

0 72,7 72 0 7 0

So Hy(X) =17, Hy(X) =0, Hy(X) = Z, H5(X) = 0, 4(X) = Z.

Exer 4.5. Let X be a topological space and p € X. The reduced suspension XX of X is the
space obtained from X x [0,1] by contracting (X x {0,1}) U ({p} x [0,1]) to a point. Describe
the relation between the homology groups of X and XX.

11



Let CX = (X x [0,1])/(X x {1} U {p} x [0,1]).
Then XX = CX/(X x {0}).
So we have long exact sequence

Noti~ce that C'~X is contractible.

Exer 4.6. Construct a space X with Hy(X) =7, H1(X) = Zo x Z3, Hy(X) = Z, and all other
homology groups of X wvanishing.

Let X be a CW complex with one 0-cell €, one 1-cell e! and two 2-cells €2, e3.
And the attach map is 6e! and 0 resp.

Exer 4.7. Show that S* xS and S'VS'VS? have isomorphic homology groups in all dimensions,
but their universal covering spaces do not.

By cellular homology, both of them are
0—72%72%7 -0

So they have the same homology groups in all dimensions.
But their universal covering spaces are R? and the complete quadtree wedging a S? at each
vertices, so they do not have the same homology group in dimension 2.

Exer 4.8. Compute all homology groups of the m-skeleton of an n-simplex, 0 < m < n.

Consider the simplicial homology of A™

On—
0 NN s S N BN ML I
By definition, C), is the m-skeleton of A",
So the simplicial homology of C,, is given by
Om—
0 s Gy~ Oy Lo o 20

Hence Hy(Cp,) =0 for 0 < k < m, Hyo(Cp,) = Z and
dim H,,(Cy,) = dim C}, 11 — dim ker Oy, 41

- (ZE) - (mi2>
N <m11>

Exer 4.9. Suppose that X is contractible and that some point a of X has a meighborhood
homeomorphic to R*. Prove that H,(X\{a}) = H,(SF1) for all n.

that is, Hp(Cr,) = 7).,

Let U be the neighborhood that homeomorphic to R~

So by excision theorem, H,(X\{a},U\{a}) = H,(X,U) = 0.

Therefore we have long exact sequence

- — Hyi(X\{a}, U\{a}) — Ho(U\{a}) — Hn(X\{a}) — Ho(X\{a},U\{a}) — -
Hence H,(X\{a}) = H,(U\{a}) = H(S¥ ).

12



Exer 4.10. Let X — Y be a covering map, and d a positive integer not equal to 0 or 1. Given
examples where the homology Hy(X, Q) is non-trivial and the map Hy(X,Q) — Hy(Y,Q)

(1) is an isomorphism,
(2) is surjective but not an isomorphism,
(3) 1is injective but not an isomorphism.
(1) Let X,Y be the torus and f: X — Y be a two-sheeted covering space map.
Then H2(X,Q) = H2(Y,Q) = Q and f.(a) = 2a for d = 2, i.e. it is an isomorphism.
(2) Let X =S%Y =RP? and f: X — Y be a two-sheeted covering space map.
Then Ho(X,Q) 2 Q, H2(Y,Q) =0 and f. =0 for d =2, i.e. it is surjective.
(3) Let X =R%)Y =T? and f: X — Y be the universal covering space map.
Then Ho(X,Q) =0, H2(Y,Q) =2 Q and f, =0 for d =2, i.e. it is injective.
Exer 4.11. Show that if R™ and R™ have homeomorphic open subset then m = n.

Let U C R™, V C R" be two homeomorphic open subset.
Then by excision theorem, Hy (U, U\{p}) = Hp(R™,R"™\{p}) = Hr(S™).
So H,, (U, U\{p}) = Hn(V,V\{q}) = Z only if m = n.

Exer 4.12. Show that Z./27 is the only group that can act freely on S*".

Let G be a group that can act freely on S?" and f € G.

Then f is an automorphism without fixed point, its Lefschetz number is 7(f) = 1 + deg(f).
So by Lefschetz fixed point theorem, deg(f) = —1.

And since deg(f o f) = 1.

Therefore f o f has a fixed point, i.e. it must be Id.

Hence G = 7Z/2Z.

Exer 4.13. For a topological space X, denote the suspension of X by SX.

(1) Show that H,(X) = H,11(SX) for all n. More generally, thinking of SX as the union of
two cones C' X with their bases identified, compute the reduced homology groups of the union
of any finite number of cones C' X with their bases identified.

(2) Making the preceding problem more concrete, construct explicit chain maps s : Cp(X) —
Cn+1(SX) inducing isomorphisms H,(X) — Hp11(SX).

(1) Since SX = (X x [0,1])/(X x {0,1}) = CX/(X x {0}).

So we have long exact sequence

And notice that CX is contractible.
Therefore H,,11(SX) = H,(X).
For more general C, X, by MV sequence,

Hence Hy(CoX) = Hy(C1X) & Hi(SX) = (Hi_l(X))"_l.
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(2) Let SX = Cy UCy where Cy = (X x [3,1]) /(X x {1}),C2 = (X x [0,1]) /(X x {0}).
Then for any f: A" — X, we have C1 f : A"TL = C1,Cyf : A" — Oy,
So O(C1f — Cof) = C10f — Co0f = (Cy — C2)df, i.e. C1 — Cy induce a chain map.
Consider the boundary map in long exact sequence D : H;1(SX) — Hi(X).

Then D(C1 = Co)«([f]) = D(C1)«([f]) = D(Co):[f] = [f] = [f1 = 0.
So O — Cy induces an isomorphism on H,(X) = H,11(SX).

Exer 4.14. If f : M — N is a degree one map between compact connected oriented manifolds
without boundary, show that the induced map on w1 is surjective.

Suppose fi : (M) — 71 (N) is not surjective.

Then we can induce f to f: M — N where N is an n-sheeted covering space of N with
m: N — N and fi(m(M)) C 1 (N).
So deg f =deg f -degm = deg f - n > 1, contradiction!

Exer 4.15. If a finite-dimensional CW complex X is a K(G, 1) space, then the group G = 71(X)
must be torsion-free.

Suppose G is not torsion-free and a € G is of order m.
Then the covering space of K (G, 1) corresponding to Z/mZ is homeomorphic to K (Z/mZ,1).
But Hy(K(Z/mZ,1)) has infinite many nonzero terms, contradiction!

Remark 4.1. The space K(Z/mZ,1) = S*/Z,, is the infinite-dimensional lens space and we will
not prove the detail because it is too complicated. You can see the example 2.43 on Hatcher.

Exer 4.16. Let M; C M, be a compact subsurface of genus h with one boundary circle, so M,
is homeomorphic to My, with an open disk removed. Show that there is no retraction My — M,
: g
Suppose retraction My — M exists, restrict it on Mg\ M; = M;_h and denote by f.
Then we have f: M/_, — M} and f|,, , is homeomorphism.
9 oM}

So f induces a map F': My_p — M}y, and deg F' = 1.
Let aq,b1, ..., aq—p, bg—p be generators of Hl(Mg_h) and c1,dy, ..., cp, dy be those of HY(Mp,).
Since h > §, i.e. h > g — h, so let

h h

Z C’Zf*(c,,) + Z le*<d2) =0.

i=1 i=1
And WLOG, we assume C7 # 0.
But we have
= f*(C1[M]) = C1[N] # 0

Contradiction!
Hence there is no retraction M, — M, ;L

Remark 4.2. More generally, we can use Poincaré duality to prove that degree 1 maps induce
surjective map on H*(—).
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5 Mayer-Vietoris sequence

Exer 5.1. Let f: X — Y be a continuous, pointed map. Let ¥™(f) : X" X — XY be the n-th
(pointed) suspension of f. Show that if for some n, ¥"(f) induces the trivial map on reduced
homology, then it does for all n.

By exercise 4.5, Hiypn (8" X) = Hi(X), Hipn(S"Y) = Hy(Y).
And moreover, "(f), : Hiin (3" X) = Hi\p (E"Y) is the same as f, : H;(X) — Hy(Y).
So if one of them is trivial, then all of them are trivial.

Exer 5.2. If f: X — X is a self-map, then the “mapping torus of f” is the quotient
Ty == (X x[0,1])/(z,0) ~ (f(x),1),Vz € X.
Forn € Z, let f, be a degree n map on S*. Compute the integral homology groups of Ty, .

Let U = (X x [0,3]) / ~V = (X x [3,1]) / ~,
Then by MV sequence,

— Hpr (Ty) 2 Hy (X x {0,3)) 25 AL (U) @ Hy(V) — Hy (Ty,) 2 -

(a,b) ——— (a+ b, fu(a) +0)

where Hy,(U) = (V)= Hy(X). .
Sofork:;é134H( ) =0and Hy (T},) = Ho (X x {0,3}) = Z.
Moreover, Hs (T,) = H3(X)?/Im(i,) = Z/(n — 1)Z.

And Hy (Ty,) = ker(in) = 0 for n # 1 and Hy (Ty,) = Z if n = 1.
Exer 5.3. The join of X and Y is defined to be
X*xY =X x[0,1]xY)/ ~
where ~ is generated by
(@,0,91) ~ (2,0,y2) Vo € X,Vy1,pp €Y

($17 ]-7y) ~ (1"27 17y) \V/.f[,'h.’EQ S Xuvy S Y.

Prove that there is an isomorphism for all i > 0:
Hz(X X Y) = HZ(X) ® HZ(Y) S5, Hi+1(X * Y)

Let U= (X x[0,3] xY)/~V=(Xx[5,1] xY)/~
Then by MV sequence,

C Hy (X +Y) S Hy(X xY) % Hy(U)® Hy(V) — Hy(X xY) -2
a ——— (m(a), mo4(a))
where Hk(U) = Hk(X),Hk(V) = Hk(Y)

So i is a surjective and it has a left inverse.
Hence we have a short split exact sequence

0 — Hy(X+Y) D Ho(X xY) S Hy(U) @ Hy(V) — 0
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Exer 5.4. Consider the CW-complexes A =S"VS", X =S" xS", B=S8" x [0,1]/(x x [0,1]),
where * is the basepoint of S™. There are inclusions A — X given by the pairs of points where
at least one is the basepoint, and A — B which takes one S™ to S™ x 0 and the other to S™ x 1.
Compute the homology of

Y=X g B.

Let f: A— X,g: A — B be the inclusions.
By MV sequence,

s M (V) D Hu(A) 2 Hy(X) @ Ho(B) — Hy(Y) % -
(a,b) — (f«(a,b),a+b)

So for k # n,n +1,2n, ﬁk(Y)ZNO. )
Moreover, H,(Y) = (Hn(X) & Hn(B))/imi, and fi(a,b) = (a,d) for (a,b) € H,(A) = 72.
So H,(Y) = Z,Hp1(Y) Z keriy, =0, Hy(Y) = (Hop(X) @ Hap(B))/ imig, = Z.

Exer 5.5. Suppose the space X is the union of open sets Ay, ..., Ay, such that each intersection
A NN A, is either empty or has trivial reduced homology groups. Show that H;(X) = 0 for
i >n—1, and give an example showing this inequality is best possible, for each n.

We prove it by induction on n.

For n =1 it is trivial.

Suppose the statement is true for n = ¢ — 1, now consider the case that n = t.
Let U=A1U---UA,_1,V=A4U---UA,.

Then By MV sequence,

- Hy(X) — H(UNV) — Hy(U)® Hy(V) — Hp(X) — -

Since UNV =AsU---UA,1U(A1NA,).

So Hy(UNV) = Hy(U) = Hy(V) =0 for k > n — 2.
Hence Hy(X) =0 for k>n — 1.

And we give an example by induction on n.

Suppose we can cover X = S"~2 with n open sets such that each intersection has trivial
reduced homology groups.

Then for X = S"7!, take A; covering the lower hemisphere and A, ..., A, be the cone of
open set covering S" 2.

Exer 5.6. A compact surface (without boundary) of genus g, embedded in R3 in the standard
way, bounds a compact 3-dimensional region called a handlebody H (the region “inside” the
surface). Let

X = (H x {0,1,2})/ ~,
where (x,i) ~ (x,7) for allx € OH and i,j € {0,1,2}. Compute the homology of X.

Let Y = (H x{0,1})/ ~,U =H x {0},V =H x {1} and i : 0H — H.
Then by MV sequence,

C— Hya (V) 2 Hy(0H) 5 Hy(U) @ Hy(V) — Hy(Y) 2 -
0 (iu(a), (@)

And since

Z k=0 .
Hy(OH) = § 29 k::l,Hk(H)—{
Z k=2
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So Ho(Y) = Z, H1(Y) = Hl(H)2/imi1 = ZQ,HQ(Y) = keril = Zg,Hg(Y) = HQ(E)H) = 7.
Let Z=H x {2} and j: 0H — Y.
By MV sequence,

D He(X) 2 Hy(0H) 25 Hy(Y) @ Hy(Z) — Hy(X) 2 -
a —— (j(a), ix(a))
So Ho(X) = Z, Hy(X) = Hy(Y) & Hy(Z)/ im ji & 29, Hy(X) = ker j & Ha(Y)/ im jp = 729,
Hg(X) = ker jo & Hg(Y) =772
Exer 5.7. Let M be a compact odd-dimensional manifold with boundary OM. Show that the
Euler characteristics of M and OM are related by:

X(M) = S x(0M)

Let N = (M x {0,1})/ ~ where (z,0) ~ (z,1) for all z € 9M.
Then N is a compact odd-dimensional manifold without boundary, i.e. x(N) = 0.
And by MV sequence,

- — Hp1(N) — Hp(OM) — Hip(M) @ Hip(M) — Hig(N) — ---
So 2x(M) = x (M) + x(N) = x(OM).
Exer 5.8. Consider the quotient space
X =([0,1] x St x 1)/ ~.
where the equivalence relation ~ is generated by
(0,2,) ~ (0, z,w) if 2y = 2w,

and

(Laz,y) ~ (L z,w) if 2%° = 22uf.

Here we treat S* as the space of unit complex numbers. Compute H,(X;Z) for all n.

Let U = ([0,%] xSlxsl)/N,V:([%,l] xSlel)/NandwlzX—)X/ ~g, T i X —

~1.

By MV sequence,
C Hy (X)) -2 Hy(S' x SY 5 Hy(U) @ Hy(V) — Hiu(X) 2 -
a —— (m1(a), m2«(a))

where Hk(U) = Hk(V) = Hk(Sl)
And 71, 0 Hi(StxSY) — Hi(SY), (a,b) = a+b, 7o : H1 (ST xSY) — Hy(SY), (a,b) — 2a+6b.
So H1<X) = Hl(S1)2/imi1 = Z/4Z,H2(X) = keril = O,Hg(X) = HQ(SI X Sl) = 7.

Exer 5.9. Let X = R*/ ~, where
(x1, 22,23, 24) ~ (1,22 + 1,23, 24)
(@1, @2, w3, 24) ~ (T1,22, 23,24 + 1)
(x1, 22,73, 24) ~ (1 + 1,22, T3, 24)

(w1, 2,23, 24) ~ (21,22 + T4, 23 + 1, 74)
Compute H1(X,Z).
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Let Y = R3/ ~ with coordinate (2,23, 14).

Then X =Y x S'.

And since the first two equivalent relation gives a torus.
So Y = Ty where f : T? — T2, (29, 24) > (22 + T4, 24).
Let U =T?x [0,] ,V =T? x [3,1].

