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Chapter 1

Group Theory

1.1 Conjugation
Def 1.1.1. Conjugation is an action of G on itself given by
(9.h) = ghg™".
The stabilizer of g € G is called the centralizer of g:
Z(g) = {h € G|gh = hg}.
The orbit of g € G is called the conjugacy class of g:
C(g) = {hgh™'|h € G}.
The center of G consists of all elements that commute with every element in G:
Z ={g|gh = hg for all h € G}
Prop 1.1.1. (1) g€ Z(9),Z C Z(g).
(2) g€ Ziff Z(g9) = G, ie. Clg) ={g}.
Prop 1.1.2 (class equation).
Gl= > I

conj. class C

Def 1.1.2. Consider the conjugation acts on subgroup H of G, the stabilizer of H is called the
normalizer of H:
N(H) = {glgHg™" = H}.

Prop 1.1.3. Let N = N(H) be the normalizer of H.
(1) HaN
(2) H<G iff N =G.

1.2 Sylow theorems

Def 1.2.1. A group whose order is positive powers of a prime p is called p-group.

Prop 1.2.1. The center of a p-group is not trivial.
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Proof. Let C1,--- ,Cy be all conjugacy classes of G and Cy = {e}.
Then |Cj| = p'i for some t; > 0 and i > 2 since |Cy| > 1,|Ci||G].
By class equation, |G| = Y |C;| = 1 + pt for some t € Z, contradiction! O

Prop 1.2.2. The group of order p* is abelian.

Proof. Suppose G is not abelian.
Then |Z(G)| = p, take g ¢ Z(G).
Since Z(G) C Z(g) and g € Z(g).
So |Z(g)| = p?, i.e. Z(g) = G.
Therefore g € Z(G), contradiction! O

Coro 1.2.1. A group of order p* is either Cp2 or Cp x Cp.

Def 1.2.2. Let |G| = n and n = p®m, a subgroup H of G of order p€ is called Sylow p-subgroup.
Thm 1.2.1 (Sylow first theorem). Sylow p-subgroup always exists.

Thm 1.2.2 (Sylow second theorem). (1) Sylow p-subgroups are conjugate subgroups

(2) Every p-subgroup of G is contained in a Sylow p-subgroup.

Thm 1.2.3 (Sylow third theorem). Let s be the number of Sylow p-subgroups, then s|m and
s=1 (mod p).

Exam 1.2.1. Let G be a group of order 12 and s,t be the number of Sylow 2-subgroups, Sylow
3-subgroups resp.

Then s=1or3 andt=1 or4.

If s=t=1, let H, K be the Sylow 2-subgroup and Sylow 3-subgroup resp.

Then they are both normal.

So HN K = {1} and |H||K| = |G].

ThUSG:HXKgCQXCQXCS 07“04)(03.

If s=1,t=4, let H Ky, -+, Ky be the Sylow 2-subgroup and Sylow 3-subgroups resp.

Then [ HUK U ---UKy|=143+2+2+2+4+2=12.

So all elements in G is contained in one of H, K1, ..., Ky.

Notice that there is an action of G on {Ky,..., K4} given by conjugation, it then induce a
homeomorphism f: G — Sy.

And since the normalizer N; of K; must be of order 12/4 = 3.

Therefore for k; € K;, f(ki) is a 3-cycle of {1,2,3,4}\{i}.

And for h € H, f(h) does not fix any elements, i.e. f is injective.

Thus G < S4 and is of order 12, i.e. G = Ay.

If s =3,t =1, let H, K be a Sylow 2-subgroup and the Sylow 3-subgroup.

Then H is not normal and K is normal.

If H=Cy, let H=(h),K = (k).

So khk~' ¢ H and hkh™' € K.

Thus hk = k*h, i.e. G = (h,k|h* k3, hkh= k).

IfH = CQ X CQ, let H = <h1,h2>,K = <k¢>

So hikh* hokhyt, (h1he)k(hihe) ™' € K and not all of hy, ha, hiha commute with k.

Thus WLOG, hlk = khl, hQ]{J = k’2h2, ie. G= Dﬁ.

If s=3,t =4, there are at least 1 + 34+ 34+ 34+ 2+ 2+ 2+ 2 = 18 different elements in G,
which is impossible.

In conclusion G is isomorphic to one of Cy x C3,Co x Cy x C3, Ay, Dg or (a, bla*, b®, aba™1b).
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Galois Theory

2.1 Field extension

Def 2.1.1. An extension of a field F is a field containing F' as a subfield. The dimension of an
extension E as a F-vector field is called degree of E over F', denoted by [E : F|. An extension
is called finite extension if its degree is finite.

An F-homomorphism between two extensions E, E' of F' is a homomorphism ¢ : £ — E’
such that ¢(F) = F. An F-isomorphism is a bijective F-homomorphism.

Remark 2.1.1. F-homomorphism is always injective since its kernel must be an ideal and an
ideal of a field must be trivial.

Prop 2.1.1. Suppose fields L D E D F, then L/F is finite iff L/E and E/F are finite.
Moreover,

[L:F|=I[L:E]E:F)|.
Proof. Let (I;), (ej) be the basis of L/E and E/F, then (l;e;) is the basis of L/F. O

Prop 2.1.2. Let f be a monic irreducible polynomial of degree m and x be its root, then

s a field of degree m over F'.
Proof. We can easily find the inverse of an element by Bézout lemma. O

Def 2.1.2. An extension E of F' is said to be simple if £ = F(«) for some o € E. And in this
case, such an « is called a primitive element of FE.

Def 2.1.3. Let E be an extension of F' and a be an element of E, consider an homomorphism
p: FIX] = B, f(X) = f(a),
there are two cases:

(1) ker(p) = 0, that is, « is not a root for any non-trivial polynomial over F. So we say « is
transcendental over F'.

(2) ker(y) # (0), take f(X) € ker(yp), then f(a) = 0. So we say « is algebraic over F. The
polynomial f € F[X] such that f(a) = 0 forms a principal ideal in F[X], we call the
generator the minimal polynomial of v over F'. It is monic and irreducible.

Def 2.1.4. An extension F of F is said to be algebraic if every element of E is algebraic over
F', otherwise it is said to be transcendental.
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Prop 2.1.3. An extension E of F is finite iff it is algebraic and finitely generated over F'.

Prop 2.1.4. Consider fields L D E D F, L is algebraic over F iff L is algebraic over E and E
1s algebraic over F'.

Def 2.1.5. A polynomial is said to be split in F[X] if it is a product of degree one polynomials
in F[X].

Prop 2.1.5. For a field 2, TFAE:

(1) All nontrivial polynomial in Q[X] is split in Q[X].

(2) All nontrivial polynomial in Q[X] has at least one root in Q.
(3) The irreducible polynomial in Q[X]| is of degree 1

(4)  has no nontrivial finite extension.

Such field Q is called algebraically closed field, and the algebraic closure of a field is its
algebraically closed algebraic extension.

Prop 2.1.6. Let Q) be an integral domain containing F' as a subring, then
F = {a € Q|a algebraic over F}

s a field, which is called algebraic closure of F' in Q.
Moreover, if Q0 is an algebraically closed field, then the algebraic closure of F in ) is the
algebraic closure of F.

2.2 Splitting fields
Prop 2.2.1. Let F(«) be a simple extension and 2 be another extension of F.

(1) Suppose « is transcendental over F, then for F-homomorphism ¢ : F(a) — Q, ¢(a) is
transcendental over §2, so that there is an 1-1 correspondence

{F-homomorphisms F(a) — Q} « {elements of Q transcendental over F'}.

(2) Suppose « is algebraic over F' and let f be its minimal polynomial, then for F'-homomorphism
v : Fla] = Q, ¢(«) is a root of f in Q, so that there is an 1-1 correspondence

{F-homomorphisms F[a] — Q} < {roots of f in Q}.
Def 2.2.1. Let f € F[X] be an polynomial, a field E containing F' is said to split f if f splits
in E[X]. If E split f and is generated by the roots of f, then we call E the splitting field of f.
Prop 2.2.2. Let Ey be the splitting field of f € F[X], then
[Ef : F] < (deg f)!
Proof. Split a root of f each time and the degree of f decrease. O

Prop 2.2.3. Let E be the extension of F generated by some roots of f € F[X] in E and  an
extension of F splitting f, then the number of F-homomorphism ¢ : E — Q is at most [E : F],
and equals [E : F) if the irreducible factors of f has distinct roots in Q.
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Proof. Let E = Flai,...,ay] where f(a;) = 0.

Take Ej, = Flaq,...,ax] and fi is the minimal polynomial of a1 in Ej.
By proposition 2.2.1, the number of Ex-homomorphism Ej[aj1] — 2 equals to the number
of roots of fi in Q2. O

Coro 2.2.1. Any two splitting field of f are F-isomorphic.

Proof. By proposition 2.2.3, there exists F-homomorphism E; — Fs and Ey — Ej.
Notice that F-homomorphism must be injective.
So[El:F]g[EQ:F]and[Eng]g[Ele]. ]

Coro 2.2.2. Suppose E and L are extensions of F' and E is finite over F', then the number of
F-homomorphism E — L is at most [E : F].

Proof. Let E = Flay,...,ay] and f is the product of the minimal polynomials of aq, ..., .
Take a extension 2 of L that splits f.
By proposition 2.2.3, the number of F-homomorphism E — L <  is at most [E : F]. O

2.3 Separable polynomial and perfect field

Prop 2.3.1. The gcd of two polynomial in F is also the gecd of them in the extension field.
In particular, distinct irreducible polynomials in F[X] do not acquire a common root in any
extension of F.

Proof. By Bézout lemma. O
Def 2.3.1. Let f € F[X] and f splits into linear factors
T
FX) =a][(X —a))™
i=1
in F[X] for some extension E of F. We say «; is a root of f of multiplicity m; in E. «; is called
a multiple root of f if m; > 1 and is called a simple root otherwise.

Lemma 2.3.1. A root of f is multiple iff it is also a root of f’.

Proof. Let f = (x — a)™g where g is also a polynomial.
Then f'(z) = m(z — a)™ g+ (x — a)™g'.
Som > 1iff f'(a) =0. O

Prop 2.3.2. Let f be an irreducible polynomial, TFAE:

(1) f has a multiple root.

(2) ged(f. ') # 1.

(8) F has nonzero characteristic p and f is a polynomial of XP.
(4) all roots of f are multiple.

Proof. (1) = (2): By lemma 2.3.1.
(2) = (3): Since f is irreducible and ged(f, f') # 1.
So f’ =0 and by expands the polynomial, we can complete the proof.
(3) = (4): Let f(X) = g(XP) where g is an polynomial and g(X) = [[(X — 8;)™.

Then g; = af for some «; and we obtain that

f(X) = H(Xp — o)™ = H(X — ;)P
(4) = (1): Trivial. -
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Def 2.3.2. A polynomial is separable if it only have simple roots.

Def 2.3.3. A field F is perfect if it has characteristic zero or it has characteristic p and every
every element of F'is a p-th power.

Prop 2.3.3. A field F is perfect iff every irreducible polynomial f € F[X] is separable.

Proof. Suppose f is not separable.
By proposition 2.3.2, f(X) = a, XP" + -+ + a1 XP + ap.
And let a,, = b}, with b,, € F.
Then f(X) = (b, X™")P+-+-+ (b1 X)P + b5 = (b, X"+ -+ b1 X + bg)P is not irreducible. [

2.4 (Galois extension

Def 2.4.1. An F-isomorphism ¥ — E is called an F-automorphism of £. All F-automorphisms
of E forms the automorphism group Aut(E/F).

Prop 2.4.1. Let E be a splitting field of a separable polynomial f in F[X], then |Aut(E/F)| =
[E: F].