Then by MV sequence,

- — Hy(T?) & H(T?) % Hy(U) & Hy(V) — H(Y) — Z — 0
(a,b) —— (a+ 0, fu(a) +b)

where H1(U) = H1(V) = Hy(T?)
So Hi(Y)=Z® Hi(U) ® Hi(V)/imiy = 72
Hence H;(X) = 73,

Exer 5.10. (1) Show that RP?" cannot be the boundary of a compact manifold.
(2) Show that RP? is the boundary of some compact manifold.
(1) x(RP?") =1 is odd.
So by exercise 5.7, it cannot be the boundary of a compact manifold.
(2) RP3 22 SO(3) is the unit tangent bundle of S2.
So RP? is the boundary of {(z,v) € TS?|jv| < 1}.
Exer 5.11. Use the Mayer-Vietoris sequence to show that a nonorientable closed surface X,

cannot be embedded as a subspace of R® in such a way as to have a neighborhood homeomorphic
to the mapping cylinder of some map from a closed orientable surface to X.

Suppose there exists an open set U C R? with U = C}, where h: Y — X.

Then U can deformation retract to X, i.e. X can be embedded in to R? with image in U.
Solet V =R3/X.

Since UNV ZCp\X 2Y x [0,1] ~ Y.

By MV sequence,

- — Hp 1 (R?) — Hp(Y) — Hp(X) @ Hp(V) — Hp(R3) — - -
Therefore Hy(X) @ H1(V) = Hi(Y) = Z%.
But H;(X) has torsion, contradiction!
Exer 5.12. Let M be the quotient space
(10, 1] x CP?) /(0, [20, 21, 22]) ~ (1, [Z0, 71, 22]) -
Compute the homology group Hy(M;Z) for all k > 0.
Let U = ([0,3] x CP?) / ~,V = ([3,1] x CP?) / ~.

’ 9 29
By MV sequence,

- — Hyp (M) % Hy({0,1) x CP?) %5 Hy(U) @ Hp(V) — Hp(M) 2 ...
(a,b) —— (a+b, fi(a) +b)

where Hy(U) = Hy(V) = Hy(CP?).

And since the generator of Hy(CP?) is CP! = §2

So f. : Hy(CP?) — Ho(CP?),a +— —a and f, : Hy(CP?) — H4(CP?),a > a.

Hence H()(M) = Z,HI(M> = kerio = Z,HQ(M) = HQ(CIF’2)2/imi2 = Z/2Z,H3(M) =
kerip = 0, Hy(M) = Hy(CP*)?2/imiy = 7, H5(M) = keriy = Z.
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6 Universal coefficient theorem and Kunneth formula
Exer 6.1. Let X be the Klein bottle.

(1) Compute the homology groups Hy(X;Z).

(2) Compute the homology groups Hp(X;Z/27).

(8) Compute the homology groups Hy,(X x X;Z/27).

(1) By cellular homology,

052%%2+2 %72 50

So Hy(X;Z) = Z, H\(X;Z) = Z® Z)2Z, Ha(X; Z) = 0.
(2) By Universal coefficient theorem,
Ho(X:Z/2Z) = 727,
Hi(X;2)22) = (Z/2Z)? & Tor1 (2, 2,/2Z) = (Z/227),
Hy(X;72/27) = Tor1(Z ® /27, 7./ 27.) = 7] 2.

(3) By Kunneth formula,
Ho(X x X;Z/2Z) = 7,)2Z,

H\(X x X;Z/2Z) = ((Z)22)* ® Z./2Z)* = (Z/4Z)",
Ho(X x X;7/22) = ((Z/22)* ® (Z/27)?) @ (Z/27 © 7./27.)* = (Z/2Z)°,
Hy(X x X;2/2Z) = ((Z)22)* ® Z./2Z)* = (Z/4Z)",
HY(X x X;7/27) = 2./]27. @ 7./ 27 = 7.] 2.

Exer 6.2. What are the homology groups of the 5-manifold RP? x RP3:
(1) with coefficients in 7%
(2) with coefficient in Z/2Z 7
(3) with coefficient in Z/3Z¢
(1) By Kunneth formula,
Ho(M;Z) = Z, Hi(M; Z) = (Z/22 ® Z)* = (Z/2Z)*,

Hy(M:Z) = (222 © 7,/27) & (Tor%(z, Z/QZ))2 —7,/27,

Hy(M:Z) = (202) & (T (Z/22.2/22)) = Z& /2L

Hy(M;Z) = (Z/2Z @ 7) ® Tor?(Z,Z) = 7./ 27,
Hs(M;7) = Tor?(7./22,7) = 0.
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(2)

3)

By universal coefficient theorem,
Ho(M;7/27) = 7./2Z,
H\(M;Z/2Z) = ((Z/2Z)* ® Z/2Z) & Tors(Z,Z/2Z) = (Z/2Z)?,
Hy(M;Z/27) = (Z/2Z ® Z/2Z) & Tort ((Z/2Z)*,Z/2Z) = (Z/2Z)?,
H3(M;7/27) = (Z @ 7.)27) @ 7.)27) & Tor?(Z/27, 7./ 27.) = (7.)27.)3,
Hy(M;Z/27) = (Z/2Z @ Z./2Z) & Tor(Z & Z/2Z,7./27) = (Z/2Z)*
Hs(M;7./27) = Tor?(7)27.,7./27) = 7./ 2.
By universal coefficient theorem,
Ho(M;7/37) = 7./3Z,
H\(M;Z/3Z) = ((Z)2Z)* ® Z/3Z) & Tor}(Z,Z/3Z) = 0,
Hy(M;Z/3Z) = (Z/2Z ® Z/3Z) & Tory ((Z/2Z)*,Z/3Z) = 0,
H3(M;Z/37) = (Z® Z/27) @ 7.)37) & Tor2(Z/27,7./3Z) = 7./ 3Z,
Hy(M;Z/3Z) = (Z)27. @ Z./3Z) & Tor?(Z & 7./27,7./3Z) = 0
Hs(M;7,/37) = Tor?(7,/27,7.,)37) = 0.

Exer 6.3. Find a degree one map S' x S* — RP?, or prove that no such map exists.

Suppose f: S! x S — RP? with deg f = 1.

By Kunneth theorem, H*(S! x S§?;Z/2Z) = Z/27Z[a, b]/(a?,b?) with |a| = 1, |b] = 2.

And since H*(RP?;Z/27) = 7./2Z][c]/(c*) with |¢| = 1.

Let f*(c) = ka + b.

Then f*(c*) = k*a® + 2klab + 12b* = 2klab.

But <f*(c2), [Sl X SQD =deg f - <02, [RIP’3]> =12kl <ab, [Sl X Sz]> = 2kl, contradiction!

Exer 6.4. Consider X = CP! x CP! and Y = CP? v CP'.

(1) For any abelian coefficient group G, compute the homology groups H.(X; G) and H.(Y; G).

(2) Show that X andY are not homotopy equivalent.

(1)

By Kunneth formula, Hy(X;Z) = Hy(X;Z) = Z, H(X;Z) = H3(X;Z) = 0, Hy(X;Z) = Z*
And by MV sequence, H.(Y;Z) are the same, i.e. H.(X;G) = H*(Y; Q).

By UCT, Ho(X;G) = Hy(X;G) =Z® G =G, H(X;G) = H3(X;G) =0 and Hy(X;G) =
7? © G = G? since Tor?(Z, —) = 0.

By Kunneth formula, H*(X;Z) = Z[a, b]/(a?,b?) with |a| = |b] = 2.

And H*(Y;Z) = Zlc,d)/(c3, d?, cd) with |c| = |d| = 2.

Suppose there exists isomorphism f : H*(X;Z) — H*(Y;Z) and let f(a) = pc+ qd, f(b) =
rc+ sd.

Then f(a?) = p*c® + 2pged + ¢*d* = pc?.
So p = 0 and similarly » = 0, contradiction!

Hence X and Y are not homotopy equivalent.
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Exer 6.5. Show that a continuous map f: X — RP"™ factors through S™ — RP™ if and only if
the induced map f*: H' (RP";Z/27) — H'(X;Z/27) is zero.

If f factors through 7 : S — RP" then f* = 0 since H'(S";Z/27Z) = 0.

Conversely, by universal coefficient theorem, f, : H;(X;Z/2Z) — H,(RP";Z/2Z) is zero.
And since 71 (RP") = Z /27 is abelian.

So fi : m(X) — m (RP") factors through Ab(m (X)) = H1(X).

Hence f, =0, i.e. f: X — RP" factors through .

Exer 6.6. Is it true that if a continuous map f : X — Y induces isomorphisms of homology
groups with Z-coefficients, then it induces an isomorphism of the cohomology rings with Z-
coefficients? If true, give a proof. If false, give a counterexample and prove that your example
s indeed a counterexample.

By universal coefficient theorem and five lemma, f*: H*(X;Z) — H*(Y;Z) is isomorphism
for all k.

And since f*: H*(X;Z) — H*(Y;Z) is ring homomorphic.

So f*: H*(X;Z) — H*(Y;Z) is ring isomorphic.

Exer 6.7. Prove that RP" x S? does not have an open cover consisting of k contractible open
subsets if k <n+1.

Let X = RP" x §?

By Kunneth formula, H*(X;Z/27) = Z/2Z[a,b]/(a™ "1, b?) with |a| = 1, |b] = 2.

So a™b £ 0 € H*(X;Z/27).

Suppose X can be covered by k < n + 1 contractible open subsets Uy, - - - , Ug.
Consider cup product H*(X,Uy;Z/27) x --- x H*(X,Uy; Z/27) — H*(X, X;7Z/27).
Since H*(X,U;; Z/2Z) = H*(X) and H*(X, X;Z/2Z) = 0.

So any k-cup product H*(X;Z/27) is zero, contraction!

Exer 6.8. Recall a space X is called an H-space if there exists a point e € X and a continuous
map p: X X X — X such that the map

X — X defined by x — p(e, x)

and the map
X — X defined by x — p(z,e)

are both homotopic to the identity map. Show that CP" is not an H-space for any 1 < n < co.

Let p1 : X - X x X,z — (z,e) and pa: X = X x X,z +— (e, ).

Then pj o p* = p5 o p* = Id g (x).-

By Kunneth formula, H*(X x X) = Z[a,b]/ (a™*1,b"*1) with |a| = [b] = 2.

So p}(@) = a,;(b) = 0, p3(a) = 0, pi(8) = b

Let p* : H*(X) — H*(X x X), ¢+ ka + [b where c is the generator of H2(X).
Then p} o p*(c) = ka,ps o u*(c) = Ib.

So k,l = £1.

But p*(c"*) = (ka + 1b)"! = (da 4 b)"*! # 0, contradiction!

Exer 6.9. X and Y be locally contractible, connected spaces with fixed basepoints. Let X VY
be the wedge sum at the basepoints. Note the canonical inclusion f: X VY — X X Y. Assume
that X and Y have abelian fundamental groups. Show that the map f. on fundamental groups
exhibits m (X X Y') as the abelianization of T (X VY).

Let v = (71,72) be a loop in X x Y.

Consider H : [0,1]2 = X x Y, (5,t) = (71(s), 72(t)).

Then H(t,1) = 1(¢), i.e. ] = [H(—,0)] + [H(0,—)] = fuln] + fuloa] = ful #72).
So fi:m(X)xm(Y) = m(X) x m(Y) is abelianization.
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7 Cohomology ring, cup product and cap product

Exer 7.1. Show that any self homeomorphism of CP? is orientation preserving.

Since H*(CP?) = Z[a]/(a®) with |a| = 2.
Let f*(a) = ka.

Then f*(a?) = k?a?, i.e. deg f = k? > 0.
So f is orientation preserving.

Exer 7.2. Let T? = S! x S! be the 2-torus with the standard orientation, and let F : T? — T?
be a smooth map of degree 1 such that F o ' =1d and F has no fized points. Prove that the
induced map F, : Hi(T?) — H{(T?) is the identity.

Since H*(T?) = Az[a, b]/(a?,b?) with |a| = [b] = 1.

Let F*(a) = pa + gb, F*(b) = ra + sb.

Then (F o F)*(a) = (p? + qr)a + (pg + qs)b = a, (F o F)*(b) = (rp+ sr)a + (rq + s?)b = b
and F*(ab) = pra® + (ps — qr)ab + qsb* = (ps — qr)ab = ab.

Sop?+qr=1,pg+qs=0,rp+sr=0,7rq+s>=1,ps—qr=1.

If =0, then p?> =52 =ps=1,r(p+s) = 0.

Sop=s==41,r=0.

Ifq#0,p+s=0,gr=1—p>=ps— 1.

So 1 = —1, contradiction!

And by Lefschetz fixed point theorem, 7(F)=1—(p+s)+1=0.

Therefore p=s=1,g=r =0.

By universal coefficient theorem, F : Hy(T?) — Hy(T?) is identity.

SE’U@R

Exer 7.3. Show that the fundamental group of an H-space is abelian and that is not an

H -space.
By exercise 1.6, the fundamental group is abelian.
Let X =S p1: X - X x X,2 (r,e)and pa: X = X x X, 7+ (e,2).
Then pi o p* = pj o p* = Idg+(x)-
By Kunneth formula, H*(X x X) = Z[a,b]/ (a?,b?) with |a| = |b] = 2n.
So pt(a) = a,p}(b) = 0, p3(a) = 0, pi(b) = b.
Let p* : H*(X) — H*(X x X),c+ ka + lb where c is the generator of H?"(X).
Then p} o p*(c) = ka,ps o p*(c) = Ib.
So k,l = £1.
But u*(c?) = k?a® + 2klab + 1?b? = 2klab # 0, contradiction!

Exer 7.4. (1) Show that S* x S* and CP? v S? are not homotopy equivalent.

(2) Let  : S — S? = CP! be the attaching map of the 4-cell in CP?. Show that n is not
null-homotopic.

(1) See exercise 6.4 (CP! = §?).

(2) Suppose 7 is null-homotopic.
Then CP* ~ S* v S? by the homotopy from 7 to constant map.
But a? # 0 for a € H?>(CP*), contradiction!

Exer 7.5. Let CP? denote the complex projective plane with the opposite orientation.

(1) Show that S? x S? and CP*#CP? have the same cohomology groups but different cohomology
TiNgs.
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(2) Show that (S* x S?) #CP? and CP?#2CP? have the same cohomology rings.
(1) H*(S? x §?) = Z[a, b]/(a2,b?) and H* ((:192#@2) = Zle,d)/ (¢, d3, ed, & + d?) with |a| =
b = |e = d] = 2.
Suppose there exists a ring isomorphism f : H* <(CIP2#@2) — H*(S? x §%).
Let f(c) = pa+ gb, f(d) = ra + sb.
Then f(c?) = 2pqab # +ab, contradiction!
(2) H* ((S2 x S2) #@) = Z[a,b,d/ (a2, 02,3, ab + 2, ac, be) with |a| = [b] = |¢| = 2.
H* ((CIPQ#Q@) = Zlz,y, 2]/ (23,93, 23, 2y, yz, 22, 22 +y?, 22 + 22) with |z| = |y| = |2] = 2.

Take f : H* <(S2 x §2) #@) H* (CW#Q@) with f(a) = z+y, f(b) =z + 2, f(c) =
Tr+y—+z.

Then f(a?) = 2% + 4% = 0, f(B?) = 2 + 2% = 0, /(%) = 22 + 42 + 2> = —a?, f(ab) =
22, flac) = 2% +y> =0, f(be) = 22 + 22 = 0.

Hence f is a ring isomorphism.

Exer 7.6. Let RP™ be the projective space of dimension m over the real number R. Describe
the cohomology ring H*(RP™ x RP";Z).

WLOG, we assume m < n.
If i = 0, then H;(RP™ x RP";Z) = Z.
If 0 < i < m, then

H;(RP™ x RP";Z)

i i—1
= | P H;(RP™; Z) ® H; ;(RP";Z) | @ | €D Tor (H;(RP™; Z), H; 1 ;(RP"™; Z))
7=0 7=0

f@)z): 25
T \(z/2m) S 24

If i = m < n, then

(Z)27)% 2|m

H;(RP™ x RP";Z) = _—
(Z)22)"5 & Z 2fm

If m <7 < n, then

H;(RP™ x RP"™; Z,)

j=0
@peplEl i
~@ep)lE 2t
If ¢ =n > m, then
H;(RP™ x RP";Z) = (Z./27) [%] 2In
z ’ 2zl ez 240
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If i = m = n, then
Z.)27)% 2
Hi(RP™ x RP"; 7) = 2/ )21 [
(Z)27) 2 @ 7% 2fm
If n <i<m+mn, then

H;(RP™ x RP";7)

m m
=| @ H®RP:Z) @ H_;(RP;Z) | @ | €D Tor (H;(RP™;Z), H;_1_;(RP"; Z))

j=i—n Jj=i—1l-n
@pnlEl-lE g
T\ (zez)lERlE Y oy

If : = m + n, then
Z 2 2
Hy(RP™ x RP™: Z) = fm,2{n
0 2|mor2n
Remark 7.1. This problem is too complicated for me and I'm not sure whether my answer is
true or not.

Exer 7.7. Let V. .C W be complex vector spaces of dimension k and n respectively, and PV C
PW the corresponding projective space of one-dimensional subspaces of V. and W. Find the
cohomology ring H*(X;Z) of the complement X = PW\PV.

Let (zp,...,2n) be the coordinate of W and V = {(zo,...,2,0,...,0)}.
Then X = {[z0: - : zn||2k+12k42 - - 2n # 0}.

Consider H : X x [0,1] = X, ([z0: - : zn),t) =[tz0t -+ 1 t2k : Zhy1 2 -+ 2Zn).
Then X & CP"—*-1,

So H*(X;Z) = H*(CP" %1, Z) = Z[a]/(a™ %) with |a| = 2.

Exer 7.8. Show that for m > n there does not exist an antipodal map f : S™ — S™, that is, a
continuous map carrying antipodal points to antipodal points.

Since f : S™ — S™ maps antipodal points to antipodal points.

So it induce a map g : RP™ — RP" and g, : m1(RP™) — 71 (RP") is nontrivial.
Therefore g, : H1 (RP™;Z/27) — H;(RP";7Z/27) is nontrivial.

By universal coefficient theorem, g* : HY(RP"; Z/27Z) — H(RP™;Z/27Z) is nontrivial.
But since H*(RP™; Z/2Z) = Z/2Z[a]/(a™ 1), H*(RP"; Z/2Z) = Z./2Z[b]/ (b™ ).

So g*(b"t1) = (g*(b))" " £ 0, contradiction!

Exer 7.9. For which natural number n is it the case that every continuous map from CP" to
itself has a fixed point? The same question for RP".

By exercise 2.13, n must be odd.

And for odd n, let f: CP" — CP",[z0: - - :2p) > [Z1: —Z0:2Z3: —Z2: -+ Zp: —Zn_1].
Since 29i4122i+1 = |22i+1’2 > 0 while —Z9;29; = _|22i’

So f([z0: -+ :2n)) =20 :2p) only if zg = --- = 2, = 0, which is impossible.

For RP", using Z/27Z-coefficient cohomology, we can also deduce that n must be odd.
And for odd n, let f: RP" — RP",[xg: - @y = [21: =20 1 -+t Ty 1 —Tp—1].

Then f has no fixed point similarly to the CP" case.

Exer 7.10. Show that the inclusion i : RP"! — RP™ of a projective hyperplane admits no
retraction (i.e. there is no map r : RP" — RP"™ 1 with r oi = Id). Is the same true for
i : RP" — CP" the inclusion as the subset of real points.
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Since H*(RP";Z/2Z) = Z./2Z[a]/(a™ ') with |a| = 1.

So i*(a) = a.

Suppose such 7 exists.

Then 7*(a) = i*(r*(a)) = a.

But 7*(a™) = a™ # 0, contradiction!

For i : RP" — RP", i*(b) = a® where b € H?(CP";Z/2Z) is the generator.
Suppose such 7 exists.

Then 7*(a) = 0 since H'(CP";Z/2Z) = 0.

But i*(r*(a?)) = i*(0) = 0 # a2, contradiction!

Exer 7.11. For each of the properties listed below either show the existence of a CW complex
X with those properties or else show that there doesn’t exists such a CW complex.

(1) The fundamental group of X is isomorphic to SL(2,7Z).

(2) The cohomology ring H*(X;Z) is isomorphic to the graded ring freely generated by one
element in degree 2.

(8) The CW complezx is finite (i.e. is built out of a finite number of cells) and the cohomology
ring of its universal covering space is not finitely generated.

(4) The cohomology ring H*(X;7) is generated by its elements of degree 1 and has nontrivial
elements of degree 100.

(1) By exercise 1.4, this statement is true.

(2) Let X = CP™.
Then H*(X;Z) = Z[a] with |a| = 2.

(3) Let X =St vstvs2
Then X is a complete quadtree wedging a sphere on each vertex.

So H?(X) is not finitely generated.

(4) Consider T = (Sh)100,
Then H*(T') = Aglz1,...,2100]/ (23, ..., 220) With |21 = -+ = |z100| = 1.

So 1 - sx190 is non trivial and of degree 100.
8 Orientation on manifolds, fundamental class, mapping degree
Exer 8.1. Prove that the real projective space RP™ is orientable if and only if n is odd.

Z 21fn

H,(RP";Z) =
n ) {0 2n

So RP" is orientable iff n is odd.
Exer 8.2. Let M be a closed smooth n-manifold.

(1) Does there always exists a smooth map f: M — S™ from M into the n-sphere, such that f
is essential (i.e. f is not homotopic to a constant map)? Justify your answer.

(2) Same question, replacing S™ by the n-torus T™.
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(1) Let p be a point in M and U is a chart around p such that U = D".

Take f as the quotient map M — M/(M\U).

Then M/(M\U) =2 U/oU = D"/S"! =§".

And f is essential since f, : H"(M;Z/27Z) — H"(S™;Z/2Z) is nontrivial.
(2) Take M = S™, Suppose such f exists.

Then f, : m1(S™) — w1 (T™) is trivial since 71 (S™) = 0.

So f can lift to f : S™ — R™.

And since f is null-homotopic.

Therefore f is null-homotopic, contradiction!

Exer 8.3. Let S™ be the unit sphere in R™t! and f: S* — S™ a continuous map. Assume that
the degree of f is odd. Show that there exists xg € S™ such that f(—xz¢) = —f(x0).

Suppose f(—xg) # —f(xp) for all g € S, consider

, @)+ (1= 0f(-a)
tf@)+ (1= 0f(a)]

H:S" % [0,1] — S", (2,t)

Then f 4 g where g = H (—, %)

And since g(x) = g(—=x).

So g factor through 7 : S" — RP".

Therefore deg g = degm - k = 2k or 0 for some integer k.
But deg f is odd, contradiction!

Exer 8.4. Show that there is no degree one map from S? x S? to CP?.

Suppose such map f: M — N exists.

Since H*(S? x S?) = Z[a, b]/(a?,b?), H*(CP?) = Z[c]/(c®) with |a| = [b| = |c| = 2.
Let f*(¢) = ka + 1b.

Then ¢? = k?a® + 2klab + 1?b? = 2klab.

So deg f = 2kl # 1, contradiction!

Exer 8.5. Let ¥ < R3? be an embedded, closed surface of genus 3. Define the Gauss map,
¢ : X — S? by associating to each point x € X, the out ward pointing, unit normal vector.
Let w denote the volume form (total volume= 4m) on S*. Compute fE o*w.

Since ¢ pull back T'S? to T'X.

So e(TY) = e(¢*TS?) = ¢*e(TS?).

Therefore —4 = x(X) = x(S?) - deg(f) = 2deg(f).
Hence [y ¢*w = deg(f) - [ = —8.

Remark 8.1. You can also compute it by Gauss-Bonnet theorem directly.

Exer 8.6. Let X be a compact orientable surface of genus 2, and let ¢ : X — X be a fized-
point-free homeomorphism of finite order.

(1) Show that ¢ is of order 2 and orientation-reversing.
(2) Show that such homeomorphism of surfaces of genus 2 do ezist.

(1) Let k be the order of ¢.
Then it induce a k-sheeted covering map 7 : X — Y.
So kx(Y)=x(X)=-2,4e k=2and x(Y) = -1

Hence Y is non-orientable, i.e. ¢ is orientation-reversing.
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(2) Since X = T2#T?2.

So ¢ can be given by the reflection across the circle that swap two torus.

Exer 8.7. Compute the degree of the self-map g — g9 defined on the group SU(2). q here is an
arbitrary (including negative) integer.

Since SU(2) is homeomorphic to S* by

T1+ixy T3ty

. . — 21 4122 + jas + kay
—x3+ 124 X1 — 129

and the group structure is given by quaternion multiplication.
Let x = cosf + vsinf € S? with v? = —1.
If ¢ > 0, then 29 = cos(qf) + vsin(gh).
So f~!(z) has ¢ different points cos ¢ + vsin ¢ with q¢ = 6.
And since quaternion multiplication is orientation-preserving.
Therefore deg f = q.
If ¢ = —1, then 27 = cos(—0) + vsin(—¥6).
So f~Y(x) = {f(x)} and f is orientation-reversing.
Therefore deg f = —1 = g.
Hence deg f = ¢ for any g € Z.

Exer 8.8. Let M be a smooth compact connected n-manifold (without boundary), and let
®: M — M be a smooth map that is smoothly homotopic to identity. Show that ® must be
surjective.

Suppose ® is not surjective with f~1(p) = @.

Since Hy,(M;Z/2Z) = H,(M, M\{p};Z/2Z) is generated by the fundamental class.
So H,(M\{p}: 2,/2Z) = 0.

But ¢, : H,(M) — H,(M) must be identity, contradiction!

9 Poincaré duality theorem and other duality theorems

Exer 9.1. Let M = R?/Z? be the two dimensional torus, L the line 3x = Ty in R* and
S =7(L) C M where 7 : R?> = M is the projection map. Find a differential form on M which
represents the Poincaré dual of S.

Let Hi(M) = Zla, b] with a represent m({x = 0}) and b represent 7({y = 0}).
Then a corresponds to dz and b corresponds to —dy.

And since S = w({3x — 7y = 0}) is represented by 3a + 7b.

So it corresponds to 3dx — 7dy.

Exer 9.2. (1) Show that CP*" cannot be the boundary of a compact manifold.
(2) Show that CP? is the boundary of some compact manifold.

(8) Let X be the topological space obtained by identifying all three sides of a triangle as shown
in the diagram

Compute the homology groups of X with coefficients in Z and with coefficients in Z/37Z. Is
X a closed manifold?
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(1) By exercise 5.7, x(CP?") = 2n + 1 must be even, which is impossible.

(2) Consider fibration S? — CP? — HP!.
Then the D*-bundle associated to the above S>-bundle on HP' has boundary CP3.

(3) By cellular homology,
0—223z2%2 -0

So Hy(X;Z) = 7, H\(X;Z) = 7./3Z, Hy(X; Z) = 0.

And by universal coefficient theorem, Ho(X;Z/3Z) = H(X;Z/3Z) = Hao(X;Z/3Z) =
7./3Z.

Exer 9.3. Let M, N be closed, connected, oriented 3-manifolds with fundamental groups m (M) =
2)37 & LJ)27 and m (N) = Z ® Z/27. Find all integral homology groups of M, N and rational
homology of M x N.

Since Hi(M;Z) =Z/32Z & Z/2Z,H,(N;Z) =7 ® Z/27.

By universal coefficient theorem, H'(M;Z) = 0, H'(N;Z) = Z.

So by Poincaré duality, Ho(M;Z) =0, Ho(N;Z) = Z.

And since M, N are orientable.

Therefore Hy(M;Z) = H3(M;Z) = Hy(N;Z) = H3(N;Z) = Z.

Moreover, Ho(M x N;Q) = Q, H1(M x N; Q) = Q, Hy(M x N; Q) = Q, H3(M x N; Q) = Q?,
Hy(M x N;Q) = Q, Hs(M x N;Q) = Q, Ho(M x N; Q) = Q.

Exer 9.4. Let X and Y be compact connected oriented 3-manifolds, with m(X) = Z/5Z and
m(Y) =2Z/10Z. Find H,(X X Y;Z) for alln > 0.

Similar as last exercise, H1(M;Z) = Z/5Z, H,(N;Z) = 7Z/10Z, Ho(M;Z) = Hao(N;Z) = 0,
Ho(M;Z) = H3(M;Z) = Ho(N;Z) = H3(N; Z) = Z.

So Hy(X xY;Z) = Z, H (X XY Z) = Z/5Z&Z/10Z, Hy(X x Y ; Z) = Z./5Z, H3(X XY Z) =
72D Z)5Z, Hy(X x Y;Z) = Z/5Z © ZJ10Z, H5(X x Y;Z) = 0, Hs(X x Y;Z) = Z.

Exer 9.5. Let M be a compact orientable manifold of dimension 4n+2, then dim Hay,q1(M;R)
18 even.

Poincaré duality gives a nondegenerated anti-symmetric bilinear form on Hy,11(M;R).

Let A be the represented matrix.
Then ’A‘ — (_1)dimH2n+1(M;R)|_AT’ _ (_1)dimH2n+1(M;R)|A’ 7& 0.
So dim Hay,+1(M;R) is even.

Exer 9.6. (1) Draw the universal cover X of the space X = S2UC where C' is the chord joining
the North to the South pole.

(2) What is the relation of wo(X) and mo(X)?

(8) Compute moX.

(1) X is given by a line wedging a sphere on each integer point.
(2) ma(X) = ma(X) since X is the covering space of X

(3) By Hurewicz theorem, mo(X) = Ho(X) = Z°°.

Exer 9.7. Find an example of a compact 4-manifold M such that

dimg Hq(M;Q) # dimg H3(M; Q).
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Take M = RP? x T2,
Then by Kunneth theorem, H1(M;Q) = Q% H3(M;Q) = 0.

Exer 9.8. Let f : M — N be continuous map between two closed, oriented, connected manifolds.

Suppose deg(f) # 0. Show b;(M) = bj(N) for alli.
For a € H;(N;Q), by Poincaré duality a = a ~ [N] for some o € H(N;Q), so

1 * ~ _ ! a~ =a~ =a
(e 1@ ~ M) = o~ LM = am V] =

Therefore f, : H;(M;Q) — H;(N;Q) is surjective, i.e. b;(M) = b;(N).

Exer 9.9. Let M be a closed, connected (n — 1)-dimensional manifold with a smooth embedding
M — S"™. Show that M is orientable and that S"\M has exactly two components. Does this
result hold if we allow M to have a boundary?

By Alexander duality, H" 1(M;7Z) = Hy(S™\M;Z) is torsion free.

So by universal coefficient theorem, H,,_o(M;Z) is torsion free.

And since Hy_1(M;Z/2Z) = (Hn—1(M;Z) ® Z,/2Z) ® Tor(H,—o(M; Z), 2,/2Z) = 7.)2Z.
Hence H,,_1(M;Z) = Z, i.e. M is orientable and S™\ M has exactly two components.
If M have boundary, let M be the Mobius band with n = 3.

Then M is non-orientable and S™\ M is connected.

10 Basic properties of higher homotopy groups

Exer 10.1. Determine all of the possible degrees of maps S*> — S' x S!.
By exercise 8.2, f : S? — S! x S! is null-homotopic, 4.e. deg f = 0.

Remark 10.1. It can also be done by cohomology since f* must be 0.
Exer 10.2. (1) Compute the cohomology ring of the unitary group U(n).
(2) Compute w1 and m of U(n).
Consider fiber bundle U(n — 1) — U(n) — S*~L.
(1) By Leray-Hirsch theorem, H*(U(n)) = H*(U(n — 1)) ® H*(S*"1).
So H*(U(n)) = Az[z1,...,z,] with |z;| = 2i — 1.