Proof. By proposition 2.2.3, numbers of F-homomorphisms E — E is exactly [E : F/.
And since F-homomorphism is injective.
So F-homomorphism F — E must be F-isomorphism. O

Def 2.4.2. Let G < Aut(E/F), we set
EY ={a € Eloa=a for all o € G}.
It is a subfield of E, called the fixed field of G.

Thm 2.4.1 (Artin). Let G < Aut(E/F) be a finite group, then
[E: EY) <G|

Proof. Let G ={o1,...,0m} and {a1,...,an} C E with n > m.
We want to show that {a1,...,a,} must be linearly dependent with coefficient in F¢.
Consider equations

o1(a) X1+ +o1(an) X, =
O’2(O¢1)X1 —+ -+ Ug(an)Xn =0

om(a) X1+ -+ opm(an) X, =0

with Xy,..., X, € E.
Then nontrivial solution of the equation always exists since m < n.
Take ¢; = 01(X;) + -+ - + o (X5).
So we obtain that

m n

n m
arer ot ane =Y = aioi(Xi) =YY oj(a)Xi =0

i=1 j=1 j=1i=1

oi(e) =Y ojon(Xs) =Y on(Xi) = ci.
k=1 k=1

Hence ¢; € ES and this complete the proof. O
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Coro 2.4.1. Let G < Aut(E/F) be a finite group, then
G = Aut(E/E®).

Proof. Notice that G C Aut(E/E®).
By theorem 2.4.1 and corollary 2.2.2, [E : E%] < |G| < |Aut(E/E%)| < [E : EY]. O

Def 2.4.3. An algebraic extension F/F is separable if the minimal polynomial of every element
of F is separable, otherwise, it is inseparable.

A normal extension E/F is an algebraic extension such that the minimal polynomial of
every element of F splits in E[X].

Moreover, An extension F/F' is Galois if it is finite, separable and normal. In this case, we
call Aut(E/F) the Galois group of E over F, denoted by Gal(E/F).

Thm 2.4.2. TFAE:

(1) E is the splitting field of a separable polynomial f € F[X].
(2) E is finite over F and F = EAWE/F),

(3) F = E© for some finite group G < Aut(E).

(4) E is Galois over F.

Proof. (1) = (2): Let M = EAWE/F) 5 B,
By proposition 2.2.3 and corollary 2.4.1, [E : F] = |Aut(E/F)| = |[Aut(E/M)| = [E : M].
So M =F.
(2) = (3): Trivial.
(3) = (4): Let G ={o1,...,0n}.
Take o € E, Let {o1(),...,0n(®)} = {au, ..., } where a; # a;.
Consider polynomial f(z) = (x — 1) ... (x — am).
Notice that o4 (oi) — ox(ey) = or(as — o) # 0.
So oi(f(x)) = f(or(z)) for any k, i.e. f € F[X].
Therefore minimal polynomial of o must be separable and split in E[X].
Hence F is finite, separable and normal extension over F'.
(4) = (1): Let E = Flai,...,a,] and f; be the minimal polynomial of «; over F.
Set f to be the product of all distinct f;.
Then FE is the splitting field of f since f; split in E[X].
And f is separable since f; are separable and distinct f; has no common roots. O

Coro 2.4.2 (Artin theorem). Let G < Aut(E) be a finite group and F = EC, then E is a
Galois extension of F' with Galois group G, and [E : F| = |G|.

Proof. By corollary 2.4.1 and proposition 2.2.3, G = Gal(E/F) and [E : F| = |G|. O
Coro 2.4.3. Let ED M D F, if E is Galois over F, then it is Galois over M.

Proof. Let E be the splitting field of a separable polynomial f € F[X].
Then E is the splitting field of f as an polynomial in M[X]. O
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2.5 Fundamental theorem of Galois theory

Def 2.5.1. A subextension of E/F is an extension M/F with M C E.

Thm 2.5.1 (fundamental theorem of Galois theory). Let E be a Galois extension over F with
Galois group G, then the map H — Ef is a bijection from the set of subgroups of G to the set
o0s subextensions of E/F with inverse M — Gal(E/M). Moreover,

(1) Hy D Hy iff Efv c EH2,

(2) When Hy D Ha, |Hy|/|Hs| = [EH2 : ).

(3) cHo ' < oM

(4) H is normal in G iff E¥ is Galois over F and in each case Gal(E¥ /F) = G/H.

Proof. By Artin theorem and theorem 2.4.2, Gal(E/E") = H and M = EGaI(E/M),
So H +— EH and M — Gal(E/M) are bijection and inverse of each other.

(1) By definition of fixed field, H; > Hy = Eft ¢ EHz,
Conversely, every E2-automorphism of E fixed B,
So Hy = Gal(E/EH1) > Gal(E/EH2) = Hs.

. _ [E:EF1] _ |H
(2) [EH2 'EHl] - %E:Eﬁb} - |H;}
E7H = (o € Eloho " () = a for all h € H}
={ae E|h(0_10z) —o laforalhe H} = oEH

(4) =: By (3), oM = M for any o € G.
Consider homomorphism ¢ : G — Aut(M/F), o — O'|M.
Then ker o = H and imyp = G/H.
So MCG/H = F, by theorem 2.4.2, M is Galois over F'.
Moreover, by Artin theorem, Gal(M/F) = Gal(M/M%/H) =~ G/H.
<: For a € M, o(«) is a root of its minimal polynomial over F for any o € G.
So o(a) € M since M is a normal extension.

Hence cHo~! = H, i.e. H is normal.

O

Prop 2.5.1. Suppose E and L are extensions of F' contained in some common field, if E/F is
Galois, then EL/L and E/E N L are Galois and the map

Gal(EL/L) — Gal(E/ENL): 0+ o|,
is an isomorphism.

Proof. Let E be the splitting field of separable polynomial f € F[X].
Then E'L is the splitting field of f as a polynomial over L.
So EL/L is Galois.
And since 0 € Gal(EL/L) fixes L and maps roots of f to roots of f.
Therefore a’ p maps E to E and fixes EN L.
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Conversely, given o9 € Gal(E/EN L), o € Gal(EL/L) such that g = O"E satisfies that
o(el) = o(e)o(l) = oo(e)l,

where e € F and [ € L.
Hence the restriction map is an isomorphism. O

Coro 2.5.1. In last proposition, suppose L is finite over F, then

. [E:F]L:F]
Y A
Proof.
[EL:F)=[EL:L|[L:F)=|Gal(EL/L)|[L:F]=|Gal(E/ENL)|[L:F]= W
O

Prop 2.5.2. Suppose E1 and Es are Galois extensions of F contained in some common field,
then E1FEs and E4 N Es are Galois over F', and the map

Gﬂ(Eﬂ%/F)—éGaME&/F)x(hﬂ@b/F):ah+(ahﬂ,ahb)

is an isomorphism of Gal(E1Ey/F) onto the subgroup

H = {(01,02)“71‘];1032 = ‘72’E10E2}'

Proof. Let E1, E5 be the splitting field of separable polynomial fi, fo € F[X] resp.
Then FE E5 is the splitting field of lem( f1, fo) and E; N Es is the splitting field of ged(f1, f2).
So both of them are Galois.
The rest part of the proposition is trivial. ]

Exam 2.5.1. We try to find all subextension of Q[C]/Q and their correspondence subgroup of
Gal(Q[¢]/Q) where ¢ = 7,

The minimal polynomial of ¢ is 25+ --- 4+ x4+ 1 =0 and its roots are (, (2, ..., (5.

So Q[¢] s Galois over Q and its Galois group is (Z/TZ2)* = Z/6Z.

Let 0 € G = Gal(Q[¢]/Q) such that o¢ = (3.

Then o is a generator of G.

There are two nontrivial subgroup of G: Hy = (0%) and Hy = (03).

For Hy, notice that o = o + % + o* is fived by 02 and (o — oa)? = —7.

So Q¢ > Q [V=T] # Q, ie. Q¢ = Q[v/=T] since G/H1 has no nontrivial subgroup.

For H,, notice that B = o 4+ o~ is fized by o3.

So similarly, Q[¢]H2 = Q|A].

Q[¢] 1

G N

Q[vVT] Q[¢+¢] (0?) (o
e . P N

7.)6Z

?)



CHAPTER 2. GALOIS THEORY 10

2.6 Galois group of polynomial

Def 2.6.1. Let f € F[X] be a separable polynomial, then its splitting field F'; is Galois over
F and we called Gal(Fy/F) the Galois group Gy of f.

Remark 2.6.1. Since F is generated by the roots of f, Gy consists of some permutations of
roots of f.
Def 2.6.2. Consider a monic polynomial

n
flx) =2" + ap1z" - +ag = H(x — ;).

i=1

Set

Af)y= ] (wi-e).DH)y=A"= ][] (0i—ey)

1<i<j<n 1<i<j<n

Here D(f) is called the discriminant of f, it is nonzero iff f is separable.

Prop 2.6.1. Let f € F[X] be a separable polynomial and o € Gy, then

(1) cA(f) = sign(o)A(f).
(2) oD(f) = D(f)
Proof. By definition. O

Coro 2.6.1. Let f € F[X] be a separable polynomial, then

(1) The discriminant D(f) € F.

(2) Assume char(F') # 2, then F;‘"me = F[A(f)], that is, Gy C A, iff A(f) € F.
Proof. (1) By the proposition.

(2) By the proposition, o € G fixes A(f) iff o € A,,.

So Aut(Fy/FIA(f)]) = A, NGy
O

Prop 2.6.2. Let f € F[X] be a separable polynomial, then f is irreducible iff Gy permutes the
roots of f transitively.

Proof. =: Let «, 8 be two roots of f.
Then f is the minimal polynomial of «, 3.
So Fla] — F[f5] : a+ B is an F-isomorphism.
Hence F[a] — F[B] < Fy can extend to an F-isomorphism Fy — Fy that maps a to f.
<: Suppose f is reducible.
Then there are two roots «, 8 of f such that their minimal polynomial are different.
So there exists no element o € G such that o(«) = 3, contradiction! O

Remark 2.6.2. When f is irreducible, n divides |G ¢| since [F[a] : F| = n.

Exam 2.6.1. Let f be a separable polynomial of degree 2, notice that Ay = {1}.
So f is drreducible iff D(f) is not a square iff Gy = So.

Exam 2.6.2. Let f be a separable irreducible polynomial of degree 3.
Since Gy < S3 and A3 = C3.

So there are only two cases: Gy = C3 or S3, according as D(f) is a square in F or not.
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Exam 2.6.3. Let f be a separable irreducible polynomial of degree 4 with roots oy, ag, as, auy.
Consider a normal subgroup of Sy

V={1,(12)(34),(13)(24),(14)(23)}.

And take
a=a1a + azay, f = a1as + asay, Yy = ajay + asas.

So we can easily check that V' is the subgroup of Sy that fizes o, B and 7.

Therefore Fla, B,7] is Galois over F with Galois group V N Gy.

Let M = Flo, B,7] and g(x) = (x — a)(x — B)(z — ), which is the resolvent cubic of f.
Then g € F[X] and M is the splitting field of g.

Notice that G is transitive subgroup of Sy and 4HGf].

So there are only five cases:

G | |G V] | |Ge/(Grn V)
Sy 4 6
Ay 1 3
% 1 1
D, 4 2
Ci 2 2

By investigate g, we can deduce Gal(M/F) = G¢/(GyNV).

So we only need to consider the case that |Gal(M/F)| = 2.

Notice that Cy is not transitive subgroup of Gy N'V.

Hence we can determine whether Gy = Dy or Cy by f is irreducible or not in M[X].

Prop 2.6.3. Let f be a separable polynomial and suppose orbits of G acting on the roots of f
have mq, ..., m, elements resp., then f factors as f = f1--- f with f; irreducible of degree m,;.

Proof. WLOG, we assume f is monic and let o, ..., am,, be the first orbit of G.