(2) There is a long exact sequence
c = T (S — m(Un = 1)) — m(U(n)) — me(S21) — .-

Som(U(n)) = m((U(n—1)) forn > 1, m(U(n)) = m(U(n — 1)) for n > 2.
Therefore 71 (U(n)) = m(U(1)) = Z,m2(U(1)) = 0 and m2(U(n)) = ma(U(2)) for n > 2.
And by the long exact sequence, m2(U(2)) =0, i.e. m2(U(n)) =0 for n > 2.

Exer 10.3. Let A* be the standard 4-simplez:

A4 - {(wo,ﬁl,x2,$3,$4) € R

5:131-20,2:@:1}.

Let X be its 2-skeleton:
X = {(x0, 21, 22,73, 74) € Atz = 2; = 0 for some 0 < i < j < 4}.

Compute T (X) and m2(X).
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The 1-skeleton of X has 5 vertices and 10 edges, i.e. it is homotopy to \/6 St.
And since X has six 2-cells each attach to 3 different edges.

So X is simply connected, i.e. m(X) = 1.

By Hurewicz theorem, mo(X) = Hy(X) = Z* by exercise 4.8.

Exer 10.4. Find the homotopy groups m(CP™) of complex projective n-space

(1) for k <2n+1;
(2) for k =2n+2.

Consider fiber bundle S! — §?**+1 — CP".
Then we have long exact sequence

- — (ST — (S — 1 (CP™) — 11 (SY) — -

So mx(CP™) = 74, (S?" 1) for k > 2 and 71 (CP") = 0, 7o (CP") =2 11 (St) = Z.
Hence 7(CP™) = 0 for 2 < k < 2n and 72,11 (CP") 2 79, 1 (S 1) = Z.
Moreover, 7o, 12(CP") & 79, 2 (S? 1) = 74 (S?) = Z/2Z.

11 Fiber bundles and long exact sequence of homotopy groups

Exer 11.1. Classify all vector bundles over the circle S* up to isomorphism.

Since S 22 [0,1]/{0,1} and vector bundles on [0, 1] are all trivial.

So we only need to consider how the vector bundle identify on 0 and 1.

And since the gluing data is given by an element in GL(n,RR), which has two component.
Suppose E4, EB are isomorphism by f, where A, B € GL(n,R) .

Then fo =1Id and f; = B~ A.

So f give a path from Id to B~'A, i.e. A and B are path connected.

Hence there are two different vector bundle up to isomorphism.

Exer 11.2. Are the following statements true:

(1) Any map S?°%* — RP?°%* is null-homotopic.

(2) Any map S?9%4 — CP''2 s null-homotopic.

(1) Consider the quotient map = : S2024 — RP20%,
Then 7 is not null-homotopic since f* : Hogoy(S?0%4; Z/27Z) — Hoges(RP?*: 7./27), a + a.

(2) By exercise 10.4, g4 (CP1?) = 0.

So the map 2024 — CP''? must be null-homotopic.

Exer 11.3. Let M be a smooth closed manifold. Show that M is a fiber bundle over S* if and
only if there is a closed, nowhere vanishing 1-form on M.

If M is a fiber bundle over S' with 7 : M — S'.

Then 7*(d#) gives a closed, nowhere vanishing 1-form on M.

Conversely, Consider a closed, nowhere vanishing 1-form w on M.

Consider the generators z1,...,x, of Hy(M;R) and let w = c1x1 + -+ - + ¢z, + df where f
is a differentiable function.

Since we can approx ¢; by rational numbers.

So WLOG, we may assume ¢; are rational and w is still nowhere vanishing.
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Moreover, we assume ¢; are integers by multiplying their common denominator.
Now we take a point p € M and let

q
f:M—)Sl,qr—)/ w mod 1.
p

This is well-defined and has no singular points.
So M is a fiber bundle over S'.

Exer 11.4. Let X be a compact connected manifold and M C X a compact connected embedded
hypersurface (i.e. dim M = dim X — 1). Prove that

(1) If the normal bundle of M in X is not orientable, then m(X) # 0.

(2) If M is non-empty, orientable and X\M is connected then Hjh(X) # 0.

(1) Since N(M) is not orientable.
So there exists a loop ! that intersects with M only once.
Therefore the cup product of Poincaré dual of [M] and [I] is [X] with Z/2Z-coefficient.
Hence [I] € Hi(X) is nontrivial, i.e. 7w (X) # 0.

(2) Since X\ M is connected.
So there exists a loop [ that intersects with M only once.

Similar as (1), [M] € H,—1(X) is nontrivial, i.e. H}5(X) # 0 by Poincaré duality.

Exer 11.5. Let M be a smooth compact manifold, and suppose that there is a smooth map
F: M — S' whose derivative is non-zero at every point. Prove that the de Rham cohomology
group Hj,(M) is non-zero.

Let w = F*(d0).

Then w is a closed, nowhere vanishing 1-form on M.
Suppose w = df where f is a differentiable function.

Then w = 0 at the maximum point of f, contradiction!
Hence w is nontrivial closed 1-form, i.e. H}p(M) is non-zero.

Exer 11.6. Let X be a compact n-dimensional manifold, and Y C X a closed submanifold of
dimension m. Show that the Euler characteristic x(X\Y) of the complement of Y in X is given
by

X(X\Y) = x(X) + (=1)" " Ix(Y).
Does the same result hold if we do not assume that X is compact, but only that the FEuler
characteristic of X and Y are finite?

Let T be the tubular bundle of Y.
Then by MV-sequence,

c— Hyp1(X) — Hp(T\X) — Hig(T) ®© H(X\Y) — Hp(X) — -
So x(X\Y) 4+ x(T) = x(X) + x(T\Y).

And since T\Y is the trivial S*~™~Lbundle of Y.
So x(X\Y) = x(X) + (=1)" " Ix(Y).
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12 Whitehead theorem, Hurewicz theorem, CW approximation
theorem

Exer 12.1. Let M be a simply-connected, closed 3-manifold. Show that M is homotopy equiv-
alent to S3.

Since M is simply connected.

So M is orientable and H'(X;Z) = 0 by universal coefficient theorem.

And by Poincaré duality, Ho(X;Z) = 0.

By Hurewicz theorem, m2(X) = 0 and 73(X) = Z.

So there exists a map f : S* — M that generates 73(X).

Moreover, by relative Hurewicz theorem, m,(C/, S3) = 0 where C ¢ is the mapping cylinder.
Hence by Whitehead theorem, M ~ S3.

Exer 12.2. Let M be a connected, orientable manifold of dimensionaln = 2 and let f : S* — M
be a map of degree 1. Show that f must be a homotopy equivalence.

Suppose a € H*(M:;Z) is nontrivial.

Then there exist b € H"¥(M;7Z) such that (a « b, [M]) = 1.
But f*(a) = f*(b) =0, i.e. f*(a~ b) =0, contradiction!

So Hy(M;Z) are trivial for k # 0,n.

Hence similar as the last exercise, f is a homotopy equivalence.

Exer 12.3. Consider the space X = R3\({(0,0,2)]z € R} U{(1,0,0)}). Compute ma(X).

X ~St xSt SlU{ }ID)1 ~ St x St/(S! x {0}) ~S?/(p ~ q) ~S? VSt
x40
So its universal covering space is a line wedging a sphere on each integer point.

Hence mo(X) = mo(X) & Ho(X) = Z°°.
Exer 12.4. For k > 2, show that mx(SF VSF) 2 Z o Z.

Since S¥ v S¥ is simply connected and H;(S¥ v S*) = 0 for i < k.
By Hurewicz theorem, 7, (S* v S¥) = Hy, (S v SF) 2 Z @ Z.

Exer 12.5. Let X be a CW complex such that the reduced homology ﬁ*(X;Z) = 0. Consider
the suspension
X =([0,1] x X)/ ~,

where ~ is generated by
(0,z) ~ (0,2) and (1,z) ~ (1,2).

Show that XX is contractible.

By exercise 4.5, H,(2X) = H,_1(X) = 0.
And since XX = CX )Lg CX is simply connected by Van Kampen theorem.

Hence by Hurewicz theorem, 7, (XX ) = 0 for all n, i.e. ¥X is contractible.

Exer 12.6. Let f : X — Y be a maps between connected CW complexes. Prove the following
two results:

(1) Suppose f induces isomorphism on 71(—) and isomorphism on Hy(—;Z) for all k. Then f
is a homotopy equivalence.

(2) Suppose X,Y are both n-dimensional. And f induces isomorphism on m(—) for all k < n.
Then f is a homotopy equivalence.
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(1) Since m(Cy,X) =0 and H,(Cf, X) = 0 for all n.
By relative Hurewicz theorem, m,(C, X) = 0 where Cf is the mapping cylinder of f.
So fu 1 m(X) — m(Y) is isomorphism for all .
Hence by Whitehead theorem, f is homotopy equivalence.

(2) Since m(Cy, X) =0 for k <n and X,Y are n-dimensional.
So Hy(Cy, X) =0 for all k.
By (1), f is homotopy equivalence.

13 Inverse function theorem, implicit function theorem, sub-
manifolds
Exer 13.1. Suppose m : My — My is a C* map of one connected differentiable manifold to

another. And suppose for each p € My, the differential 7, : T, My — Ty (,) M2 is a vector space
isomorphism.

(1) Show that if My is compact, then w is a covering space projection.

(2) Given an example where My is compact but w: My — Ms is not a covering space (but has
the T, isomorphism property).
(1) Take p € My and p € 7~ 1(p).

By inverse function theorem, there is a neighborhood Uj of p such that 7r|U~ :Up — m(Up)
P

is a diffeomorphism.

So mY(p) N U; = {p}.
And since M is compact.

Therefore 71 (p) must be finite, and we can take

U, = ﬂ Up.

pem1(p)

Then every component of U, maps to m(U,) diffeomorphically.
Hence 7 is a covering space projection.
(2) take M; = (0,2), My = St with 7 : My — My, t ~ >,
Then 7, is isomorphism but 7 is not covering map since 7=1(1) = {1}.

Exer 13.2. Let M be a compact smooth manifold of dimension d. Prove that there exists some
n € Zy such that M can be regularly embedded in the Fuclidean space R™.

Take a atlas of M consists of k charts U; with coordinates (x%,..., xil), 1<t <k
Consider a partition of unit {p;}.

Let f = (Pl:ﬂl$%> o 7P1$}la R ,(I,'k.%'g)

Then f: M — RE@HDE ig a regularly embedded.

Exer 13.3. Let M be a smooth connected manifold and f : M — M be an smooth map such
that f o f = f. Show that the image set f(M) is a smooth submanifold in M.
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Since (df)2 = df in f(M).

So df is diagonalizable and its eigenvalues are 1 and 0.

Therefore tr(df) = rank(df) € Z.

And since tr(df) is connected in M.

Hence rank(df) is constant in f(M) and by rank theorem f(M) is a smooth submanifold.

Exer 13.4. Let T? = {(z,w) € C?||z| = |w| = 1} be the torus. Define a map f : T? — T? by
f(z,w) = (zw,w). Prove that f is a diffeomorphism.

f is a bijection with inverse f~1(z,w) = (zw=3, w).
Moreover, the local coordinate of T2 is given by (01, 62) — (eiel,eiHQ).
Then locally, f: (61,02) — (01 + 362,02).
So df is locally represented as
1 3
b ]

Exer 13.5. The unit tangent bundle of S? is the subset

Hence f is a diffeomorphism.

T'(8%) = {(p,v) € R* x R*[[]p]| = ||vl| = 1, (p,v) = 0} .

Show that it is a smooth submanifold of the tangent bundle TS? of S* and T*(S?) is diffeomorphic
to RP3.

TS? = {(p, ) € B x B¥||p] = 1, (p,) = 0}.

Consider f: TS? = R, (p,v) — |v].

Then df = 2v1dv; + 2vedvy + 2vsdvs at (p,v) with v = (v1, va, v3).

So for (p,v) € TY(S?), df #0, i.e. T'(S?) = f~1(1) is a smooth submanifold.
Moreover, (p,v,p X v) forms an element in SO(3).

Hence t(S?) is diffeomorphic to SO(3) = RP3.

Exer 13.6. Show that

n
Zx? = 1}
i=1

Q" = {(xl,...,xn) e R"”

s a differentiable manifold.

Consider

n
fiR™ SR (2, .., 2,) me
i=1

Then its derivative .
df = Z 4adda;.
i=1

So for (z1,...,2,) € Q", df #0, i.e. Q" = f~1(1) is a smooth manifold.

Exer 13.7. Let M be a compact, simply connected smooth manifold of dimension n, prove that
there is mo smooth immersion f : M — T™, where T™ is n-torus.

Since M is simply connected.

So f can lift to a smooth immersion f: M — R" let f = (f1,..., fn)-
Then at the maximum point p of fi, df; =0.

Hence df is not isomorphism at p, contradiction!
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Exer 13.8. Consider the manifold
M = {((:L’l, ces ), [y st yn]) € R X RIP)"_ILEZ-yj = x;y; for all i,j} ,

and the projection map w : M — R™ onto its R"-factor. Determine whether or not 7 is a
submersion.

7Nz, xn) = {((1, @), [T s w)) ) for (2, ..., @) # 0.
And 7710) = {(0,[y1 = -+ yn)|[y1 s - 1 yn) € RPPHL
So dr(v) =0 at (0, [y]) for v € T}, RP" 1.

Hence 7 is not submersion.

Exer 13.9. Suppose ¥ is a smooth compact embedded hypersurface (i.e. a codimension 1
submanifold) without boundary in R™ for n > 3. Show that X is orientable.

Suppose 3 is non-orientable.
Then take a tubular neighborhood of ¥ and so it is non-orientable.
By exercise 11.4, contradiction!

Exer 13.10. Let f : R3 — R be defined by f(z,y,2) = 2% +y> — 1.
(1) Prove that M = f=%(0) is a two-dimensional embedded submanifold of R3.

(2) For a,b,c € R, consider the vector field
0 0 0

For which values of a,b,c is X tangent to M at the point (1,0,1)?

(1) df = 2zdx + 2ydy # 0 in M.

So M is a two-dimensional embedded submanifold of R3.

(2) For Since X is tangent to M.

So 0 =df(X) = 2xa + 2yb, i.e. a =0 and b, ¢ can be arbitrary real number.
Exer 13.11. Let M be a smooth manifold with smooth boundary OM and N be a smooth
manifold without boundary. Assume that f : M — N is smooth (this includes smoothness at

points of OM ) so that the tangent map df, : ToM — Tt N is well-defined (including at points
of OM ). Let y € N be a reqular value for both f and f‘aM'

(1) Show that My = f~1(y), if not empty, is a smooth submanifold with boundary in M such
that the boundary OM; = (f‘aM)fl (y) = My NOM is a submanifold of OM.

(2) If we only assume that y is a regular value for f but not for f‘@M’ does the conclusion of
(1) still hold?

(1) Since y is a regular value for f‘M and f}aM.
So M N M is a smooth submanifold in M and M; N OM is a smooth submanifold in OM.

And for p € M; N OM, consider a chart U = H™ = {(z1,...,zy)|z1 = 0} such that
f(U) =ZR™ and p =0 in the coordinates.

Let F' be the smooth extension of f‘U to an open set of R™.
Then dF), has full rank and moreover, it has full rank when x; = 0.

So by shuffle the coordinates o, ..., 2, and implicit function theorem, M is locally given
by {(-T]_; e 71:”7,7’(7,’9(-%]_, e ,l‘min))|$1 > O} for some g : Rm—n N Rn

Hence M is a smooth submanifold with boundary in M.
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(2) Take M =D?, N =R and f: M — N, (z,y) > .
Then M; = f~1(1) = {(1,0)} is not a smooth submanifold with boundary in M.

Exer 13.12. Let Vi(R™) denote the space of k-tuples of orthonormal vectors in R™. Show that
Vi(R™) is a manifold and compute its dimension.