Then f1 = (x—a1) -+ - (T—uy, ) is a polynomial in F[X] and its splitting field M; corresponds
to the subgroup of G fixing aq, ..., Q.

So Gal(M;/F') isomorphic to image of the restriction Gy — Sym{au, ..., m, }.

Hence it is transitive, i.e. fi is irreducible and similarly we can construct f;. O

Thm 2.6.1 (Dedekind). Let f(x) € Z[X] be a monic polynomial of degree m and let p be a
prime number such that f in F,[X] is simple. Suppose f = fi ... fr with f; irreducible of degree
m; in F,[X], then G¢ contains an element o, that has a cycle decomposition oy .. .o, with o;
of length m;.

Sketch of proof. Let a, ..., ay be the roots of f and P be a maximal ideal of A = Z[ay, ..., ap]
such that PNZ = pZ.

Then A/P = F,[an, ..., @] is the splitting field Ef of f.

Consider Dp = {0 € G¢|o(P) = P}.

So the homomorphism ¢ : Dp — Gf,0 — 0 is injective.

Moreover, [[,cp (X —&(a)) lies in Fy[X], i.e. |Dp| = [Ef : Fpl.

Therefore ¢ is bijective.

Notice that G'7 is a cyclic group (see next section).

By proposition 2.6.3, take o}, such that oy, is generator of G 7 and this complete the proof. [l

Exam 2.6.4. Consider f(X)=X°—- X — 1.
Then f(z) = (22 + 2+ 1)(2® + 22 + 1) (mod 2) and f mod 3 is irreducible.
So WLOG, we assume G contains permutations (a b)(c d e) and (12 3 4 5).
Notice that ((a b)(c d €))® = (a b).
Hence Gy = Ss.
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2.7 Finite field

Lemma 2.7.1. Let G be a finite abelian group, if G has at most m elements of order dividing
m for each divisor m of |G|, show that G is cyclic.

Proof. Suppose G is not cyclic, take g, h € G of order p, g resp., where p, ¢ are prime.
Then p # ¢, otherwise, there are at least 2p — 2 elements of order p, contradiction!
Assume ¢® # h' for any p{ s and ¢ { ¢, otherwise g, h are both some power of g°.
So gh is an element of order pq.
Hence there are at least p + ¢ + pqg — 2 elements of order dividing pq, contradiction! ]

Prop 2.7.1. Let F be a field, then every finite subgroup of F'* is cyclic.

Proof. In F*, an element of order dividing m is a root of polynomial 2™ — 1.
So there are at most m elements of order dividing m.
By the lemma, the finite subgroup of F'* must be cyclic. O

Coro 2.7.1. FEvery extension of finite fields is simple.

Proof. Let a be the generator of E*, then F = F[a]. O

'

Prop 2.7.2. For each power ¢ = p" of p, there exists a unique field Fy; with q elements, which
is the splitting field of X9 — X over F,. Moreover, Fy is Galois over F},, with cyclic Galois group
generated by the Frobenius automorphism o(a) = aP.

Proof. By proposition 2.7.1, for a € qu, a?’ ' =1, ie al =a.
So Fy are all roots of f(X) = X9 - X.
On the other hand, f/(z) = g9 ! — 1 = —1.
So f has ¢ distinct roots.
Notice that if a? = a,b? = b, then (ab)? = ab, (a + b)? = a? 4+ b? = a + b.
Therefore all the roots of f forms a field, that is F.
Moreover, Fq<g> = {a|a? = a} = F),.
Hence Gal(Fy,/F)) = (o). O

Coro 2.7.2. F,; contains exactly one field with p™ elements with m|n.
Proof. Corresponds to (¢™) C Gal(Fy/F)). O

Coro 2.7.3. Let f € Fp[z] be a monic irreducible polynomial of degree d, then f|Xpd — X and
so its splitting field contains in Fa.

Proof. Every root of f contained in a field of degree d over F),, more precisely, F}a.
So some roots of XP* — X are also roots of f,i.e. f|Xpd - X. O

Coro 2.7.4. F, has an algebraic closure F.

Proof. Take n; = i!.
Then n;|nit1 and so Fpyry C Fyny C Fpng C -+ -
Let F' = U Fpni .
Then every polynomial in F},[X] splits in F, i.e. F' is an algebraic closure of F,. O
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2.8 Applications of Galois theory

2.8.1 Primitive element theorem

Thm 2.8.1. Let E = Flay,...,ap] and assume «a, ..., are separable over F', then there
exists a v € E such that E = F[].

Proof. We only need to prove for r = 2.
Let E = Flo, 8] and f, g be minimal polynomials of «, /3 resp.
Let L be a splitting field of fg, a1,...,as be the roots of f and (1, ..., B: be the roots of g.
Then o; + 28; = o + 28 has exactly one solution for j # 1.
Take ¢ € F such that a; +¢f; # a+ 2 and v = a + cf.
We claim that Fla, 8] = F[v].
Consider polynomial g(X) and f(vy — cX).
Since o + ¢f3; # 7.
So g(X) and f(y—cX) have only one common root §in L, i.e. ged(g(X), f(y—cX)) =x—p.
Hence z — 8 € F[y][X], i.e. o, € F[y]. O

Prop 2.8.1. Let E = F[v], then there are only finitely many subextension of E over F.

Proof. Let M be a subextension of ' and f be the minimal polynomial of v over M.
Consider the subextension M’ of M generated by the coefficient of f.
Then minimal polynomial of v over M’ is also f, i.e. [E: M'| =deg f =[E : M].
So M = M’ is generated by the coefficient of f.
Let g be the minimal polynomial of v over F'.
Then in E[X], g|f.
Hence there are only finitely many different M. O

2.8.2 cyclotomic extension

Prop 2.8.2. Suppose char(F) tn and let E be the splitting field of X™ — 1.
(1) There exists a primitive n-th root of 1 in E.

(2) If ¢ is a primitive n-th root of 1 in E, then E = F(].

(8) For o € Gal(E/F), there exists i € (Z/nZ)* such that o¢ = (* for all n-th root ¢ of 1.

Proof. (1) f'(z) = nz™ ! has only one root zero.
So f is separable and its roots form a finite subgroup of E*.

By proposition 2.7.1, this subgroup is cyclic, i.e. the generator is a primitive n-th root.

(2) 1,¢,¢2,...,¢" ! are distinct and are all roots of f.
So they are all the roots of f, i.e. E = F[(].

(3) o is a permutation of roots of f.
So o¢ = ¢* for some ged(i,n) = 1, d.e. i € (Z/nZ)*.
Def 2.8.1. The n-th cyclotomic polynomial is given by
o, = H(X — ()  (product over the primitive n-th roots of 1)

Prop 2.8.3. deg(®,) = ¢(n), X" — 1 =[]y, Pa(X).
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Lemma 2.8.1. Suppose char(F'){n and let ¢ be a primitive n-th root of 1, TFAE:
(1) The n-th cyclotomic polynomial ®,, is irreducible

(2) The degree [F[(] : F] = p(n)

(8) The homomorphism Gal(F[C]/F) — (Z/nZ)* is an isomorphism.

Proof. (1) = (2): The minimal polynomial of ¢ is ®,,.
So [F[(] : F] = deg @, = (n).
(2) = (3): This homomorphism is injective and |Gal(F[(]/F)| = [F[¢] : F] = [(Z/nZ)*].
So this homomorphism is an isomorphism.
(3) = (1): [FIc] : F] = |Gal(FI()/F)| = |(Z,/nZ)*| = deg(®(n)).
And since the minimal polynomial of ¢ is ®,,.
So ®,, is irreducible. O

Thm 2.8.2. @, is irreducible in Q[X].

Proof. Let o, € Gal(Q[¢]/Q) with p { n such that 0,(¢) = (¥ (mod P) (see theorem 2.6.1).
Then 0,(¢) = (P, i.e. Gal(Q[¢]/Q) — (Z/nZ)*,op — [p].

So the homomorphism is isomorphism. O

2.8.3 Cyclic extensions

Def 2.8.2. An extension E of F is cycliccyclic extension if it is Galois with cyclic Galois group.

Thm 2.8.3 (Dedekind). Let F' be a field and G be a group, every finite set {x1,...,Xm} of
group homomorphism G — F* is linearly independent over F.

Proof. We prove it by induction.
When m = 1, trivial.
Assume the statement is true for m — 1.
Suppose a1x1 + - -+ + amXm = 0 with a,, € F and as # 0.
Take g such that x1(g) # x2(9)-
Then a1x1(g)x1(z) + - + amxm(9)xm(z) = 0= arx1(g)x1(z) + - + amXx1(9)xm ().

So az(x2(9) — x1(9))x2(x) + -+ + am(Xm(9) — x1(9))Xm(x) = 0 with az(x2 — x1(g)) # 0.
By induction assumption, contradiction! O

Prop 2.8.4. Let F be a field containing a primitive n-th root of 1 and E = F|a] such that
a™ € F and no smaller power of o is in F'. Then E is Galois over F' with cyclic Galois group
of order n. Conversely, if E is a cyclic extension of F' of degree n, then E = Fla] for some «
with o™ € F.

Proof. Let ¢ be the primitive n-th root of 1.
Then the roots of X" — a are ('a.
So E is Galois over F and for o € Gal(E/F), oo = (*a for some i.
Therefore ¢ : Gal(E/F) — Z/nZ,0 — i is an injective homomorphism.
Suppose ¢ is not surjective.
Then im ¢ = Z/dZ for some d|n.
So ca? = (ca)? = o for any ¢ € Gal(E/F).
But o ¢ F for d < n, contradiction!
Hence Gal(E/F) = Z/nZ.
Conversely, let ¢ be the generator.
Since 1,0,02,...,0" ! are group homomorphism F* — F*.
So Y ¢t # 0.
Take a = Y_ C'o'(y) # 0.
Then oca = ("', i.e. E = Fla] with o™ € F. O
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2.8.4 Solvability of polynomial equations

Def 2.8.3. We say f(X) = 0 is solvable in radicals if its solutions can be obtained by the
algebraic operations of addition, subtraction, multiplication, division and the extraction of mth
roots, or, more precisely, if there exists a tower of fields

F=FKCckhc---CF,
such that F; = F;_1[a;] with " € F;_ and F,, contains the splitting field of f.
Lemma 2.8.2. Let f be separable and F' be an extension of F, then Gal(F}/F') < Gal(Fy/F).

Proof. Let Iy = F'lon, ..., app].
Then Fy = Flai, ..., an].
Since every element of Gal(F}/F') permutes .
So Gal(F';/F") acts on Fy and the map o J‘Ff is an injection Gal(F;/F") — Gal(Fy/F').
0

Thm 2.8.4. Suppose char(F') =0, then f is solvable in radicals iff its Galois group is solvable.

Proof. <: Take F' = F[(] where ( is a primitive n-th root of 1 with sufficiently large n.
By the lemma, Go = Gal(F}/F") is solvable.
So there exists Go> G1> -+ > Gy, = {1} such that G;/G;41 is cyclic.
By proposition 2.8.4, f is solvable in radicals.
=: Take Fy,..., F, and a1, ..., a, by definition.
Let 2 be a field Galois over F' containing Fj;, and primitive n-th root ¢ with large n.
Take G = Gal(Q/F) and the Galois closure E of F,[¢] in €.
Then E = UyeqoFy,[¢] and is generated by ¢, a1, ..., 0,001, ..., 00, . ..
So we get a tower of fields

F,, C F,[¢] C Fnl¢,an] C --- C E.

By proposition 2.8.4, each step of the tower is a cyclic extension.
Hence Gal(E/F) is solvable, i.e. Gal(F,,/F) = Gal(E/F)/Gal(E/F,,) is solvable. O



Chapter 3

Commutative Algebra

3.1 Ring and ideals

Def 3.1.1. A ring A with exactly one maximal ideal m is called a local ring and the field
k = A/m is called the residue field of A.