Consider f: R™* — S(k), X + XTX where S(k) is the space of k x k symmetric matrix.

Then f~1(I) = Vi(R").

And since (df)(Z2) = ZTX + XTZ at X € Vi(R").

So for A € S(k), (df) (%XA) = %(AT +A) = A

Therefore df is surjective, i.e. I is a regular value.

Hence Vj,(R™) is a manifold and its dimension is nk — w
Exer 13.13. The Grassmannian Gr(k,n) is the set of all k-dimensional subspaces of R™.
Explicitly construct the structure of a smooth manifold on Gr(k,n) using atlases. What is its
dimension?

Let V' be a k-dimensional subspace of R” and X = (vy,...,vg) is its basis.
Then for any A € GL;(R), X A is a basis of V.

Since rank(X) = k.

So there exists indices J = (i1, ...,1x) of rows such that X is invertible.
Consider U; = {V|V has a basis X such that X is invertible} and

oy Uy = RORIXE 7y x 00

where X is the basis of V' such that X; = 1.
Hence (Uy, ) form an atlas of Gr(k,n), and the dimension is (n — k)k.

Exer 13.14. Consider the space of all straight lines in R? (not necessarily those passing through
the origin). Explain how to give it the structure of a smooth manifold. Is it orientable?

Let n be the unit normal vectors of the line and d be the signed distance from 0.
In other words, the line is given by {z|z - 7 = d}.

Then M = S! x R/ ~ with (d,0) ~ (—d, 0 + 7).

Hence M is diffeomorphic to the open Mobius band, i.e. it is non-orientable.

14 Sard’s theorem, transversality

Exer 14.1. Let M C R" be a smooth submanifold of dimension m < n — 2. Prove that the
complement R™ — M is connected and simply connected.

Consider a map f : S! — R™\ M, we want to show it is null-homotopic.

WLOG, assume f is smooth.

Since f is null-homotopic in R”, 4.e. it can extend to H : D? — R™.

Let F:R" x D? = R”, (a,z) — H(x) + a.

Then F' is surjective and dF' is surjective everywhere.

By implicit function theorem, F'~1(M) is a smooth submanifold with dimension m +2 < n.
Consider the projection 7 : F~1(M) — R", (a, ) + a.

By Sard theorem, a € R" is regular value almost everywhere.

So w(F~Y(M)) must be zero measure.

Take small a ¢ 7(F~1(M)) such that {ta + f(z)|t € [0,1],z € S'} N M = 2.

Then f ~ f+a ¢ in R™\ M, where C' is the constant map at H(0) + a.
Hence f is null-homotopic, i.e. R™\ M is simply connected.
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Exer 14.2. Let M™ C R™ — {0} be a compact smooth submanifold of dimension m. Show that

M

is transverse to almost all k-dimensional linear subspaces in R™. (Here “almost all” means

that the set of subspaces that are not transverse to M has measure zero.)

Let E = {(v,V) € R" x Gr(n,k)jv e V*+},Z ={(0,V)} C E.

Consider f : M x Gr(n,k) = E,(p,V) — (my1(p), V).

Then f~5Z) ={(p,V)lpe MNV}.

So Tf(p,V)Z + df(p’v) (T(p,V) (M X Gr(n, k))) = TvGI‘(n, k‘) + Vl = Tf(p,V)E'

Therefore f is transverse to Z.

By parametric transversality theorem, fy : M — E transverse to Z for almost all V.

So fy : M — V+ transverse to {0} for almost all V.

Thus for p € f;l(()) = M NV, dfy is surjective at p.

Hence T,M +V =R", i.e. M is transverse to almost all k-dimensional linear subspaces.

Exer 14.3. Let X andY be submanifolds of R™. Prove that, for almost all a € R™, the translate
X +a={z+alr € X} intersects Y transversely.

Let f: X xR" = R", (x,a) — x + a.

Then df(v,w) = v+ w is surjective everywhere.

By implicit function theorem, f~1(Y) = (X +a) NY is a smooth submanifold.
Consider 7 : f~5Y) = R", (z,a) + a.

By Sard theorem, a € R" is regular value almost everywhere.

For regular value a and x € f~1(Y), dmw : T(y ) f 1Y) = TuR", (v, w) — w is surjective.
So any w € R™, there exists v € T, X such that v +w € T,,,Y.

Hence T, X +T,+.,Y =R", i.e. X + a intersects Y transversely.

Exer 14.4. Let M™ C R" be a closed connected submanifold of dimension M.

(1) Show that R™ — M™ is connected when m < n — 2.

(2) When m =n — 1 show that R™ — M™ is disconnected.

(1)

Consider two points p,q € R™\M, let C be a circle in R™ containing p, g.

Then by the last exercise, C' + a intersects M transversely for almost all a € R™.

And since dimC = 1,dim M < n — 2.

So (C+a)NM =0.

Take small enough a such that the lines p to p + a and ¢ to ¢ + a are disjoint with M.

Hence p, q is connected.

Consider a map f : S! — R” such that its image C = f(S') intersecting M transversely.
Since the fundamental class of C' and M in R"™ are trivial.

So the mod 2 intersection number I(C, M) = 0.

Fix a point p € R"\M and R™\ M can be separated into

Uy = {q € R"\M|a path from p to ¢ meets M odd times},
Uz = {q € R"\M|a path from p to ¢ meets M even times}.

For two paths 1,2 from p to g, v1 * 72_1 form a map S' — R".
So Iy(y1, M) = Iz(7y2, M) in mod 2 sense.
Hence R™\ M is disconnected.
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15 Lie groups, Lie algebras, left /right-invariant vector fields

Exer 15.1. Let SO(3) be the set of all 3 x 3 real matrices A with determinant 1 and satisfying
ATA = I, where I is the identity matriz and AT is the transpose of A. Show that SO(3) is a
smooth manifold, and find its fundamental group. You need to prove your claims.

By exercise 13.12, SO(3) is a component of manifold V3(R3).
And since it is homeomorphic to RP? (we have proven this several times previous).
So m1(SO(3)) = Z/2Z.

Exer 15.2. Let U(n) be the group of n x n unitary matrices, and O(n) be the group of n x n
orthogonal matrices. Let SU(n) = {A € U(n)|det A = 1} be the special unitary group and
SO(n) = {4 € O(n)|det A = 1} be the special orthogonal group. All U(n),SU(n),O(n),SO(n)
are Lie groups with natural manifold structures.

(1) Compute the dimensions of SU(n) and SO(n).

(2) Compute the fundamental groups of SU(n) and SO(n) (n > 2).

(1) Since SU(n) acts on S?"~! transitively with stabilizer SU(n — 1).
So dimSU(n) =dimSU(n —1)+2n—1=3+5+ - +2n—1=n% - 1.

Similarly, dimSO(n) = dimSO(n—1)+n—-1=142+4+---+n—1= ”("2—1)'

(2) Since we have fiber bundle SU(n — 1) — SU(n) — S?*~L.

so there is a long exact sequence

- —> 7T2(S2n—1) — Wl(SU(n— 1)) — 7T1(SU(n)) N 7['1(S2n_1) —. 0

Hence 71 (SU(n)) =2 m(SU(n — 1)) = --- =2 71(SU(1)) = 0 since dim SU(1) = 0.
Similarly, 71(SO(n)) = m1(SO(3)) = Z/2Z for n > 3

And since SO(2) 2 S!, dim SO(1) = 0.
So m1(SO(2)) = Z and m(SO(1)) =0

Exer 15.3. Prove S**, n > 1 is not a Lie group.

Since x($?") =1+ (—1)*" = 2.
By Poincaré-Hopf theorem, S?” has no nowhere vanishing vector space.
So S§?" is not a Lie group.

Exer 15.4. Consider the matriz group

1 b
G= 0 c|l :a,b,ceR
0 1

S = Q

Prove that its exponential map from its Lie algebra
exp:g— G

1s a diffeomorphism. Provide a generalization and justification of the statement.
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By definition,

0 a d
g= 0 0 cf|:a,d,ceR
0 00
And the exponential map
0 a d 1 a d+%
exp 0 0 ¢ =10 1 c
0 0 0 0 0 1

So exp : g — G is linear and bijective.
Hence exp is a diffeomorphism.

Generalization: for any simply connected nilponent Lie group G with Lie algebra g, its
exponential map exp : g — G is a diffeomorphism.

Proof. Since g™ = 0 for some n.
So the BCH formula exp(X)exp(Y) = exp (X +Y + 3[X,Y] + ---) has finite terms.
Therefore we can define a Lie group structure on g with X - Y = BCH(X,Y).
And by Lie second theorem, gpcy is isomorphic to G as Lie group.
Hence exp : g — G is diffeomorphism. O

Exer 15.5. Let X € ¢ := Lie(K) be a real vector field on a compact connected smooth manifold
M with an effective action of a compact real Lie group K. By choosing a K-invariant real
symplectic form w on M, assume f € C°(M)g is such that df = ixw. Show that the value
maxys f — minys f s independent of the choice of w as far as w defines the same de Rham
cohomology class [w].

Take W' € [w] with w —w’ = dn and let dg = ixw’.

WLOG, assume 7 is K-invariant.

Consider a critical point p of f.

Then df = ixw =0 at p, i.e. X, = 0 since w is nondegenerate.

So dg =ixw’ =0 at p, i.e. the critical points of f is the same as those of g.

Moreover, d(f — g) = ixdn = Ly (1) — d(5(X)) = — d(n(X)).

Therefore f — g = —n(X) 4+ C = —n(0) + C = C at critical points, where C' is a constant.
Hence maxys f — minys f = maxys g — minyy g.

Exer 15.6. Suppose G is a compact Lie group with Lie algebra g. Consider an element g € G,
and let ¢ C g be the subalgebra ¢ = {X|Ady(X) = X}. Show there exists some € > 0 such that
for all X € g with |X| < ¢, there exists Y € ¢ such that gexp(X) is conjugate to gexp(Y).

Let f:Gxc¢— G, (h,Y)— g thgexp(Y)h L.
Then we want to show df is surjective at (e, 0).
At (e, 0),

d , _ _ _
df(X,Y) = e (g Lexp(tX)gexp(0)e + g tegexp(tY)e + g tegexp(0) exp(—tX))

=g ' Xg+Y -X

Since G is a compact Lie group, i.e. it has a bi-invariant metric.

So Ad, is orthogonal, i.e. it is diagonalizable.

Therefore rank(Id — Ad,) = rank(Id — Ady)?.

Thus {df(X,Y)|X €9,V € ¢} =ker(Id — Ady) + im(Id — Ady) = g.
Hence df is surjective.
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Exer 15.7. Define the set

1
H = 0 rz,y €R
0

o = 8
=8 <

(1) Equip H with a C* differentiable structure so that it is diffeomorphic to R2.

(2) Show that H is a Lie group under matriz multiplication.

20, 0
oy’ Ox oy

forms a basis of left-invariant vector fields of the associated Lie algebra.

(8) Show that

(1) just map (z,y) to the corresponding matrix.

(2)

Loz oyi| |1 22 wo I z14+x2 y1+y2+a122

0 1 = 0 1 a9 =10 1 1 + o

0 0 1[1]0 0 1 0 0 1
1 =z gy - 1 -z 22—y
01 =z =1(0 1 —x
0 0 1 0 O 1

So the multiplication is given by

(1,91, 22,Y2) = (1 + 22, Y1 + Y2 + x122)

and inverse is given by
(xvy) = (—JI,:E2 - y))
these maps are obviously smooth.

Hence H is a Lie group.

(3) Let g = (x,y),h = (a,b).

Since }
00 1
<8>:000
%/n o 0 0
So
5 1 2 ylfo 01 0 0 1 5
(Lg)*(a)—01z00020002<8>.
Y7n 1o 0 1] ]o 0 o] [0 0 0 Y/ gh
And
01 a
(6—{—1‘8):001
ox o), 0 0
Therefore
1 2z y/ |0 1 «a 01 a+=x
) ) 0
(Ly)s | =—+2z=— ] =10 1 [ |0 0 1|=]0 0 1 |=(=—+
9*\ox "0 ox
Y 1o o 1|/ lo 0 0 00 0

a o] o) . .
Hence Y and s T Ty, are left-invariant.
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Exer 15.8. Let

G = rx,y € Ry, z€eR

O O 8
ow O
—= N O

(1) Show that G is a Lie subgroup of GL3(R).

9 .9 90
3x’y8y’y82

forms a basis for the left-invariant vector fields on G.

(2) Prove that

(3) Determine the structure of the Lie algebra g of G in terms of the basis of (b).

(1)

g 0 O zo 0 O T1T9 0 0
0 n = |:0 y2 22| = | 0  w1y2 y1z2+ 21
0 0 1 0 0 1 0 0 1

2 0 0] [z' o0 0

[O Y z] = { 0 y‘l ylz}

0 0 1 0 0 1

And since G is obviously closed.

So by closed-subgroup theorem, G is a Lie subgroup of GL3(R).

(2) Let g = (x,y,2),h = (a,b,c).

Since
00 000 000
0 a 0 b
(8)20007<y5>:050a<y8)=00b
oo oo Y7 1o 0 o0 “Jn o 0 0o
So ) . ]
9 z 0 Ol ]a O O za 0 O P
“noloo 1]]ooof [0 00 T/ gh
5 [z 0 01 [0 0 0] [0 0 O] 5
Y7n 1o o 1] [0 0 o] [0 0 of Y/ gn
9 [z 0 01 [0 0 0] [0 0 0] 5
(Lg)x (y(‘)z> =10 yv 2|0 O b =10 0 yb| = <y8z>
he o0 1] |0 00 (00 0 gh

And since dimension of left-invariant vector fields is dim G = 3.

Hence {x%, ya%, y%} is a basis of left-invariant vector fields.

3)

x(‘)ix’yf)iy = x%@ - y@%7

0 0] w0 oo
9z’ 7 5z

[8 8} oy 0 Oz 0

a xf)x 0z y&a?’
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9 9] _ oyo dy 0 0
Vg, Yas| = =y—.
g is span by X,Y, Z with [X,Y] = [X,Z] = 0,[Y, Z] = Z.
Exer 15.9. Prove that the tangent bundle of O(n) is trivial.
O(n) is a Lie group with o(n) = {X|X + XT = 0}.
So its tangent bundle 70(n) = o(n) x O(n) is trivial.
Exer 15.10. (1) Show that the Lie group SLa(R) = {A € Mayo(R)|det(A) = 1} is diffeomor-
phic to S* x R2.
(2) Show that the Lie group SLa(C) = {A € May2(C)|det(A) = 1} is diffeomorphic to S* x R3.

(1) Let e, ez be the standard basis of R2.
Consider f: SLy(R) — (R%\{0}) x R, A + (v1, Ty, (v2)) where v; = Ae;.
Then f~!(vi,t) = A with A(e1) = v1, A(ez) = v{ + tvy, where v{ L vy and |vi| = loy| L.
So det(A) =1, i.e. A€ SLy(R).
Hence f is a well-defined diffeomorphism SLy(R) = (R*\{0}) x R = S! x R2.

(2) Similarly, consider SLy(C) — (C?\{0}) x C, A — (v, 7y, (v2)).
Then f is a well-defined diffeomorphism SLy(C) = (C2\{0}) x C = S? x R3

16 Integral curves and flows, Lie derivatives, Lie brackets, Frobe-
nius theorem

Exer 16.1. Let M be a smooth manifold of dimension n, and Xi,..., X, be k everywhere
linearly independent smooth vector fields on an open set U C M satisfying that [ X;, X;] =0 for
1 <i,j < k. Prove that for any point p € U there is a coordinate chart (V,y') withp € V. C U
and coordinates {y',...,y"} such that X; = 8%1- onV for each 1 <i < k.
Take a chart (V, ¢, 2%) around p such that ¢(p) = 0 and (X;), = %
Let 6! be the flow of X; and consider the map

0

f:R"%R",(yl,...,y”)H%l 09320"'0951@ (0,...,0,yk+1,...,y").

Notice that the order of flow can be adjusted freely since [X;, X;] = 0.
So for i < k,

of
oyt

0
= By (%1 09520---09§k) (O,...,O,yk"'l,...,y")
0

0

0

oyt Y

0 0

And for i > k,

of
oyt

0_ oy




Therefore Jac(f)o = 1.
By inverse function theorem, f is diffeomorphism locally around 0.

Moreover, X; = 8%1' in this coordinate.

Exer 16.2. Let F': M — N be a smooth map between two manifolds. Let X1, Xo be smooth
vector fields on M and let Y1,Ys be smooth vector fields on N. Prove that if Y1 = F,. X1 and
Yo = F, X, then Fy[X1, Xo] = [Y1,Ya], where [, ] is the Lie bracket.

(X1, Xo](fo F) = X1 Xo(f o F) — XoX1(f o F)
= XG((FxX2)(f) o F) — Xo((FxX1)(f) o F)
= (FuX0) (B X2)(f) o F — (FuXo)(FuX1)(f) o F
=[Y1,Ys|(f) o F
So Fu[X1, Xa] = [V, Yal.

Exer 16.3. Let X and Y be smooth vector fields on a smooth manifold. Prove that the Lie
derivative satisfies the identity LxY = [X,Y].

Let 6; be the flow of X, then

Y= | 0-0.0)
d
= &OY(foﬁ,t)OHt
d d
= aOY(foﬁ_t)—i— a@ O(Yf)OGt

=-YX(f)+ X(Yf) = [X,Y](f)

Exer 16.4. (1) Let f be a diffeomorphism group of a circle S', assume f has no fized point
and it is generated by a smooth vector field, show that f must be conjugate to a rotation.

(2) Show that there is a diffeomorphism f : S' — S!, such that f can not be generated by a
smooth vector field but it is arbitrarily closed the identity map i : St — St in C>-topology.
(1) Let V be the vector field that generate f and 6; be the flow of V.
Then f(p) = 04(p) for some t € R.
Since f has no fixed point, i.e. 0;(p) # p.
So V' is nowhere vanishing.
Fixing po, the map R — S!, ¢ — 60;(po) is a covering map since 05 o ; = 0.
Therefore 0;(po) = 01417 (po) for some period T.
Let g: ST = St p— % where p = 60;(po).
Then g(f(g(2))) = 9 (0 (B (p0))) = 9(Orrar(p0)) = 2 + 4.
So go fog~!is a rotation.
(2) Take f(z) =z + 1 + esin?(nmz) for large n ans small e.

So f can be arbitrarily closed to the identity map, but it is not generated by a vector field.
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Exer 16.5. Let a;; for 1 <i<n—1and1 < j <n be real constants. For 1 <i<n—1,
consider the vector field

X;=(0,...,0,1,0,...,0,a;27) (1 is the i-th position)

on R™ (with coordinates x',... x™). Let II be the distribution of the tangent subspace of dimen-
stonn—1 in R™ spanned by X1, ..., Xn_1. Determine the necessary and sufficient condition for
I to be integrable. Express the condition in terms of symmetry properties of the (n—1) x (n—1)
matriz (aij)1<ij<n—1 and the relation among the ratios %z fori<l<j<n—-1landl <k<n.

0
[Xi, Xj] = <aji — Q45 — aik$kajn + ajk:zkam) 783}”
And since X1, ..., X,_1 is linearly independent with 8%
So by Frobenius theorem,

k
Qg5 — Qg + (ajkam — aikajn) ¢ = 0.

Hence (aij)1<i,j<n—1 is symmetric and aik Qi

Exer 16.6. Let G be an open subset of R™. For 1 < p < n —1 denote by N\’ T the exterior
product of p copies of the tangent bundle Tz of G. For 1 < j < m let n; be a C* section of
N Te: over G. For a C* wvector field { on an open subset of G, denote by Len; with respect to
&, which means that if p¢y is the local diffeomorphism defined by & so that the tangent vector
%@g,t equals the value of § at ¢4, then

1
C— lim = Wi — N
Lenj = lim = ((pee)snj —15)
where (g ¢)«n; is the pushforward of n; under pe;. Let @, : Tg — /\erl To be defined by
exterior product with n;. Assume that the intersection MLy ker @y, is a subbundle of Tg of rank
q over G. Suppose for any C° tangent vector field { in any open subset W there exist C*
functions gj ¢ on W for 1 < j, k < m such that

m
Lenj = Z 9j.k,CTk
k=1

on W. Prove that for every point x of G, there exists some open neighborhood U, of x in G and
C™ functions fi,..., fn—q on Uy such that the fiber of NJL; ker @, at y is equal to Nyt ker d fy,
aty fory e Us.

By Frobenius theorem, we need to prove Lie bracket is closed in ﬂ;”zl ker ..
Let &1, &2 be two smooth sections of N7, ker @y,
Then & A n; = 0 for any 4, j.
And since
(1,62 Anj = Le &2 Ay

= L¢, (&2 Amj) — & A Le, (1))

m
==& A Zgj,k,&nk =0
k=1

So [§1,82] € N, ker @,

Exer 16.7. Let X = T*C* = C* x C, where we write z,w for holomorphic coordinates on the
base and fiber, respectively. Find all time-1 periodic orbits of the vector field V = Re (zw%),
i.e. all points x € X such that the time-1 flow of x under V is equal to x.
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Let 0,(z,w) = (ze%w,w) and z = x + yi,w = u + vi.

Then 0y(z,w) = (z,w) and for « : t — 04(zp, wo),

’y/(t) — dj 2 d7y 2
—Re(@ 9 +Im('z—)ié
2 (20) Y | (2,)

where (z,w) = y(t).
So 6, is the flow of V.
And 6,(z,w) = (ze%w) = (z,w).
Hence time-1 periodic orbits of V' is {(z, 4wki)|k € Z}.

Exer 16.8. Recall that there is a 1-1 correspondence between vector field v on a smooth manifold
M and the derivation L, : C*°(M;R) — C°(M;R). For two vector fields v, w, define [v,w] to
be the vector field corresponding to the derivation

L[v,w](f) =Lyo0 Lw(f) — Ly o Lv(f)v
where f € C*°(M;R).
(1) Show that the Jacobian identity holds for any three vector fields u,v,w

[u, [v,w]] + [v, [w, u]] + [w, [u,v]] = 0.

(2) Suppose on a local chart U, we write
U—Zvaz,w—Zw]a] v, W] Zu 830’“

Compute the formula of u* using v* and w?.

(1)

[uv [anH :Luo(LvoLw(f)_LwOLv(f))_(Lvo[“w_LwOLv)OLu(f)
:(LUOLUOLw_LvoLwOLu)(f)+(LwOLvOLU_LuOLwOLv)(f)

So the cycle summation is 0.

(2)
kaaxf E[v,w](f):LvoLw(f)_LwoL”(f)

g ()i
or’ oI oxJ oxt

owl f . f Jovtaf L
Vo aw U grion W aman Y Gwion

Ow Of  jovtof [ out of
(45 —50)

Y oz O 83:3 ort Oxt oxk
So
k 8wk a’U
u L —
ox’ Ehﬂ



Exer 16.9. Let x1,x2,...,x, and y1,Yy2,...,Yyr be two sets of distinct points in a connected
smooth manifold M with dim(M) > 1, and v1,ve, ..., vx and wy,we, ..., wy be the corresponding
two sets of non-zero tangent vectors at these points. Show that there is a diffeomorphism f os
M such that f(x;) =y and dfy,(v;) =w; fori=1,... k.

Let ~; be a closed curve passing x; with 7, = v; at x; and J; is similarly defined for y;, w;.

Then we can take ~;, §; sufficiently small so that they are null-homotopic in M.

Let f:[0,1] x | |*S' — M such that on i-th S, f gives a homotopy from (v;,z;) to (&;, ).

By isotopy extension theorem, there exists a family of diffeomorphism F; : M — M such
that Fy = Id and Fy(f(0,z)) = f(t,x).

Hence F1 ($l) = 1Y; and (dFl)xz (vl) = W;.

Exer 16.10. Let f: M — N be a smooth map between smooth manifolds, X andY be smooth
vector fields on M and N, respectively, and suppose that f X =Y (ie. , fo(X(x)) =Y (f(x))
for all x € M). Then prove that f.(Lyw) = Lx(fiw) where w is a 1-form on N. Here L
denotes the Lie derivative.

Let Z be a vector field on M.

fe(Lyw)p(Zp) = (LYW)f(p)(dfp(Zp))
=Ly W(f+2)) ) = wr() (£ (£+2) ()
=Y (W(f+2) p) — @i Ys f+ 2] 5 )
=X (w(fuZ)o f)p — We(p) (dfp[X7 Z]p)
= X(fw(2))p — (fsw)p(Lx Zp)
= (Lx(fiw))p(Zp)

So f* (Lyw) = Lx(f*w).

Exer 16.11. Let M be a smooth manifold and let w € QY (M) be a nowhere vanishing smooth
1-form. Prove that the following are equivalent.

(1) ker(w) is an integrable distribution.
(2) wAdw=0.
(3) There exists some smooth 1-form o € QY (M) satisfying dw = a A w.

(1)=(2): Let (U, ") be a chart around p in M such that ker(w) is span by
Then w = fda™ for some smooth function f.
SowAdw = fdz™ Adf Adz™ = 0.

(2)=(3): Let {n* =w,n? ...,n"} be a local coframe of M around p.

Let dw = Q;n" A .

Then w A dw = Q;n' Ant And =0.

So ;=0 for i,57 #1, i.e. dw = a Aw around p.

And by partition of unity, dw = a A w for a smooth 1-form « globally.
(3)=(1): Consider X,Y € ker(w), then

o .
57 fori <n—1

W[X,Y] = X(w(Y)) — Y (w(X)) - dw(X,Y)

So ker(w) is involutive.
By Frobenius theorem, ker(w) is an integrable distribution.
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Exer 16.12. Find two vector fields X and Y on R? such that X,Y,[X,Y] are everywhere
linearly independent.

Take X = %,Y =2 —|—x%.
Then [X,Y] =920 — 0
So X,Y and [X,Y] are linearly independent everywhere.

17 Poincaré-Hopf theorem

Exer 17.1. Let M be a smooth, compact, oriented n-dimensional manifold. Suppose that the
Euler characteristic of M is zero. Show that M admits a nowhere vanishing vector field.

Let V be a vector field on M with isolated zeros x1,...,xk.

By exercise 16.9, we can assume that x1,...,z; are contained in a chart U = D".
Consider u : U — S" 1 & — H‘;Eg‘

Then by Poincaré-Hopf theorem, degu = x(M) = 0.

So by Hopf theorem, u is null-homotopic.

Therefore there exists a nowhere vanishing vector field Vy on U with VO‘ U = V’ . and

w U = S" Lo |¥gg§|

Hence extend Vj to M by V, it becomes a nowhere vanishing vector field on M.

gives a homotopy from u to a constant map.

Exer 17.2. Is TS? diffeomorphic to S* x R%2? Verify your answer. Here T'S? is the total space
of the tangent bundle of S?.

Since x(S?) =1+ (-1)? = 2.
So S? has no nowhere vanishing vector field.
Hence T'S? is nontrivial bundle.

Exer 17.3. Let M be an oriented Riemannian 4-manifold. A 2-form w on M is said to be
self-dual if xw = w, and anti-self-dual if xw = —w.

(1) Show that every 2-form w on M can be written uniquely as a sum of a self-dual form and
an anti-self-dual form.

(2) On M = R* with the Buclidean metric, determine the self-dual and anti-self dual forms in
standard coordinates.

(1) Let wy = 3(w + #w),ws = 5(w — xw).

Then *w; = %(*w + w) = wy, xwy = %(*w —w) = — *ws.

So w = w1 + wg and wi, w9 are self-dual form and anti-self-dual form resp.
(2) *(dzt A da?) = dzd A da?, #(da! A dad) = dot A da?, +(dat A d2?) = da? A daB.

So self-dual are span by daz! Ada? 4 dz? Adz?, de! Ada? + dz? Ada?, da! Ada? + da? Ada.

anti-self-dual are span by daz! Adz? — dz3 Ada?, dz! Ada® — dzt Ada?, dz!t Ada? —dz? Ada?.
Exer 17.4. Given a properly discontinuous action F : G x M — M on a smooth manifold M,
show that M /G is orientable if and only if M is orientable and F(g,-) preserves the orientation

of M. Use this statement to show that the Mébius band is not orientable and RP™ is orientable
if and only if n is odd.
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Since F' is properly discontinuous.

Som: M — M/G is a covering map.

If M /G is orientable, then let w be the nowhere vanishing n-form on M/G.

So m*w is a nowhere vanishing n-form on M, i.e. M is orientable.

Moreover, since 7 is orientation preserving and o F, = 7.

Therefore Fy is orientation preserving.

If M is orientable and F} is orientation preserving, then let Os be the orientation of M.
For p € M/G and a chart (U, ¢), there is an embedding f : U — M such that 7o f = Id.
So we define the orientation on U by f*Oy,.

For another embedding g : U — M with 7o g = Id, there exists h € G such that Fj,o f = g.
Therefore g*Opr = f* o FyOpn = f*Op since Fj, is orientation preserving.

Thus f*Oys is well-defined and compatible with any other chart V.

Hence M /G is orientable.

Moreover, Mébius band M = R x St/(x,0) ~ (—z,0 + ) and RP" = S"/z ~ —x.

So Mébius band is not orientable and RP™ is orientable iff n is odd.

Exer 17.5. Prove the Cartan formulas: Lx = dix +ixd and ijxy] = [Lx,iy].

For p-form o and ¢-form S, suppose they both satisfy the Cartan magic formula, then

Lx(anp)=(Lxa)AB+ar(LxB)
= (dixa+ixda) A+ a A (dixp + ixdp)
=dixaAB+ (—1)P lixa AdB +ixda A B+ (—1)PTda Aixp
+andixf+ (—DPdaANixf+anixdS+ (—1)Pixa AdS
=d(ixa A B) +ix(daAB) + (=1)Pd(aNixp) + (=1)Pix (A dB)
=dix(aAp)+ixdlaApB)
So we only need to check the Cartan magic formula for 0-form and exact 1-form.
Notice that
dix f+ixdf =df(X)=Xf=Lx/,
dix(df) +ix d(df) = dX(f) = dlx f = Lx(df).

Hence Lx =dix + ixd.
Similarly, for p-form « and g-form [, suppose they both satisfy the second formula, then

ix,y) (@A B) = (ixy)e) A B+ (=1)Pa A (ixy)8)
= (Lxiya—iyLxa) AN+ (—1)Pa A (Lxiyp —iyLx )
=LxiyaAB+ivaANLxB—iyLxaAf—(—1)PLxaNiyf
+ (=D)PanLxiyB+ (—1)PLxaNiyB — (—D)PanNiyLxf —iyvaALx[
=Lx(iyaApB) —iy(LxaAp)+ (—=1)PLx(aNiyB) —iy(a A Lxf)
= (Lxiy —iyLx)(a A B)

So we only need to check the second formula for O-form and exact 1-form.
Notice that

[Lx,iv]f=—iy X(f) =0=1ixy/f
[Lx,iv]df = LxY(f) —ivdX(f) = X(Y(f)) = Y(X(f)) = ixy)df.

Hence Z'[ij] = [Lx, iy].

Exer 17.6. Let wy,...,wg be one-forms. Show w1, ...,wy are linearly independent if and only
fwr A Awg # 0.
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Locally, let (x!,...,2") be a coordinate and w; = f;;dz’, then
WA ANw = Z fl,i1 fmkdx“ A /\da:““

Fixing the set {i1,...,i}, the coefficient of dz’t A --- A da’* is the determinant of k x k
submatrix of (f;;) given by rows {i1,...,ix}.
So w1 A -+ - Awy # 0 < matrix (f;;) has full rank < wy,...,w; are linearly independent.