Prop 3.1.1. (1) Let A be a ring and m # (1) an ideal of A such that x € A\m is a unit in A,
then A is a local ring and m is its maximal ideal.

(2) Let A be a ring and m a mazimal ideal of A, such that every element of 1 +m is a unit in
A, then A is a local ring.

Proof. (1) Let I be an ideal of A.
If 1N A\m # 0, then I contains a unit, i.e. [ = A.

So m is the only maximal ideal of A.

(2) Let I be an ideal of A.
Since m is maximal.
SoIl+m=mor (1),ie. ICmorIN(l+m)=#0.

Hence m is the only maximal ideal of A.

O

Def 3.1.2. The set 91 of all nilpotent elements is an ideal called nilradical.
Prop 3.1.2. The nilradical is the intersection of all the prime ideals of A.
Proof. For r € M, let r™ = 0.

Then 7 - "1 = 0 € p, where p is a prime ideal.

So r € p, i.e. N contains in the intersection of all the prime ideals of A.

On the other hand, let a ¢ 91 and S be the set of all ideals a such that f™ ¢ a for any n.

By Zorn lemma, S has a maximal element p.

Take x,y ¢ p, there exists f™ € p+ () and f™ € p + (y).

So f™t" € p + (xy), i.e. xzy ¢ p.

Hence p is prime and f ¢ p. O

Def 3.1.3. The Jacobson radical 9R of A is the intersection of all the maximal ideals of A.

Prop 3.1.3. x € R iff | — xy is a unit in A for all y € A.

16
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Proof. =: Suppose 1 — zy is not a unit.
Then (1 — zy) C m for some maximal ideal m.
But notice that m + (z) = (1 — 2y + zy) = (1).
So x ¢ m, contradiction!
<: Suppose there exists a maximal ideal m such that x ¢ m.
Then m + () = (1), i.e. there exists ¢ € m,y € A such that ¢t + zy = 1.
Sot=1—zy € m is not a unit, contradiction! O

Def 3.1.4. We say two ideal a, b are coprime if a + b = (1).

Prop 3.1.4. Let A be a ring and ay,...,a, be ideals of A, define a homomorphism
¢: A= [[(Afa),z e (m+ar,...,x+ap)

(1) If aj,a; are coprime whenever i # j, then [[a; = () a;.

(2) ¢ is surjective iff a;,a; are coprime whenever i # j.

(3) ¢ is injective iff () a; = (0).

Proof. (1) We prove this by induction.
When n =2, (a1 Naz)(a; + az) = (a; Nag)a; + (a3 Nag)ag C ajag C ag Nas.
So a1 Nag = ajas.
Assume the statement is true for n = k — 1.
Whenn =%k, let b=as---a,.
Let z; +y; = 1 for x; € a1 and y; € a; with 2 <7 < n, then

E:
I
E:

(1—2z;)=1 (mod ay).

Soa;+b=(1), e [[o,=ab=0a;Nb=[a,.
(2) = 5as) = Aoy,
So a; + a; = (1).
<: By the proof of (1), a; and ag - - - a,, is coprime.
So there exists € A such that x € 1 + a; and x € a; for 2 <7 < n.
Hence ¢(x) = (1,0,...,0) and so ¢ is surjective.

(3) ker¢ = a,.
O

Prop 3.1.5. (1) Let py,...,pn be prime ideals and let a be an ideal contained in |Jp;, then
a C p; for some 1.

(2) Let ay,...,a, be ideals and p be a prime ideal containing ()a;, then p D a; for some i.
Moreover, if p = () a;, then p = a; for some i.

Proof. (1) Suppose a € p; for any 1.
We prove that a € |Jp;, which gives us the contradiction, by induction.
When n = 1, trivial.

Assume the statment is true for n = k — 1.
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When n = k, by induction assumption, there exists z; € a such that x; ¢ p; for j # i.
We assume x; € p; otherwise we are done.
Take y => @1+ Tj—1Tip1 - Tp-
Theny €a, y=x1 - Ti—1Tit1 - Tpn (mod p;).
Soy ¢ Upi.
(2) Suppose a; € p for any i, let z; € a;\p.
Then [[z; € [[a; Ca; C p.
But [[z; ¢ p, contradiction!
Moreover, if p=(a;, a; Cp=[a; C a;, i.e. p = a,.
O

Def 3.1.5. The ideal quotient of two ideals a,b is (a : b) = {z € Alzb C a}. In particular,
(0: b) is called the annihilator of ideal b, denoted by Ann(b)

Prop 3.1.6. (1) aC (a:b)

(2) (a:b)bC a.

(8) ((a:b):¢)=(a:be)=((a:c):b).
(4) (Na;:6)=(a;:b).
(5) (a:> b;) =(a:by).

Def 3.1.6. The radical of an ideal a is
r(a) = {x € A|z" € a for some n > 0}.
Prop 3.1.7. (1) r(a) D a.
(2) r(r(a)) = r(a).
(3) r(ab) =r(anb) =r(a)Nr(b).
(4) r(a) = (1) iff a = (1).
(5) r(a+0b) =r(r(a)+r(b)).
(6) If p is prime, r(p™) =p for all n > 0.
Prop 3.1.8. The radical of an ideal a is the intersection of the prime ideals which contain a.

Proof. Notice that r(a) = w‘l(‘ﬁA/a) where m: A — A/a is the quotient map.
Apply proposition 3.1.2 on A/a O

Prop 3.1.9. If r(a) and r(b) are coprime, then a and b are coprime.

Proof. r(a+4b) = r(r(a) + (b)) =r(1) = (1).
Soa+b=(1). O

Def 3.1.7. Let f : A — B be a ring homomorphism and a be an ideal in A, we define the
extension ideal a® of a to be the ideal f(a)B generated by f(a).
Let b be an ideal of B, f~1(b) is called the contraction ideal b¢ of b.

Prop 3.1.10. If b is prime, then b€ is prime.
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Prop 3.1.11. (1) a C a®¢,b D b®.
(2) bC i bCeC e — aeCe.

(3) If C is the set of contracted ideals in A and if E is the set of extended ideals in B, then
C = {a|a®® = a}, E = {b|b® = b} and a — a° is a bijection C — E, whose inverse is
b — bC.

Proof. (1) a C f~'(f(a)) C f~'(f(a)B) = a*.
b = f(f~1(b))BC bB =b.

(2) b° C (b°)¢ and b° D (b°)°.
a® C (a©)¢ and a® D (a®)°°

(3) For a such that a®“ =qa,a=(a®)°c C
For b such that b =b, b = (b°)¢ € C.

Prop 3.1.12. If aj,as are ideals of A and by, by are ideals of B, then

(a1 +a2)® =af +a5, (b1 +b2)°
(apNag)® Cafnag, (b Nb2)=b{Nbs,
(alag) = alag, ([‘11[‘12) D) bc s
(a1 : a2)° C (a7 s ag), (b1 :b2)* = (bc b3),
r(a)® C r(a) r(b)° = r(5°)

> b§ + b5,

3.2 Module

Prop 3.2.1. (1) Let L D M D N be A-modules, then (L/N)/(M/N) = L/M.
(2) Let My, My be submodules of M, then (My + Ma) /My = My /(M N Ms).

Proof. (1) Consider ¢ : L/N — L/M,x+ N +— x + M.
Then ¢ is surjective and ker ¢ = M/N, i.e. (L/N)/(M/N)= L/M.

(2) Consider ¢ : My — (M + Msy) — (M1 + Ms) /My, — = + M;.

Then ¢ is surjective and ker ¢ = My N Mo, i.e. Ma/(My N M) = (M + M) /M.
a

Def 3.2.1. Let N, P be submodules of M, we define the ideal (N : P) = {a € AlaP C N}. In
particular, (0 : M) is called the annihilator of module M, denoted by Ann(M).
An A-module is faithful if Ann(M) = 0.

Prop 3.2.2. (1) Ann(M + N) = Ann(M) N Ann(N).
(2) (N : P)=Ann((N + P)/N).

Prop 3.2.3. Let M be a finitely generated A-module, a be an ideal of A and ¢ be an A-module
endomorphism of M such that ¢(M) C aM, then ¢ satisfies an equation of the form

¢" +arg" 4 a, =0

where a; € a.
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Proof. Let x1,...,x, be the generators of M and ¢(z;) =) aj;x;.
Then Z((Sl]¢ — al-j)xj =0.
By multiplying on the left by the adjoint matrix of (6;j¢ — a;j), det(d;;¢ — a;;)z; = 0.
So 0(d;5¢ — ai;) = 0, which is a polynomial of ¢ with coefficient in a. O

Coro 3.2.1. Let M be a finitely generated A-module and a be an ideal of A such that aM = M,
then there exists =1 (mod a) such that M = 0.

Proof. Take ¢ =1d and let ¢" + a1¢™ ' + -+ +a, = 0.
Then (1+a1+---+a,) M =0and 1 +a1+---+a, =1 (mod a). O

Prop 3.2.4 (Nakayama). Let M be a finitely generated A-module and a be an ideal of A
contained in the Jacobson radical R of A, if aM = M then M = 0.

Proof. By corollary 3.2.1, take x =1 (mod a) such that M = 0.
By proposition 3.1.3, x is a unit in A4, let xy = 1.
So M =yaxM = 0. 0

Coro 3.2.2. Let M be a finitely generated A-module, N be a submodule of M and a C R be an
ideal, if M = aM + N, then M = N.

Proof. Since a(M/N)=aM/(aM NN) = (aM + N)/N.
So by Nakayama lemma on M /N, M = N. O

Prop 3.2.5. Let A be a local ring and x; be the elements of M whose image in M/mM form
a basis of this vector space. Then the x; generate M.

Proof. Let N be the submodule of M generated by ;.
Then N — M — M /mM maps onto M /mM.
So N+mM = M.
By corollary 3.2.2, M = N. O

Prop 3.2.6. (1) The sequence
M5 M M =0

1s exact iff for all A-modules N, the sequence
0 — Hom(M"”, N) == Hom(M, N) -~ Hom(M’, N)
s exact.

(2) The sequence
u

0— N N N
1s exact iff for all A-modules N, the sequence
0 — Hom(M, N') - Hom(M, N) - Hom(M, N")
s exact.

Proof. All four parts of this proposition are similar, we prove the first one for example.
Take f,g € Hom(M", N) with o(f) = v(g).
Then o(f) =vo f,09(9) =vog.
And since v is surjective.
So f =g, i.e. v is injective.
Take h € Hom(M, N) such that @(h) = uwoh = 0.
Then kerv = imu C ker h.
So h: M — M/kerh — N factor through M/kerv = M".
Hence h = v o k = o(k) for some k € Hom(M", N). O
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Prop 3.2.7. Let

0 s M — 5 M —Y— M 0
A
0 N — > N —— N" 0
u v

be a commutative diagram of A-modules and homomorphisms, with the rows exact, then there
exists an eract sequence

0 — ker(f') =5 ker(f) - ker(f") N coker(f) LN coker(f) v, coker(f") — 0

where u,v are restrictions of u,v and @' ,v" are induced by u',v'.

Def 3.2.2. The tensor product of modules M, N is the unique A-module M ® N with an
A-bilinear map g: M x N — M ® N satisfying the following universal property:

Given any A-module P with A-bilinear map f : M x N — P, there exists a unique A-linear
map f': T — P such that f =go f’.

Prop 3.2.8. Let M, N, P be A-modules, then there exist unique isomorphisms

(1) M®&N - N M
(2) ( M@N) P> M@ (N®P) > MoN@P
(3) (M&N)®P = (M®P)& (N ® P)

(4) A9 M — M

Proof. Use the universal property. O

Def 3.2.3. Let f : A — B be an homomorphism and N be a B-module, then N has an
A-module structure with a - m = f(a)m. This A-module is said to be obtained from N by
restriction of scalars. In particular, B has an A-module structure.