Exer 17.7. Consider the following 2-form on R3: w = xdy Adz —ydz Adz 4 zdx Ady. In what
follows, S? is the unit 2-sphere in R3. Also, N = (0,0,1) and S = (0,0, —1) are the north and
south poles, respectively.

(1) Compute fSQ w‘sz, and show that w‘SQ is not exact.

(2) Consider spherical coordinates x = sin 6 cos ¢ andy = sin@sin ¢ and z = cos 0 for (x,y, z) €
S? — {N, S} (here, 0 € [0,7] and p € [0,27)). Compute w‘SQ_{st} in terms of spherical
coordinates 0, ¢.

(8) Show that the restriction w‘SQ_{MS} is exact.

(1)
/w :/ dw:3/ dz Ady Adz = 4.
S? S2 D3 D3

w|S2_{N7S} = sin f cos ¢ d(sin @ sin ) A d cos @ — sin 0 sin ¢ d(sin f cos ¢) A d cos 6

(2)

+ cos 0 d(sin 0 cos ) A d(sin @ sin )
= sin 0 cos p(cos 0 sin ¢ df + sin 6 cos p dy) A (—sin 0)do
— sin @ sin ¢(cos f cos p df — sin @ sin p dp) A (—sind)do
+ cos O(cos B cos p df — sin O sin p dp) A (cos 0 sin ¢ df + sin 6 cos p dy)
= —sin® 6 cos® pdy A df — sin® Osin® pdp A d6
+ cos? 0 sin 6 cos? p df A dg — cos? 0 sin 0 sin p dp A d6
=sinfdf Adep
(3) Let n = — cos fd.

Then dn = sin0df A dp = w‘Sg_{NS}.

Exer 17.8. Prove Cartan’s lemma: Let M be a smooth manifold of dimensionn. Fix1 < k < n.
Let W' and @; be 1-forms on M. Suppose that the {w',... ,w*} are linearly independent and

that
k .
Z w; Nw' = 0.
i=1

Prove that there ewists smooth function h;; = hj; : M — R such that for all i = 1,...,k,
Vi = hijwj.
Locally, extend {w!,...,w"} to a local frame {w',...,w"} and let ¢; = hijw?, then
k kK n k n
Z wi N\ w' = ZZ hijw] Aw' = Z (hij — hji)w] AWt + Z Z hijw] Aw.
i=1 i=1 j=1 1<i<j<k i=1 j=k+1

Sohw:hﬂforlgj<kzandhl]:Ofork+1<j<n
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Exer 17.9. Let w be a smooth 1-form on a manifold M and let X andY be smooth vector fields
on M. Use the Cartan formula for Lie derivatives to derive the following formula:

dw(X,Y) = Xw(Y) - Yw(X) — w([X,Y)).

dw(X,Y) =ixdw(Y) = Lxw(Y) —dixw(Y)
=Lx(w(Y)) —w(LlxY)—Yw(X)
= Xw(Y) —Yw(X) —w([X,Y])

Exer 17.10. Let w be a closed 2-form on a smooth manifold M and let X,Y be smooth vector
fields on M. Show that if ixw = iyw = 0, then ijx yjw = 0.

i[ij]w = inyw — iyLXw
= —iy(ixdw + din)
=0

18 Integration on manifolds, Stokes theorem

Exer 18.1. Let M be an n-dimensional compact oriented Riemannian manifold with boundary
and X a smooth vector field on M. If n is the inward unit normal vector of the boundary, show
that:

/ div(X)dVas = X -ndVyy.
M oM

et = -n)n an =X — , then
Let X* = (X -n)nand X' = X — X+, th
igM(iXidVM) = (X . n)Zj;M(anVM) =X ndVaM.

And since X | is a vector field on OM.
So igM(iXTdVM) = 0.
Hence by Stokes theorem,

/ div(X)dVM:/ d(iXdVM):/ b (ixdVay) = X -ndVyyy.
M M OM oM

Exer 18.2. State and prove the Stokes theorem for oriented compact manifolds.

Let M be an oriented compact manifolds with boundary, let w be a smooth (n — 1)-form on

M, then
/dw:/ w.
M oM

Proof. By partition of unity, we only need to prove this for compactly supported (n — 1)-form
in R” and H". .
For H”, let w = wyda! A+ - Ada? A--- Ada™, then

n

dw = Z(fl)i_l%dxl A= Adx”.
1=1
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So

n—1

; 0 dwi ~
— — i—1 kd 4 1... ... n
/ndw_Z( 1) /Hn_l (/oo &Cidm)dw dai---dx

i=1

T Ow
-1 n—1 n3..n 1. . 3q.,.n-1
+(-1) /Rnl (/0 8:):”d$ )dx dz

n—1 ] xl=+400 -
= Z:(—l)li1 / wi(x) dat- - dai- - dz"
i=1 Hr—t i=—00
zi=4o00

dzt - dz™ !

4 (_1)n—1/ W
]R”_l 2t=0
= (—1)”/ wo(zh, .. 2"t 0)dat - da™ !
Rn—1

:/ wndazl/\"-/\daznlz/ w
OH™ OHn

The last equation is because the pullback form of dx™ on 0H" is 0.
For R™, the similar computation shows that the integral of dw vanish. ]

Exer 18.3. On the Euclidean space R", we consider an n — 1 form «, which is of class C*,
such that both « and da are in LY. Show that fRn da = 0.
/ o
OB,

/ do / do
n Br
< liminf/ ||
r—00 8Br

d
= liminf (/ \a\)
R—oo dr B,

=0

= lim
r—00

= lim
T—00

R

The last equation is because o is L.
Exer 18.4. Let Q = xdy Adz + ydz Adx + zdz Ady and a > 0. Suppose D is the surface in
R3 defined by {(x,y, D +y?+22=1,2 > ay/2? +y2}.
(1) Show that Q‘D is an orientation form and makes D an oriented manifold with boundary.
(2) Evaluate [, Q. Your answer should be interms of o.
(1) Since 22 + 52 + 22 = 1.

So Q‘ p is nowhere vanishing, i.e. it is an orientation form.

(2) Let x =sinfcos g,y = sinfsin p, z = cosb.
Then Q = sin#d A de in D\{(0,0,1)}.
Since z = cosf > a/z2 +y2 = asin 6.

So
6o 2
/Q:/ Q:/ / sin #dfdp
D D\{(0,0,1)} o Jo
0o

—27r/ d(— cos )
0
= 27(1 — cosfy)

o1



where cot 0y = «.

Hence fDQ: o (1 — ﬁ)

Exer 18.5. Recall that a symplectic form w on a smooth manifold M is a degree 2 differential
form which is closed and non-degenerate. Here non-degeneracy means that if there is a point
x € M and a tangent vector u € Ty M such that w(u,v) =0 for any v € T, M, then uw = 0. Let
w be a symplectic form on M.

(1) Show that M is orientable.

(2) A wvector field V- on M is called a Lioville vector field with respect to w if Lyw = w. Here
Ly denotes the Lie derivative with respect to V. Show that there isn’t any Liouville vector
field on M if M is a closed manifold.

(1) Locally, let w = a;;dz’ A da’.
Since da! A dz/ = —da’ A dz’.
So WLOG, we assume A = (a;;) is anti-symmetric.
And since w is non-degenerate, i.e. det A # 0.
WLOG, we can assume w = da! Ada? +da? Ada? + -+ + dz?"1 A dz?” by linear algebra.
So w™ = nldz! A --- A da®" is nowhere vanishing.

Hence M is orientable.

(2) Suppose V is a Liouville vector field.
By Cartan magic formula, w = diyw + iydw = diyw.

So by Stokes theorem,

/ w" = / (diyw) Aw" ™! = / d(ivw A w”_l) = 0.
M M M

This is impossible since w™ is a volume form of M, contradiction!

Exer 18.6. Let X be a C'* oriented compact manifold of dimension n. Let & and n be C™
volume forms on X in the sense that & and n are C*>° n-forms on X which are strictly positive
everywhere on X with respect to the given orientation X. Suppose the volume fX§ of X with
respect to & is equal to the volume an of X with respect to n. Prove that there exists a C™
diffeomorphism f of X such that the pull back of n by f equals £ by implementing the following
three steps.

(1) There exists a C*> (n — 1)-form o on X such that do =& —n on X.

(2) For each fized t € [0,1] there exists a C* vector v(t) on X such that the contraction (also

known as the interior product) of (1 —t)€ + tn with v(t) is o and the dependence of v(t) on
tis C°.

(3) Let ®; (fort > 0) be the t-parametrized C* family of C*° diffeomorphisms of X such that
g is the identity map of X and for x € X the partial derivative of ®(x) with respect to t
is equal to the vector v(t) of X at ®(z). For each fivred x € X, compute the derivative, with
respect to t, of the pullback ®f((1—t)§+1tn) of the n-form (1 —t){ +tn of X by ;. Use P,
(and the result of the computation) to construct the required diffeomorphism f. Note that
for fited x € X, when t is regarded as the time variable, the curve t — ®y is the trajectory

of x for the time-dependent vector field v(t) such that the velocity vector at time t is equal
to v(t) at ®y(x).
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(1) By de Rham theorem, [{] = [n] in H}(X).

So & —n = do for some smooth (n — 1)-form o.

(2) Let € = &dat A--- Ada™, n =noda! A--- Ada” anda:Uidxl/\---/\ch\i/M'-/\dx”.
Then take

v(t)—; Ji—0i+~'-+(—1)"_1o-i
T to+(1—t \ ozt P0a? "oz )"

So we have

i (L= D)€+ 1) = 3 (1) (1) loyda’ A~ Adai A Ade" =0
=1

SBi((1—0)E + 1) = 07 (L,0)(1— D& + b)) — D}~ )

= ®f (diy)((1 — )€+ tn)) + ®do
= ®fdo — &;do =0

So ®f((1 —t)€ + tn) is constant, i.e. in = Pj¢ = &.

Hence @ is the required diffeomorphism.

Exer 18.7. Let M be a closed n-dimensional manifold and let Q be a volume form (ie. a
nonvanishing n-form) on M. Given a vector field X on M, its divergence div(X) is the smooth
function on M defined by the identity:

LxQ =div(X)Q
where Lx denotes the Lie derivative with respect to X.
(1) Prove that [, div(X)Q = 0.

(2) Express div(X) in local coordinates.

(1)

So by Stokes theorem, [, div(X)Q = [,,dixQ=0.
(2) Let Q =dz' A--- Ada™, then

N i i — X!
dixQ=d) (-1 X’dat A Adai A A" = %mi dz' Ao A da™,
=1

So div(X) = X7

Exer 18.8. Let
xzdy Adz +ydz Adx + zdx A dy
w =

a (22 +y% + zz)%
be a 2-form defined on R — {0} and S?> C R? the unit sphere.

(1) Compute [s i*w, where i : S* — R3 is the inclusion.
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(2) Compute [ j*w, where j : S? — R3 is defined by j(x,vy,2) = (2z,3y, 5z).

(1)
/i*w:/xdyAdz+ydz/\dx+zdx/\dy
S? S2

:/ 3dx Ady Adz
D3

= 4r

(2) Since dw = 0 in R?\{0}.
So the integral is invariant under homotopy.

Hence [q j*w = [ i*w = 47.

19 De Rham cohomology

Exer 19.1. Let M be a smooth 4-dimensional manifold. A symplectic form is a closed 2-form
w on M such that w A w is a nowhere vanishing 4-form.

(1) Construct a symplectic form on R*.
(2) Show that there are no symplectic forms on S*.
(1) Let w = da! Adz? + dz? A dat.

Then w A w = 2dzt A -+ Adz?.

(2) Hp(8") =0,
So every closed 2-form on S?* is exact.
Let w = dn be a 2-form.
Then w Aw = (dn) Aw = d(n Aw) is exact.
So by Stokes theorem, w A w is not nowhere vanishing.

Hence there is no symplectic form on S*.

Exer 19.2. Let 7%(M) be the space of all C™ k-forms on a differentiable manifold M. Suppose
U and V are open subsets of M.

(1) Ezplain carefully how the usual exact sequence:
0—->FUUV)=-FU)aFV)—=-FUNV)—=0
arises.

(2) Write down the “long exact sequence” in de Rham cohomology associated to the short exact
sequence in part (1) and descirbe explicitly how the map

HE.(UNV) = HFNUNY)

arises.
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(1) f:FUOUV)=TFU)®IF(V) is given by w +— (w’U , w‘v).
And g: F(U) @ F(V) = F(UNV) is given by (w1, wa) = wi|yny — Wa|yay-
So it is obvious that f is an injection and ker g = im f = {(wl,wz)’wl ‘Um/ = WQ‘UHV}'
And let {py, pv} be a partition of unity.
Then for w e F(UNV), g(pyw, —prw) = pyw + prw = w.

Therefore g is surjective, i.e. the sequence is exact.

(2) The long exact sequence is

= HE (UuV) D HE ) @ HE,(V) S B, (UNV) S HEY W UY) —

d*[w] _ {[d(pr)] on U
[—d(pyw)] on V

This is well-defined since d(pyw) = dw — d(pyw) = — d(pyw).
For d*[w] =0, let 0 = pyw and 7 = —pyw.

Then g(o,7) = w and do, d7 glue to a global form & such that d*[w] = [£].
Let € =dn.

So do = dn}U,dT = dn‘v.

Therefore g* ([0 — U‘U] [ = 77‘1/]) = [w].

For f*[¢] =0, let §‘U =do, f'v =d7 and w = g(o, 7).

Then dw = dO"UQV - dT‘UﬂV =0.

Since g(o,7) = g(pyw, —prw) = w.

So o — pyw = n}U,T + pyw = 77‘\/ for some n € FF(U U V).
Therefore d*w] = [ — dn] = [£].

Hence the the long exact sequence holds with d*.

Exer 19.3. Compute the de Rham cohomology of a punctured two-dimensional torus T? — {p}
where p € T2. If T? = R2/Z? with coordinates (x,y) € R2, then is the volume form w = dz Ady
exact?

Since T? — {p} ~ S A S!.
So de Rham cohomology is Hlp(T? —{p}) = R, H}(T?—{p}) = R? and H3,(T?—{p}) = 0.
Hence [w] = 0 € H35(T? — {p}), i.e. w is exact.

Exer 19.4. Consider the differential 1-form w = xdy —ydz+dz in R with coordinates (z,y, z).
Prove that fw is not closed for any nowhere zero function f : R® — R.

d(fw)=df Nw+ fdw

<8fd +8—fd —i—fdz> A (zdy — ydz + dz) + f(dz Ady — dy A dx)

0 oy 0
_(of, of of _of of  of
= (8 x—l—a y+2f>dx/\dy+<ay aZﬂc)dy/\dz—i-((%C—l-aZg/)dac/\dz

So 9 — 0 g of — _of

=a:Tor = 929
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Hence of of of of
%x—l—afyy—i-Zf: —%yx—i-&a:y—FQf:Qf:O.

Contradiction!
Exer 19.5. Let Conf,, be the following submanifold of C™:
Conf,, = {(21,...,2n) € C"|2; # 25, Vi # j}.
For every pair (i,j) with i # j, we define the complex valued 1-form

dZi — de
wij =

Zp — Zj
(1) Show that for anyi # j, wij represents a non-zero de Rham cohomology class in H'(Conf,,, C).
(2) Show that for any pair-wise distinct indices i, j, k,

Wij N Wik + Wik N Wi + Wi Aw;ij = 0.