Let M be an A-module, then Mp = B ®4 M has a B-module structure with b- () ® z) =
bl ® x. The B-module Mp is said to be obtained from M by extension of scalars.

Prop 3.2.9. Hom(M ® N, P) = Hom(M, Hom(N, P)).
Prop 3.2.10. Let
M Lm0

be an exact sequence of A-modules and homomorphisms and N be any A-module, then the

sequence

MaoN S MeaN 2L M o N -0

1s exact.

Proof. Take any A-module P.
By proposition 3.2.6, the following sequence is exact:

0 — Hom(M”, Hom(N, P)) -% Hom(M, Hom(N, P)) -1+ Hom(M’, Hom(N, P)).

So by proposition 3.2.9 and proposition 3.2.6, we complete the proof. O
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3.3 Rings and modules of fractions

Def 3.3.1. A multiplicatively closed subset of A is a subset S of A such that 1 € S and S is
closed under multiplication. We define an equivalence relation on A x S such that (a, s) ~ (b,t)
iff (at — bs)u = 0 for some u € S. The set of equivalence classes S~!A is a ring called the ring
of fractions of A w.r.t. S.

There is a natural homomorphism f: A — S7'A, z — 1, it has the universal property:

Prop 3.3.1. Let g : A — B be a ring homomorphism such that g(s) is a unit in B for all s € S,
then there exists a unique ring homomorphism h: S™'A — B such that g = f o h.

Proof. Take h(%) = g(a)g~*(s).
For =2 let (at — bs)u =0 for u € S.
Then g(a)g(t) — g(b)g(s) = 0- g~ *(u) = 0.

So h(%) = g(a)g~!(s) = g(b)g~(t) = h(}), i.e. h is well-defined. 0

Def 3.3.2. Define an equivalence relation on M x S such that (m, s) ~ (m/, s') iff t(s'm—sm’) =
0 for some t € S. The set of equivalence classes S™'M is an S~ A-module called the module of
fractions of M w.r.t. S.

Similarly, there is a natural A-module homomorphism f : M — S~'M,m T and it has
the universal property:

Prop 3.3.2. Let N be a S™'A-module and f : M — N be an A-module homomorphism, then
there exists a unique S~'A-module homomorphism h : ST*M — N such that g = f o h.

Proof. Take h() = %g( ).

Forrg—,/—mlett(s’ —sm/)=0fortes.
Then s'g(m) — sg(m/) = % = 0. ,
So () = 1g(m) = Lg(m') = h(Z), i.e. h is well-defined. O

Prop 3.3.3. The operation S™1 is exact, i.e. if the sequence

Y VNG VL
is exact, then
-1 -1
s—im 2ty g tpr 29 gty

s exact.
Proof. Sl1go S7lf =S71(go f)=0.

Soim S~!f C ker S~1g.

On the other hand, take = € ker S1g.

Then S~1g(™2) = (m) = O i.e. tg(m) =0 for some t € S.
So g(tm) =0, i.e. tm € ker g = im f, take m’ € f~1(tm).
Therefore S_lf(%/) = m

st s

Hence ker(S—1g) = im(S1f). O
Coro 3.3.1. (1) STY(N + P) = S~Y(N)+ S~1(P)
(2) STHNNP)=S"YN)NS~Y(P).
(3) STYM/N) = (S7'M)/(S™IN) as S~ A-modules.

Proof. (3): apply S~! to the exact sequence 0 — N — M — M/N — 0. O
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Prop 3.3.4. ST'M =S 'A®4 M.

Proof. By universal property of tensor, there is a map
f:S_1A®AM—>S_1M,%®m»—> ?
On the other hand, by universal property of module of fractions, there is a map
g:S_lM—>S_1A®AM,% — é@m.

Hence S™'M = S~ 1A®4 M. O
Coro 3.3.2. S"'M ®g 14 STIN= S 1(M ®4 N).

Proof.
ST M @4 N)=S"TTARs M@ N

=S 'A@AM @g-14 STIARA N
— SilM ®S—1A SilN
]

Def 3.3.3. Let p be a prime ideal of A, then S = A — p is multiplicatively closed and the ring
of fraction A, = S~1A is called localization at p.

Prop 3.3.5. A, is a local ring.

Proof. For a ¢ p, ¢ is a unit with inverse 2.
By proposition 3.1.1, A is a local ring with maximal ideal m = {%’p € p}. O

Def 3.3.4. A property P of a ring A (or of an A-module M) is said to be a local property if
A (or M) has P iff A, (or M,) has P for every prime ideal p of A.

Prop 3.3.6. TFAE:

(1) M =0.

(2) M, =0 for all prime ideal p of A.

(8) My =0 for all mazimal ideal m of A.

Proof. (1) = (2) = (3) is trivial.
(3) = (1): Suppose M # 0, let z #0 € A.
Then Ann(x) # (1), take m D Ann(x).
So € An is nonzero, otherwise s = 0 for some s ¢ m, i.e. s € Ann(z), contradiction! [J

Prop 3.3.7. Let f : M — N be an A-module homomorphism, TFAE:
(1) f is injective

(2) fo: My — N, is injective for all prime ideal p of A.

(8) fu: Myn — Nn is injective for all mazimal ideal m of A.

Similarly with “injective” replaced by “surjective” throughout.
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Proof. (1) = (2): 0 - M — N is exact.
So by proposition 3.3.3, 0 — M, — N, is exact.
(2) = (3): Trivial.
(3) = (1): Suppose f is not injective, let m # 0 € M such that f(m) = 0.
Then Ann(m) # (1), take m D Ann(m).

So 2 € M, is nonzero while fn(2t) =Y = 0, contradiction! O

Prop 3.3.8. Consider the homomorphism f: A — S™YA, let C be the set of contracted ideals.

(1) Every ideal in S™'A is an estended ideal.
(2) If a is an ideal in A, then a®® = |J,cq(a: (s)) and so a® = (1) iff a meets S.
(3) a € C iff no element of S is a zero-divisor in A/a.

(4) The prime ideals of S~1A are in one-to-one correspondence (p <> S~p) with the prime
ideals of A which don’t meet S.

Proof. (1) Let b be an ideal of S™'A4 and take £ € b.
Then 7 € b, i.e. x € b€,
So % =2.1¢pe(SlA) =0, ic bC b Cb.

(2) Take a € a.
Then for b € f~1 (%), (a — b)s = 0 for some s € S.
Sobe (a:(s)), ie. a® CJseg(a: (s)).
On the other hand, take b € (a: (s)) and let bs = a € a.
Then f(b) =2 =2 € a(S71A) =a°, ie. (a:(s)) Ca*.

(3) In A/a, (a:(s)) +a=Anng,(s+a).
So a = a® iff Anny /(s +a) = (0) + a, d.e. s is not zero divisor in A/a for all s € S.

(4) Take a prime ideal p of A which don’t meet S and £,% € S~tA\S~!p.
Then z,y ¢ p, suppose 2 € S~ 1p, let ¥ = £,

st u

So (pst — zyu)v = 0 for some v € S, i.e. zyuv = pstv € p, contradiction!
Conversely, take an ideal S~'a which is prime in S™'A and z,y € A\a.

Then £,% ¢ S~'p, ie. £ ¢ S~1p.

So xy ¢ p.
U]

Coro 3.3.3. The operation S~ commutes with formation of finite sum, products, intersections
and radicals.

Proof. By proposition 3.1.12, S~! commutes with finite sum and products.
By corollary 3.3.1, S~! commutes with intersections.
By proposition 3.1.12, S~!r(a) C 7(S~'a).
Take 2 € r(S~'a) with (2)" = L.
Then (at)" = bt"~1s" € q, i.e. at € 7(a).
So ¢ =% ¢ §~1r(a). O

Coro 3.3.4. Let N be the nilradical of A, then S™'0N is the nilradical of S~ A.
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Coro 3.3.5. The prime ideals of the local ring A, are in one-to-one correspondence with the
prime ideals of A contained in p.

Prop 3.3.9. Let M be a finitely generated A-module and S be a multiplicatively closed subset
of A, then S~1(Ann(M)) = Ann(S—1M).

Proof. If this is true for M, N, then

SHAnn(M + N)) = S~H(Ann(M) N Ann(N)) = S~ Ann(M) N S~ Ann(N)
= Ann(S™'M) N Ann(STIN) = Ann(S™H(M + N))
So it suffices to prove for M generated by one element m.
Consider the homomorphism ¢ : A - M,a — am.
Then ker ¢ = Ann(M) and ¢ is surjective, i.e. M = A/ Ann(M).
So Ann(S™tM) = Ann(S71A/S7t Ann(M)) = S~! Ann(M). O

Coro 3.3.6. Let N, P be two submodules of an A-module M and if P is finitely generated, then
SYN:P)=(STIN:S"'pP).

Proof. By proposition 3.2.2, (N : P) = Ann((N + P)/P). O

Prop 3.3.10. Let f : A — B be a ring homomorphism and p be a prime ideal of A, if p is a
contraction then it is a contraction of a prime ideal.

Proof. Let S = f(A\p).
Then p N S = @, i.e. S~™'p® C m for some maximal ideal m of S™!1B.
Let q be the contraction of m under B — S™!'B.
SogDOpfand qN S =a.
Hence q° = p. 0

3.4 integral dependence

Def 3.4.1. Let B be a ring and A be a subring of B. An element x of B is said to be integral
over A if z is a root of a monic polynomial with coefficients in A.

Prop 3.4.1. TFAE:

(1) x € B is integral over A.
(2) Alz] is a finitely generated A-module
(3) Alz] is contained in a subring C of B such that C is a finitely generated A-module.

(4) There exists a faithful Alx]-module M which is finitely generated as an A-module.

Proof. (1) = (2): A[z] can be generated by 1,z,...,2" L,
(2) = (3): Alz] C Alx].

(3) = (4): C is a faithful A[z]-module.

(4) = (1): Consider ¢ : M — M, m — xm.

Then ¢(M) C zM.

By proposition 3.2.3, " + a1¢" ' + -+ 4+ a, = 0.

And since M is faithful.

So 2" + a1z ' +---+a, =0, i.e. x is integral over A. O

):
):

Coro 3.4.1. Let z; be some elements of B that integral over A, then Alx1,...,xy] is a finitely-
generated A-module.
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Coro 3.4.2. The set C of elements that are integral over A is a subring of B containing A.
Proof. For z,y € C, A[z,y] is finitely generated, i.e. x + y, xy are integral over A. O

Def 3.4.2. Such ring C is called the integral closure of A in B. If C'= A, then A is said to be
integrally closed in B. If C' = B, the ring B is said to be integral over A.

Coro 3.4.3. Let A C B C C be three rings such that B is integral over A and C' is integral
over B, then C is integral over A.

Proof. For xz € C, let 2™ + byz" ' +--- 4+ b, = 0.
Then A[by, ..., by][z] is finitely generated over A.
So z is integral over A. O

Coro 3.4.4. Let A be a subring of B and C' be the integral closure of A in B, then C is integrally
closed in B.

Prop 3.4.2. Let A be a subring of B such that B integral over A.

(1) If b is an ideal of B and a = b= ANb, then B/b is integral over A/a.

15 a multiplicatively closed subset of A, then S— 1s integral over ST A.
2) If S Itipl ly closed sub f A, then S™'B l S—tA

Proof. (1) For z € B, let 2" + a12™ ! +--- + a,, = 0 with a; € A.
Then (x +b6)" + (a1 + a)(x +b)" 1+ -+ + (a, +a) =0+ b.

(2) For z € B, let 2™ + a;2" ' + - - 4+ a,, = 0 with q; € A.
Then (z)"+ﬂ(z)”_1+...+@:

s s s s

O]

Prop 3.4.3. Let A C B be integral domains such that B integral over A, then B is a field iff
A is a field.

Proof. =: Since x = é is an element in B for a € A.

Let 2" + a1z ' +--- +a, = 0.

Then z + a1 + asa+ - -+ ana™ ' =0, i.e. z € A.

«<: For x € B, letx"—f—alx”_l—}—---—l—an:OWithan750.

Then Lt !4 &gn=2 ... Sl 4 gl — 0, e 27! € B. O

Coro 3.4.5. Let A be a subring of B such that B is integral over A, q be a prime ideal of B
and p = qN A, then q is maximal iff p is mazimal.

Coro 3.4.6. Let A be a subring of B such that B is integral over A and q,q’ be prime ideals of
B such that q C q/,q° = q"“ =p, then q=¢’.

Proof. By proposition 3.4.2, By is integral over A,.
Let m be the extension of p in A, and n,n’ be the extension of q,q’ in B, resp.
Then m is maximal in Ay, 7.e. n,n’ are maximal in B, and n C n'.
Son =1’ and q = q’ by proposition 3.3.8. O]

Thm 3.4.1. Let A be a subring of B such that B is integral over A and p be a prime ideal of
A, then there exists a prime ideal q of B such that qN A = p.

Proof. Let n be a maximal ideal of B,.
Then m = nN Ay is the only maximal ideal of A,.
Take q be the contraction of n under B — B,.
SoqNA=p. O
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Thm 3.4.2 (going-up theorem). Let A be a subring of B such that B is integral over A,
p1 C -+ C pp be a chain of prime ideals of A and q1 C -+ C qm (m < n) be a chain of prime
ideals of B such that q; N A = p;, then the chain q1 C --- C qm can be extended to a chain
q1 C -+ C qn such that q; N A = p;.

Proof. By proposition 3.4.2 we only need to consider the case that m = 0,n = 1, which can be
deduced by theorem 3.4.1. O

Prop 3.4.4. Let A be a subring of B, C be the integral closure of A in B and S be a multi-
plicatively closed subset of A, then S™IC' is the integral closure of ST A in S™IB.

Proof. By proposition 3.4.2, S~!C is integral over S~!A.

Conversely, suppose g € S~ B is integral over ST A, let (%)n + & (g)n_1 +o+52=0
Then by multiplying by (ss; ---s,)", we obtain that bs; ---s, € C.
So b = boisn o g1, O

s S81°*+Sn,

Def 3.4.3. An integrally closed integral domain is an integral domain which is integrally closed
in its field of fractions.

Prop 3.4.5. Let A be an integral domain, TFAE:

(1) A is integrally closed
(2) Ay is integrally closed for all prime ideal .
(8) Aw is integral ly closed for all mazimal ideal m.

Proof. A localization of a field is itself.
So A is integrally closed iff the inclusion from A to its integral closure is surjective.
By proposition 3.3.7, surjective is a local property.
So by proposition 3.4.4, integrally closed is a local property. O

Def 3.4.4. Let A be a subring of B and a be an ideal of A, then an element of B is said to be
integral over a if it is a root of a monic polynomial with coefficients in a. The integral closure
of a in B is the set of all elements of B which are integral over a.

Lemma 3.4.1. Let C be the integral closure of A in B and a® denote the extension of a in C,
then the integral of a in B is the radical of a®.

Proof. Since a® = aC, take z =Y a;z; € a° with a; € a,z; € C.
Let M = Alzy,...,2x),¢0: M — M,m +— zm.
Then ¢M C aM, let ¢" + a1 ' + --- + a, = 0, by proposition 3.2.3, with a; € a.
So 2" +a1¢p" ' +---+a, =0, i.e. xis integral over a.
Conversely, for z integral over a, let " + a;z" ' + -+ + a, = 0 with a; € a.
Then 2" = —a12" ' —--- —a, € aC = a°.
So x € r(a®). O

Prop 3.4.6. Let A C B be integral domains, A integrally closed and let x € B be integral
over an ideal a of A, then x is algebraic over the field of fractions K of A and if its minimal
polynomial over K is t™ + a1t" ' + --- + ay, then ay,...,a, € r(a).

Proof. Let f(t) =t" + ait" ' + -+ + a, with a; € a such that f(x) = 0 and g be the minimal
polynomial of z over K.

Then g|f, i.e. roots of g are integral over a.

So coefficients of g are integral over a, as they are polynomials of the roots.

And since A is integrally closed in K.

By the lemma, coefficients of g are contained in r(a). O
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Thm 3.4.3 (Going-down theorem). Let A C B be integral domains, A integrally closed and B
integral over A. Letpy D -+ D py be a chain of prime ideals of A and let q1 D+ D qm (M < n)
be a chain of prime ideals of B such that q; N A = p;, then the chain q1 O --- D qm can be
extended to a chain q1 D -+ D qn Such that q; N A = p;.

Proof. By going-up theorem, it suffices to prove for m = 1,n = 2.
So we want to show that ps is the contraction of a prime ideal in By, .
And by proposition 3.3.10, it suffices to prove that pa By, N A = po.
Take T € paBy, with x € po2B, s € B\qx.
By lemma 3.4.1, x is integral over po.
Let 2" +ajz" ' + - - +a, = 0 be its minimal polynomial over the field of fractions K of A.
By proposition 3.4.6, a; € r(p2) = po.
Now suppose T € A, i.e. sa =z for some a € A.
Then s is the root of irreducible polynomial ¢ + “¢"~1 ... 4 %2 in K.
Notice that s is integral over A and A is integrally closed in K.
By proposition 3.4.6, we obtain that = € A for all 4.
Suppose a ¢ po.
Then ¢+ € py for all i as a; € p2 and py is prime.
So s is integral over pg, i.e. s € r(p§) C r(pf) C 7(q1) = q1, contradiction!
Hence $ = a € pa. O
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Representation Theory

4.1 Representations of finite groups

Def 4.1.1. A representation of a finite group G on a finite-dimensional complex vector space
V' is a homomorphism p : G — GL(V), and we say that such a map gives V' a structure of
G-module. The dimension of V' is called the degreee of representation p.

A G-linear map between two representations V and W of G is a linear map ¢ : V — W
such that p;/ oY= ong for all g € G.

A subrepresentation of a representation V' is a subspace W of V which is invariant under
G. A representation V is called irreducible if there is no non-trivial G-invariant subspace.

The direct sum, tensor product and dual representations are defined as those of vector space
and with natural homomorphism from G.

Exam 4.1.1. Let V be a vector space with basis {eq}q4cq, there is a representation p : G — V
given by pg(ep) = egn. Such a representation is called the regular representation.

Prop 4.1.1. Let W be a subrepresentation of V', then there exists another subrepresentation
W' of V such that V=W @ W’.

Proof. Let (, ) be a Hermitian form on V, and take

(v, whp =Y (pg(v), pg(w)).

geG

Then (, ), is also a Hermitian form and (v,w), = (pe(v), pg(w)), for all g.

For v e W, w e W and g € G, (pg(v), w) = (v, p;-1(w)) = 0.
So W+ is G-invariant, 4.e. it is a subrepresentation of V.
Hence V =W @ W+ as a representation. ]

Remark 4.1.1. The trick of summing up the value of a map as the vector pass through its orbit
under G-action is very useful in representation theory.

Coro 4.1.1. Any representation is a direct sum of irreducible representations.

Prop 4.1.2 (Schur lemma). Let V' and W be two irreducible representations of G and ¢ : V. —
W is a G-linear map, then

(1) ¢ is isomorphism or ¢ = 0.
(2) If V.=W, then ¢ = Al for some X € C.

Proof.

29
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ker ¢ and im ¢ are subrepresentations of V' and W resp.
So they must be trivial.

Since C is algebraically closed.
Let A be an eigenvalue of .
Then ¢ — A\ : V. — W is either isomorphism or zero by (1).
But ¢ — AI is degenerated.
So = Al. O

Prop 4.1.3. Let V be a representation of G, then there is a unique decomposition
V = VfB‘” DD V,fa“’“,

where V; are distinct irreducible representations.

4.2 Character theory

Def 4.2.1. The charater xy : G — C of a representation V' is given by xv(g) = tr(pg).

Prop 4.2.1.
XVeW = XV + XW, XVeWw = XVXW,
1

xve = Xv and xp2y(g9) = =

5 (xv(9)? = xv(g%).

Exam 4.2.1. Consider the regular representation p, then p, are permutation matriz.
So xr(1) = |G| and xr(g) = 0.

Prop 4.2.2. Let V¢ = {v € V|py(v) = v for all G} and take an endomorphism

o) =13 52 )

geG

then ¢ is a G-linear projection from V onto VC.

Proof.
o(p - Zpg (n(v) = 15 Zpgh
e \QGG e Igea
e \geG ! | 4=
Plol) = om D IPIPATAL )= a2 () = g 2 e(e) =
geG heG geG heG geG
O
Coro 4.2.1.
dim VY = tr(p Z xv (g
\GI =

In particular, when V is irreducible, sum of all character is zero.
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Coro 4.2.2. Let Homg(V, W) be the vector space consists of all G-linear map V- — W, then

dim Homg (V, W) |G\ Z xv(9)xw(9)-
geG

In particular, when V and W are irreducible,
1 ifvew
Z xv(9)xw (g .
1G] ey {0 ifV W
Proof. Hom(V, W) = V* @ W and pgom(f)(v) = pIg/V ofo p;/_l(v).
So Hom(V, W)¢ = Homg(V, W) and XHom = XvXW- O
Def 4.2.2. A function ¢ : G — C is called class function if it is constant on the conjugacy

classes of G. We denote the set of class function by C4s5(G), which is a complex vector space,
and define a Hermitian inner product on it by

@) =15 Y6l
geG
Thm 4.2.1. Characters of the irreducible representations of G are orthonormal.
Coro 4.2.3. A representation V is irreducible iff (xv,xv) = 1.

Coro 4.2.4. Any representation is determined by its character. Moreover, the multiplicity a;
of Vi in V' is (xvi, xv)-

Coro 4.2.5. Every irreducible representation V of G appears in the reqular representation dim V'
times. In particular, |G| is the sum of squares of dimension of all the irreducible representations.

Proof. (xv.xr) = v (DIG] = xv(1) = dim V. =

Lemma 4.2.1. Let o : G — C be any function on G, take ooy = Y a(g)pg, then pov is a
G-linear map for all representation V iff o is a class function.

Proof. =: 3 a(g)p, " © pg o pn =, 0 Pay © pr = $ay = 2 alg)pg.
So Y (a(hgh™1) — a(g))p = 0.
Consider the regular representation p’.
Then > (a(hgh™) — a(g))py(ez) = Yo(a(hgh™) — a(g))egs = 0.
So a(hgh™!) = a(g) for any g,h € G.
< pytogavopn(v) = alg)pn-1gn(v) = X alhgh™ )py(v) = S alg)py(v) = gav(v). O

Prop 4.2.3. The number of irreducible representations of G is equal to the number of conjugacy
class of G. Equivalently, their characters form an orthonormal basis for C.ass(G).

Proof. Suppose « is a class function and (a, xy) = 0 for all irreducible representations V.
Then ¢,y is G-linear, i.e. ¢, v = Al by Schur lemma.

So A= 1 tr(pay) = § L algxv(g) = Faxv) =0.
Therefore ¢,y = 0 for any representation V.
But for regular representation V', o(a, V')(ep) = > a(g)egn, contradiction! O

Coro 4.2.6. Let x1,...,Xxn be the character of all the irreducible representations, then

S nlahale) = L5 Y k) =

where g is not conjugate to h.
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Proof. Let o : G — C maps G to 0 except on the conjugacy class Cy of g and o(Cy) = 1.