1

Zi—Zj

dwij =d ( ) VAN (dzi — de)

1
<_ im0 zj)2dzj> A (dzi — dz)

1 1
= ———SdzAdzj + ——5dz; Ady
Gim a2 T Gy
=0
Fixing all z;, except k =7 and let z; = z; + ¢’ then
ZWdZA_}_eiG —dz. 27
/ (2 .6> J:/ idf = 2mi # 0
0 et 0

So [wij] # 0 in H'(Conf,, C).
(2) Notice that

(dzi — de) VAN (de — dzk) = (de — de) A (dzk — dZZ) = (dzk — dzz) VAN (dZZ — de)
=dz Ndz; +dz Adz +dzp Adzg

So
Wij N Wik + Wik N\ Wi + Wri A\ Wi
(dzi — de) AN (de — dzk) n (de — dzk) A (dzk — le) (dzk — dzz) AN (le — de)
(zi — 2j) (2 — 2) (25 — 2k) (2K — 2i) (2 — 2i) (2 — %)
2h—2Zitz—z2—J+z — 2
(zi — 2;) (25 — 21) (2K — 21)
=0

dz; ANdz; +dzp Adz; +dz; Adzg
J J

Exer 19.6. Let M be a compact oriented manifold of (real) dimension 4. Consider the following
symmetric bilinear form on H*(M)

H*(M) x H*(M) — R, ([o], [8]) /M a A B.

Let o(M) be the signature of this bilinear form, i.e. the number of positive eigenvalues minus
the number of negative eigenvalues. Compute o(M) for M = S* CP? and S? x S2.
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The symmetric bilinear form is the same to the cup product in cohomology ring.

For M =S*, H*(M;R) = R[a]/(a?) with |a| = 4, so o(M) = 0.

For M = CP?, H*(M;R) = R[a]/(a®) with |a|] = 2, so o(M) = 1.

For M =S? x S?, H*(M;R) = R|a, b]/(a?,b*) with |a| = [b| =2, s0o o(M) =1—1=0.

Exer 19.7. Solve the problem which Russell Crowe assigns to his students in the movie “A
beautiful mind” (2001):

V ={F:R®—- X — R? such that V x F = 0}
W ={F =Vg}
dim(V/W) =?
First give the general answer for any closed X C R3, and then specialize it to
(1) X ={r=y=2=0},
(2) X = o=y =0},
(3) X ={xz=0}.

Let w = Fydx + Fydy + F.dz, where F = (Fy, F,, F,).
Then V X F = 0 gives us that

OF, OF, OF. 0F, 0F, OF.

or Oy oy 0z 0z  Ox

So dw =0 is closed for F' € V.

AndforFeW,Fx:%’py:%’}wz:%‘

Therefore w = dg is exact.

Hence dim(V/W) = dim H},(R? — X).
(1) Hjp(R? — X) = H},(S?*) =0, i.e. dim(V/W) = 0.
(2) HIp(R3 — X) = Hlp(S! xR) =R, d.e. dim(V/W) = 1.
(3) Hip(R® — X) = Hip({p1,p2}) = 0, i.e. dim(V, W) = 0.
Exer 19.8. Let S™ be the unit sphere in R*H1.

(1) Find a 6-form a on R” — {0} such that

da:(),/ a=1
S6

(2) For any smooth map f : S — S%, show that there exists a 5-form ¢ on S'' such that
ffa=de.

(8) Let H(f) = [ Ade. Show that H(f) is independent of the choice of ¢ satisfying
ffa=de.
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(1) Let

= Sl dzt A A A - A da
w ((x1)2++(x7)2)% ;( ) Tr axr x €T

Then
dw

—7(z'da! + - 4 27d2") !
@ e
7dzt Ao A da”

(@) +-+(27)?)

= _7((x1)2+m+(x7):)dx1w--/\dx7+
(@) +-+(27)?)?
=0

(=) tzidat A Adzi Ao Ada”

7
2

7dzt A - A d2”
((@1)2 4+ (27)?)

z
2

And by Stokes theorem

7
/ w= z:(—l)i_l:):idavl/\---/\daci/\---/\d:v7
s =

= / 7dzt A - Ada” = TVol(DY)
D7

So we take o = #(W).
(2) Since HSR(S™) = 0.
So f*«a is exact, i.e. there exists 5-form ¢ such that f*a = de.

(3) Let ¢ be another 5-form such that diyp = f*a.
Since H3p(S') =0 and d(p — ¢) = ffa — f*a = 0.
So ¢ — 1 is exact, i.e. there exists 4-form 7 such that ¢ — ¢ = dn.
Hence by Stokes theorem,

/su((Md“’_wAdI/’)_/Su(so—w)/\f*a—/gndmf*a—/Snd(n/\f*a)—0.

Exer 19.9. Consider a smooth map f : S*~ ' — S™ with n > 2. Let v be a volume form on S™
with volume 1.

(1) Show that f*v is ezact.

(2) Write f*v = da. Show that the integral

/ aAl ffv
§2n—1

(8) Show that the integral above is acturally an invariant of the homotopy class of f.

is independent of the choice of a.

(4) Show that the integral is 0 if n is odd.
(5) Calculate this integral if f is the Hopf map (20,21) — [20 : 21]-

(1) Same as the last exercise.
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(2) Same as the last exercise.

(3) Let H : S>"1 x [0,1] — S™ be the homotopy from f to g.
Since HJ5(S*"~1 x [0,1]) = 0.
So H*v = dy is exact.
WLOG, we assume (‘O‘SQ"L*lX{O} = « and ('D‘S%*lx{l} =p.
By Stokes theorem,

/SZla/\f*u—B/\g*V: o NHv

S—

a(s2r—1x]0,1])

Il
T

dp N H*v
S2r—1x[0,1]

H*(v Av)
S2n—1x[0,1]

I
o

So the integral is an invariant of the homotopy class of f.
(4) Since n is odd, so

dlana)=dara+ (—1)"taAda =2aAda.

Hence the integral is 0 by Stokes theorem.

(5) v = (2dy Adz + ydz Adz + zdz A dy).
And f:S? = §?, (xl,:c2,:1;3,a:4) — (x,y, z) with
x = 2(zta® + 2%t),y = 2(2%23 — zla?),
5 = (1‘1)2 4 (1)2)2 - (333)2 o (334)2.
Therefore f*v = L(da! A dz? + da? A da?).
Let a = 1 (zd2? — 21dz?).
Then )
da = = (dz' Adaz? + d2? Ada?) = fro.
T

Hence by Stokes theorem,

1
/ alffv=— (ztdx? — ztdz®) A (dzt A da? + dz® A dz?)
S3

T S3
1
== (z'da? A da® A da?t — 2tda! A da? A da®)
T S3
1
== 2dz' A dz? A da® Ada?
™ D4
gt

Exer 19.10. Let Py = (a1,b1),..., Py = (an,by) be n distinct points in R%. Define a 1-form w
onR? —{Py,...,P,} by

" (z—a;))dy — (y — b;)dx
W:Z( )dy — (y — bi)

—~ (z—a)*+ (y—bi)?
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Let C' be a simple closed curve containing Py, ..., P, inside and rotate in the positive direction.
Compute the line integral
/ .
C

Let ~; be a small circle around P; rotate in the positive direction, r; is the radius and D; is
the small disk with boundary ~;, then

n
w = / w
Let w; be the i-th term of w.

Then by Stokes theorem, for j # i
a;)dy — (y — bj)dz
/ wj = / < 7] )2 _ ] 2 ) = / =0.
2 l‘ aJ + (y b]) D;
/ " /27r 72 cos Od sin @ — 72 sin 6d cos 6 /%dﬁ 5
;= = = 4T.
- 0 72 cos? 6 + r? sin® 0 0

n
/W:Z/Wi:27”l-
¢ i=1 7%

Exer 19.11. Let ¢ : S> = T? be a smooth map, show that for any top de Rham cohomology
class [v] € H?(T?;R), we have ¢*[v] = 0.

Since H*(S?%;R) = Rla]/(a?) with |a| = 2 and H*(T?;R) = Ag[b, c]/(b?, ¢?) with [b| = |c| = 1.
So [v] corresponds to b - c.

And since ¢*b = ¢*c =0 € H'(S%;R).

Hence ¢*[v] = ¢*b~ ¢*c =0

And

Hence

Exer 19.12. (1) Define the degree deg(f) of a C*™ map f : S* — S? and prove that deg(f)
as you present it is well-defined and independent of any choices you need to make in your
definition.

(2) Prove in detail that for each integer k (possibly negative), there is a C* map f : S* — S?
of degree k.
(1) Let [S?] € Ho(S?,Z) be the fundamental class of S2.
Then the integer k such that f.[S?] = k[S?] is the degree of f.
(2) Using spherical coordinate (6, ¢) with (z,y,z) = (sin 6 cos @, sin € sin @, cos §).
Let f:S? — S2,(0,0) — (0, kyp).
Then £,[S?] = k[S?], i.e. deg(f) = k.
Exer 19.13. Let Q be the 2-form on R3 — {0} defined by
1

Q= 5 (zdy Adz + ydz Adz + zdz A dy)
(22 +y2 4 22)2

(1) Prove that Q) is closed.
(2) Let f : R® — {0} — S? be the map (x,y,2) — ————(x,y,2). Prove that Q is the
(22 +y?+22)2
pullback along f of a form on S2.
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(3) Prove that §) is not exact.

(1) Similar to exercise 19.8(1).

(2) Let w = zdy A dz + ydz A dz + zdz A dy and denote r = (22 + % + 2’2)%

Since ) )
. r’—z Ty Tz
dx) = der — —dy — —dz,
f*(dz) 3 Sy — 3
. yx r? —y? yz
f (dy) = —T—de—l- ’)"3 dy— ﬁdZ,
. 2T 2y r2— 22
f (dz):—r—gdx—ﬁdy+ —dz.
So 4 2.9 2.2
zarl yzr Y —xr? —yPré z
( T6 ; r6 ;—i_ r6 T) dz A dy
2 4 2 2.2
Ty zor?z rt—y?r? = 2%r2n
+< 7”6 ; 6 ;‘F 6 r>dy/\dz
4 2.2
xyr x ot =222 — 2%y
— — dz Ad
+( 70 r 7’6 r + 7’6 'r) S

% ac/\dy+ dy/\dz+ Y dz A da

/Q—/w—/ 3dz Ady A dz = 4.
S2 S2 D3

Exer 19.14. Suppose f : M — N is a smooth map between smooth manifolds, and is smoothly
homotopic to a locally constant map. Prove f*w is exact for any closed differential k-form w

on N (with k > 0).

(3) By Stokes theorem,

So € is not exact.

Since f is smoothly homotopic to a locally constant map.

So f*: HXs(N) — HXp (M) is trivial.

Hence f*[w] =0, i.e. f*w is exact.
Exer 19.15. Let w € QF(R™) be a compactly supported n-form. Show that w = dn for some
compactly supported (n — 1)-form n € Q2 1(R™) if and only if Jgn w = 0.

If w = dn, by Stokes theorem, [, w = 0.
Conversely, by Poincaré duality, [w] =0 € H*(R").
So w = dn for some n € QP L(R™).

Exer 19.16. Let M be a 2n-dimensional smooth manifold. A symplectic form on M is a smooth
closed 2-form w € Q*(M) so that w A -+ Aw € Q**(M) is a volume form (that is, nowhere
vanishing). Determine all pairs of positive integers (k,1) so that S¥ x S has a symplectic form.

Suppose w" = dn is exact for some m > 0.
Then by Stokes theorem,

/Mw” N /M(dn) het = /Md<77/\w”_k) -0

Contradiction!
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So for symplectic form w, [w™] # 0 for any 1 < m < n.

And since H3P(S* x S') = 0 for m # 0,k,1 and k + [.

Hence we must have k =1 = 2.

On the other hand, for M = S? x S2, H*(M) = Rla, b]/(a?,b?) with |a| = |b] = 2.
Take w to be the representative form of a + b.

Then [w A w] = 2ab # 0 is a volume form, 7.e. w is symplectic.

Exer 19.17. Let M be a closed 2n-dimensional manifold and let w be a closed 2-form on M
which is non-degenerate, i.e. for any p € M, the map T,M — T;M, X ixw(p), is an
isomorphism. Show that the de Rham cohomology groups HC%]’%(M) #0 for 0 < k < n.

By exercise 18.5, w is a symplectic form.
And by the last exercise, w” is not exact for any k.
So H2%(M) # 0 for 0 < k < n.

Exer 19.18. Let M be a closed n-dimensional manifold. Let w be a closed k-form on M,
1 < k < n. Prove that for any p € M there is another closed k-form T which vanishes on a
neighborhood of p and such that [w] = [r] € H5,(M).

Let U > p be a chart and p be a bump function with Supp(p) C U and p(V) =1 for V C U.
Since H5,(U) = H*(dR)(R™) = 0.

So w‘U = dn for some (k — 1)-form 7 in U.

Take 7 = w — d(pn).

Thenin V, 7 =w—dnp=0and [w] = [7] € HQ“R(M).

Exer 19.19. Consider the map df : Q/(M) — QY(M) given by w +— dw + df A w, where M
is a smooth manifold, Q'(M) is the set of smooth i-forms on M, and f is a smooth function on

M.

(1) Show that df is a cochain map, i.e. df odf = 0.

(2) Let H}(M) be the i-th cohomology group of the cochain complexr (Q'(M),df). Show that
HJ?(M) = R when M is the real line R.

(1)
df odf(w) =d(dw+df Aw) +df A (dw+df Aw)
=ddw —df Adw+df Adw+df Adf Aw
=0

(2) Consider g € Q°(M), i.e. g is a smooth function.
Then df(g) =dg+df Ag= (¢ + gf")dz.
So for g € kerdf, (logg) = %, = —f' ie g=Ce ¥ for some constant C' € R.
Hence H]Q(M) ~ (Ce T} =R

Exer 19.20. Let T? = R%/Z? be the 2-dimensional torus and let C be the curve which is the
image of the line {2z — 5y = 0} C R? under the projection R? — R?/7Z2.

(1) Write a differential form on T? which represents the Poincaré dual to C.

(2) Is there a differential form which represents the Poincaré dual to C and is zero on a
neighborhodd of the point (0,0) € T??
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(1) Let Hi(T?) = Z[a, b] with a represent 7({z = 0}) and b represent 7({y = 0}).
Then a corresponds to dx and b corresponds to —dy.
And since S = w({2x — 5y = 0}) is represented by 2a + 5b.
So it corresponds to 2dx — 5dy.

(2) Let p: Bp2(0,0) — R be a bump function that maps the boundary to 0 and By 1(0,0) to 1.
Then we can extend p to R?/Z? by zero.
Take w = 2dz — 5dy — d(p(2x — 5y)).
So [w] = [2dx — 5dy] and w = 2dz — 5dy — d(2z — 5y) = 0 in By 1(0,0).

Exer 19.21. Let M, N be closed oriented n-manifolds with N connected. Show that if f : M —
N has nonzero degree, then f* : Hjp(N;R) — Hjp(M;R) is injective.

Let Qa7 and Qn be the generator of H}j,(M;R) and H}(N;R) resp.
Since f* : Hjp(N;R) = HJp(M;R), QN — deg(f)Qy is injective.
For w € HEL(N;R), let 7 € Hggk(N;]R) be its Poincaré dual.

Then deg(f)Qur = f*(Q) = f*(w) A f*(7).

So f*(w) #0, i.e. f*: H55(N;R) — HY,(M;R) is injective.

Exer 19.22. Let p: M — M be a 2-fold covering map between smooth manifolds. Show that
the map p* : Hjp(M) — Hjp(M) induced by p on the de Rham cohomology is injective.

Suppose p*(w) = dn is exact.

Let f : M — M be the nontrivial deck transformation.

Then d(f*(n)) = f*(dn) = (po f)*(w) = p"(w).

So p*(w) = dg (n+ f*(n)).

And since % (n+ f*(n)) is invariant under f, i.e. it is p*({) for some form ¢ on M.
Hence w = d( is exact, i.e. p* is injective.
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