Then (y;,a) = %m
So 1= a(g) = ¥ @ xil9)xile) and 0 = a(h) = = T xalo)xi(h). -

Exam 4.2.2. Consider G = C,, = (ala™), it is abelian so there are n conjugacy classes.
Letw:e%,pj G = C,am w.
Then p; are all the irreducible representations of G and their characters are themselves.

C, |1 a a™ 1

xo |1 1 e 1

x1 |1 w w1

o |1 w2 Ww2n—2
Xno1 |1 W™t L. w(n=1)?

Exam 4.2.3. Consider G = Ds, = (1,0|7%,¢",7¢7®), then {¢*, ¢ *} are some conjugacy
classes.

If 2|n, ¢'Top~t = @27, ie. {P*7}, {9* 17} are distinct conjugacy classes.

We first consider the representation of degree 1, let p(¢) = a, p(T) = b.

Then b?> =1,a" = 1,a%b? =1, i.e. a,b € £1 as 2|n.

So there are four different degree 1 representations.

Notice that D,, is the symmetric group of n-gon.

n

So let w = e%, there are 5 — 1 natural degree 2 representations given by

=) o] m@=5 L

Their characters are Xj(qﬁk) = wik 4 wfjk7Xj<¢kT) =0.

Dy, |1 oF T QT
x1,1 |1 1 1 1
x1-1 |1 1 -1 -1
X-11 |1 (—1)* 1 -1
X-1-1|1 (=D -1 1
x; |2 wrkrwFo0 0

If 24 n, {¢'7} is a conjugacy class and, similar to the above case, we have

Dy, | 1 oF T
xo |1 1 1
x+ |1 1 -1
i |2 wk+wFo0

Exam 4.2.4. Consider G = S3, then 2-cycles and 3-cycles gives two conjugacy classes.
Notice that there are two natural degree 1 representations po(g) =1 and p+(g) = sgn(g).
So the last representations is degree 2 and by column orthogonality, we have

Ss |1 (12) (123)
xo |1 1 1
x+ |1 —1 1
Xst |2 0 -1
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Remark 4.2.1. The third representation can actually be writen down explicitly.

Consider a 3-dimensional vector space V spanned by ey, ea, 3.
Then S3 act on {e1, ez, e3} gives a representation pperm,.

And notice that the subspace spanned by {e; — es, €2 — ez} is Ss-invariant.

So this gives a degree 2 representation pg;.
More explicitly, the representation is given by

0 10

patt) =y Sooatrr= [ S n = [0 opatza = |

patizg)= [ puaan = [0 1]

33

1
1!

We can also construct this representation for S, with n > 3 and it is always irreducible.
This is because pst © po = Pperm and Xperm is counting the number of fix points, so

ZXst Z Xperm(9) — 1)2

D) RUBHEES ) e
—Zn—l'—i—Zn—Q‘—QZ (n—1)!+n!

i#]
=n!

Hence (xst, xst) = 1.
Exam 4.2.5. Consider G = Sy.

Then there are four conjugacy classes: 2-cycles, 3-cycles, 4-cycles and two 2-cycles.

We already know three representations:

Se|1 (12) (123) (1234) (12)(34)
Yo |1 1 1 1 1
Yo |l -1 1 —1 1
Xst |31 0 ~1 ~1

Notice that p+ ® ps gives a different representation and it is obviously irreducible.

And the last representation can be determined by column orthogonality.

Sy |1 (12) (123) (1234) (12)(34)
Yo |1 1 1 1 1

Yo |1 -1 1 —1 1

Xxst |3 1 0 ~1 —1
Xist |3 —1 0 1 —1

x [2 0 -1 0 2

Exam 4.2.6. Consider G = Ay.

Then there are three conjugacy classes with representative elements (1 2)(3 4),(123),(132).

We already know two representations pg and ps of degree 1 and 3 resp.
So two representations left are both of degree 1, we set

Sy |1 (12)34) (123) (132)
xo | 1 1 1 1
Xst 3 -1 0

X1 1 1 b C
x2 |1 1 -1-b —-1-c¢
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By row orthogonality, we have b+ ¢ = —1.

And since x1, x2 are of degree 1.
Solbl=|c|=[14+b=|14+¢=1. A
Hence (b, c) = (w,w?) or (b,c) = (w?,w) where w = e5

Sy |1 (12)(34) (123) (132)
xo | 1 1 1 1
Xst |3 ~1 0 0
x1 |1 1 w w?
x2 | 1 1 w? w

Exam 4.2.7. Consider G = S5.

Then there are siz conjugacy classes: 2-cycles, 3-cycles, 4-cycles, 5-cycles, two 2-cycles and
2-cycle times 3-cycle.

We already know four representations pg, p+, Pst, P+st-

Ss |1 (12) (123) (1234) (12345 (1234 (12)(345)
o |1 1 1 1 1 1 1
e |1 -1 1 ~1 1 1 ~1
Xst |4 2 1 0 ~1 0 ~1
Xast |4 =2 1 0 ~1 0 1

Consider pst ® pst, it can be divided into two subrepresentation Sym2V and /\2 V.
3 _ 1 2 2 _ 1 2 2\) .
Their characters are Xgy1,2(9) = 5(Xst(9)° + Xst(97))s Xa2 = 3(Xst(9)” — Xst(97)):

Ss |1 (12) (123) (1234) (12345 (12)(34) (12)(345)
Xsym? | 10 4 1 0 0 2 1
Xaz | 60 0 0 1 —2 0

And we can easily check (X2, Xn2) = 1, (Xgym?> Xsym2) = 35 (Xsym?» X0) = (Xgym?» Xst) = 1.
So ppz is irreducible and pg,,2 = po® pst © p where p is a degree 5 irreducible representation.

Sy |1 (12) (123) (1234) (12345) (12)34) (12)(345)
Yo |1 1 1 1 1 1 1

xe |1 —1 1 -1 1 1 -1

Xst |4 2 1 0 ~1 0 -1
Xast |4 —2 1 0 -1 0 1

x |5 1 -1 ~1 0 1 1

X |5 -1 -1 1 0 1 -1
Xpz |60 0 0 1 -2 0

Exam 4.2.8. Consider G = As. Then there are four conjugacy classes with representative
elements (1 2 3),(12)(34),(12345),(13524).
We already know two representations pg and pst.

Ss |1 (123) (12)(34) (12345) (13524)

Yo |l 1 1 1 1
Xst 1 0 -1 -1
Consider pg2, ppz-
Ss |1 (123) (12)34) (12345) (13524)
Xsym? | 10 1 2 0 0
X/\2 6 0 _2 1 ].
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Then we can compute that (Xgym?: Xsym2) = 35 (Xgym2: X0) = (Xgym2s Xst) = 1, (Xa2; Xa2) = 2
and x 2 1s orthogonal to Xo, Xst-

So Psym2 = PO D pst D p, ppz = p1 D p® where p, p1, p2 are irreducible.

And since deg? py 4+ deg? po =60 — 1 — 16 — 25 = 18 = 9 4 9.

We set
Ss |1 (123) (12)(34) (12345) (13524)
xo | 1 1 1 1 1
Xst | 4 1 0 -1 -1
x |5 -1 1 0 0
X1 |3 a b c d
X2 | 3 —a -2-0 1-c 1—-d

By row orthogonality, 20a 4+ 15b + 12¢ 4+ 12d = —3,20a = 12¢ + 12d — 12, 20a = 15b + 15,
9 + 20a? + 156 + 12¢? + 12d? = 60.
Hencea=0,b=—1,c= 1+2‘/5,d = 1_2‘/5.

Ss |1 (123) (12)(34) (12345) (13524)
Yo |l 1 1 1 1

Xst |41 0 ~1 ~1

Y |5 -1 1 0 0
Yi|3 0 1 L+y/5 15
2|3 0 ~1 1-v5 Lo/

Remark 4.2.2. Notice that As is the rotation symmetric group of dodecahedron, this naturally
gives us a degree 3 representation. Explicitly, they are actually p; or ps.

Prop 4.2.4. Let N be a normal subgroup of G and V be a representation of N, we set p =
mop:G— G/N — GL(V) where m is the quotient map G — G/N, then p is irreducible iff p
1s irreducible.

Proof. Since py = pyn, we obtain that

:W Z @X(g)

geG/N

= (6 X)a/N

Exam 4.2.9. Consider G = Sg, N = {1, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}.

Then G/N = Ss, this induce three irreducible representations

Se|1 (12) (123) (1234) (12)(34)

T |1 1 1 1 1
Yol -1 1 —1 1
st |2 0 ~1 0

This can help us solve the character table more quickly.
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4.3 Induced representation

Def 4.3.1. Let H < G be a subgroup and V be a representation of G, then V restricts to a
representation of H, denoted by Resg V. Let W be a subspace of V' which is a representation
of H, then the subspace gW = {py(w)|w € W} depends only on the left coset gH. We say V'
is induced by W if every element in V can be written uniquely as a sum of elements in such

translates of W, i.e.
V= @ oW.
oeG/H

In this case, we denote V' by Ind% w.

Prop 4.3.1 (universal property of induced representation). Let W be a representation of H and
U be a representation of G, suppose V.= Ind W, then any H-linear map ¢ : W — U extends
uniquely to a G-linear map ¢ : V. — U, that is,

Hompyg (W, ResU) = Homg (Ind W, U).
Proof. For 0 € G/H,g € o H and w € W, we define @(pg(w)) = ng(w(w)). O

Prop 4.3.2.
Xmaw(g) = > xwlo 'go).
go=ao

Remark 4.3.1. The right side of the equation is well-defined since xyy is a class function

Coro 4.3.1. Let W be a representation of H and U be a representation of G, then

(Xmaws Xv)G = (Xw, XResU ) H-
Proof. By corollary 4.2.2. O

Prop 4.3.3. Let H, K be two subgroups of G, W be a representation of H and V = Indg wW.
Choose a set of representatives S for K\G/H, let H; = sHs "' N K for s € S. Set p* : Hy —
GL(W),g — p;/_lgs, we denote this representation by Ws. Then the representation Resg V' is

isomorphic to the direct sum of Indfy (W) for s € S.

Proof. Let V(s) = (KsH)W = {p¥ (w)|z € KsH,w € W} for s € S.
Then V(s) is K-invariant, we claim that it is K-linear isomorphic to Indgs(Ws).
For k € K such that ksW = sW, s tks € H, i.e. k € H,.
So V(s) = @yex/m,o(sW) = Indfy (sW).
And since sW is Hg-linear isomorphic to Wy by Wy — sW : w s pY (w).
Hence V (s) = Indfy (sW) = Indjy (W;). O

4.4 'The group algebra

Def 4.4.1. Let G a group, the group algebra CG is an algebra whose underlying vector space
is spanned by {e4}geq, and the multiplication is defined by egep, = egp.

Prop 4.4.1. Let {V;} be the set of all irreducible representations of G, then CG = @ End(V;).

Proof. A representation G — GL(V;) can be extended to a map CG — End(V;) linearly.
So this gives us a map ¢ : CG — @ End(V}).
Then ¢ is injective and dim CG = |G| = 3 (dim V;)?. O
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Prop 4.4.2 (Fourier inversion formula). Let (u1,...,un,) € @ End(V;) which corresponds to

u=Y u(g)eg € CG, then
u(g) ]G| antrvz ( 1uz> ,

where n; = dim Vj.

Proof.
]G| an try, ( _1u2> = |é| an try, (p;_l Z u(h)p%)
i=1 heG
G Z Znix_iq_lh
BRC ==
— Z g h — u(g)

heG
O

Prop 4.4.3. Let V' be an irreducible representation of G of degree n and p: CG — End(V') be
the corresponding map, then p maps the center of CG to {\I|A € C}.
More explicitly, let u= "> u(g)e, € Z(CG), then

geG

Proof. Since u € Z(CG), i.e. Y u(g)eg =en - Y ulg)eg-ep—1 = > u(h~tgh)e,
So >~ (u(h~tgh) —u(g))ey =0, d.e. u is a class function.
By lemma 4.2.1, p(u) is a G-linear map.
By Schur lemma, p(u) = A(u)l for some A(u).

Moreover, A(u) = 1 try (p(u)) = 5 > u(g)x(9)- O

Coro 4.4.1. CG = @ End(W;) induces an isomorphism Z(CG) onto C™ where m is the number
of conjugacy classes.

Def 4.4.2. A complex number which is integral over Z is called algebraic integer.
Prop 4.4.4. Let V' be a representation of G, then x(g) is an algebraic integer for all g € G.
Proof. x(g) = tr(p(g)) and the eigenvalue of p(g) are all roots of unity. O

Prop 4.4.5. Let u =) u(g)eq be an element of Z(CG) such that u(g) are all algebraic integers,
then u is integral over Z.

Proof. Let {C;} be the set of conjugacy classes of G and X; = )
Then {%;} forms a basis of Z(CG) and u = > u(g;)%;.
So it suffices to show that ¥; are integral over Z.
Notice that ¥;%; is a linear combination with integer coefficient of {¥;}.
So Z¥y @ - -+ @ ZX,, is a subring of Z(CG) and is finitely generated over Z.
So 3; are integral over Z. O

geC; €95 take g; € C;.

Coro 4.4.2. Let V be an irreducible representation of G of degree n and uw =) u(g)eg be an
element of Z(CG) such that u(g) are all algebraic integers, then L3 u(g)x(g) is an algebraic
integer.
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Coro 4.4.3. The degree of the irreducible representations of G divide the order of G.

Proof. Let V be an irreducible representation of G of degree n.

Take u =) x(g)eq-
By proposition 4.4.4 and corollary 4.4.2, %Z x(9)x(g) = |%| is an algebraic integer.

And since ‘%' € Q and Z is integrally closed in Q.
So n||G|. O



Chapter 5

Lie Group and Lie Algebra

5.1 Basic concept
Def 5.1.1. A Lie group G is a group with a smooth manifold structure on it such that

G xG— G:(a,b) — ab,

G—->G:a—at

are smooth maps. A Lie subgroup H of G is a subgroup of G with a Lie group structure such
that the inclusion H — G is an immersion. A morphism between two Lie groups G and H is a
smooth map p : G — H which is also a group homomorphism.

Lemma 5.1.1. Any discrete normal subgroup of a connected Lie group G is in the center Z(Q).

Proof. Take g € N, then hgh~' € N for all h € N.
And since N is discrete.
So {hgh™'|h € H} = {g}, i.e. g € Z(Q). O

Prop 5.1.1. Let G be a Lie group, H be a connected manifold and ¢ : H — G o covering space
map, take an element € lying over the identity e of G then there is a unique Lie group structure
on H such that €' is the identity, ¢ is a morphism of Lie groups and ker o C Z(H).

Proof. The multiplication x : G x G — G, (a,b) — ab can lift to a map H x H — H with
(é,€) — € uniquely, which gives us the Lie group structure on H.

Moreover, ker ¢ is a discrete normal subgroup of H.

So by lemma, kerp C Z(H). O

Def 5.1.2. We say such G and H are isogenous and call ¢ an isogeny.

Prop 5.1.2. Let H be a Lie group and I' C Z(H) be a discrete subgroup of its center, then
there is a unique Lie group structure on the quotient group G = H/T' such that the quotient
map H — G is a Lie group morphism.

Def 5.1.3.
Ly:G—G,h—gh Ry:G— G,h+— hg,

®,:G— G, h— ghg™1,
Ady = (d®y)e : T.G — T.G.

Here Ad, gives a representation Ad : G — GL(T.G), called the adjoint representation.
Moreover, we denote the differential of Ady at e by ad : T.G — End(T.G).

39
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Prop 5.1.3. Let X, Y € T.G, then

QY 0X'Y\ 0
pr— f— j —_ .]
ad(X)(Y) =[X,Y]: <X o Y aﬂ.) PIE

Here we call [X,Y] the Lie bracket.

Prop 5.1.4. Let G, H be two Lie groups and ¢ : G — H be a morphism, then
dpe 0 Ady(X) = Adw(g) o dpe(X),

dipe 0 ad(X)(Y) = ad(dpe(X))(depe(Y))-

Prop 5.1.5. Lie bracket is skew-symmetric and satisfies the Jacobi identity:
(X, [V, Z]] + [V, [2, X]] + [2,[X, Y]] = 0.

Def 5.1.4. A Lie algebra is a vector space together with a bilinear map [, | : g x g — g that
is skew-symmetric and satisfies the Jacobi identity. A Lie subalgebra h of g is a subspace of g
that is closed under Lie bracket of g. A morphism between two Lie algebras g, over F' is an
F-linear map f : g — bh such that f[X,Y] =[fX, fY] forall X|Y € g.

Remark 5.1.1. By the above discussion, the tangent space T.G of a Lie group G is naturally a
Lie algebra and a morphism of Lie group naturally induce a morphism of Lie algebra.

Exam 5.1.1. GL,, and its Lie algebra is gl,, = M,.
SL,, and its Lie algebra is sl,, = {X € M,|tr X = 0}.

0,4(R) and its Lie algebra is 0, 4(R) = {X € M, (R)|XT L, + I,4,X = 0}.
SO, (R) and its Lie algebra is s0,(R) = {X € M,(R)|XT + X = 0}.

U, 4(C) and its Lie algebra is u, o(C) = {X € M, (C)|X*I,,+ I, ;X = 0}.
SU,(C) and its Lie algebra is su,(C) = {X € M,(C)|X*+ X =0,tr X = 0}.

Spy, and its Lie algebra is sps, = {X € Moyp|QX + XTQ = 0}, where Q is the matriz of
standard skew-symmetric matriz.

Def 5.1.5. Let G be a Lie group, consider a morphism ¢ : R — G such that
dep(X) = (L)) (X).

Then we defined the exponential map exp : g — G, X — ¢x(1).

Prop 5.1.6. dexpy : Tog = g = 1T.G = g is identity.

Prop 5.1.7. Let G, H be two Lie groups and ¢ : G — H be a morphism, then for X € g,

plexpg X) = expy (dpe(X)).

Coro 5.1.1. z(exp X)z~! = exp(Ad(z)(X)),Ad(exp X) = e*dx. Here e is the exponential
map of matriz.

Prop 5.1.8. Let H be a Lie subgroup of G and i : H — G 1is the inclusion, then
h={X € glexpg(tX) € i(H) for all t € R}.

Proof. Take X € b, then expg(tX) = i(expy (tX)) € i(H).
Conversely, take X € g such that exp;(tX) € i(H) for all t € R.
We only prove this when H is an embedding Lie subgroup.
Sov:R— H,t— expg(tX) is smooth.
Hence X =+/(0) € b. O
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Thm 5.1.1. Let h be a Lie subalgebra of g, then there exists a unique connected Lie subgroup
H of G with Lie algebra ty. Moreover, H is generated by exp(h).

Thm 5.1.2 (Cartan closed subgroup). A closed subgroup of a Lie group G is an embedding Lie
subgroup.

Coro 5.1.2. Let G, H be two Lie groups and f : G — H be a continuous group homomorphism,
then f is analytic.

Proof. Let I'y be the graph of f.
Then T'y is closed in G x H, i.e. I'y is an embedding Lie subgroup of G x H.
SoI'y <= G x H — @G is bijective and analytic.
By inverse function theorem, I'y = G as Lie group.
So f:G=1y— G x H— H is analytic. O

Thm 5.1.3 (Baker-Comphell-Hausdorff-Dynkin). Denote exp(u(X,Y)) = exp(X) exp(Y), then
w(X,Y) is real analytic and

1 1 1
wX,Y)=X+Y + §[X, Y]+ E[X’ (X, Y]] + E[Y’ Y, X]]+...
Thm 5.1.4 (Ado theorem). Any finite dimensional Lie algebra over a field of character 0 is a

Lie subalgebra of certain gl(V') for a finite dimensional vector space V.

Coro 5.1.3 (Lie third theorem). Let g be a finite dimensional real Lie algebra, then there exists
a Lie group G with Lie algebra g. Moreover, we can choose G to be simply connected.

Proof. By Ado theorem, there exists an inclusion g < gl,,.
By theorem 5.1.1, there exists a Lie group G C GL;, with Lie algebra g.
Moreover, take the universal cover G of G, its Lie algebra is also g. O

Prop 5.1.9. Let G, H be two connected Lie group and ¢ : G — H be a homomorphism such
that de : g — b, then ¢ is an isogeny.

Proof. Let U be a neighborhood of ez and it maps to a neighborhood of ey diffeomorphically.
We claim that ¢~ 1(V) = Uyer gU, where I' = o l(en).
For x € U,g € I'\{eq}, p(g9z) = ¢(x) and gz # .
Sogxr ¢ U, ie. UNgU = 2.
And since ¢~ 1(h) is a coset of T
Therefore ¢~ 1(V) = | ger 9U and each gU maps to V' diffeomorphically.
Hence ¢ : G — H is an isogeny. O

Thm 5.1.5. Let G, H be two connected Lie group, G is simply connected and p : g — b is a
Lie algebra morphism, then there exists a unique ¢ : G — H such that dp = p.

Proof. Let £ be the graph of p.
By theorem 5.1.1, there exists a Lie subgroup K of G x H with Lie algebra €.
So ¢ : K — G x H— G induces a bijection £ — g.
By proposition 5.1.9, v is an isogen, i.e. v is isomorphism since G is simply connected.
Hence ¢ : G =2 K — G x H — H gives a map with dyp = p. O

Coro 5.1.4. Let G1,G2 be two simply connected Lie groups with g1 = ga, then G1 = Gs.
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5.2 Solvable and nilponent Lie algebra

Def 5.2.1. A Lie subalgebra b of g is called an ideal if [x,y] € b for every z € b,y € g.
The center of g is Z(g) = {z|[z,y] =0 for all y € g}. We say g is abelian if g = Z(g).

Prop 5.2.1. Let I, J be two ideals of g, then I + J,[I,J] are ideals of g.

Prop 5.2.2. Let g, b be two Lie algebras and ¢ : g — b be a morphism, then the kernel ker ¢ of
@ s an ideal of g and the image ¢(g) is naturally isomorphic to g/ ker ¢.

Def 5.2.2. If g is non-abelian and has no nontrivial ideals, then we called g a simple Lie algebra.

Denote Dg = [g, ], Drg = [Dy_19,9] and D*g = [Dy_1g, Dr_1g]. ¢ is said to be nilpotent
if Dyg = 0 for some k. We say g is solvable if D¥g = 0 for some k. And g is called semisimple
Lie algebra if g has no nontrivial solvable ideals.

Exam 5.2.1. Let t,,(F') be the set of upper triangular matriz and n,(F) be the set of strictly
upper triangular matriz, then Dyn,(F) = 0, Dt,(F) = n,(F) and [t,(F),nn(F)] = ny(F).
Then t,(F) is solvable but not nilpotent and n,(F') is nilpotent.

Prop 5.2.3. Let g be a Lie algebra, then it is solvable iff there exists a sequence of Lie algebras
gDO0g1 DD g =0 such that gi+1 is an ideal of g; and g;/gi+1 is abelian.

Proof. =: take g; = D¥*g
<: Since D(g;/gi+1) = 0.
So Dgi C git1-
Hence D*g C gy, i.e. D'g =0. O

Prop 5.2.4. Let g be a Lie algebra, then it is semisimple iff it has no nonzero abelian ideal.

Proof. =: An abelian ideal is solvable.
«: For a solvable ideal I, let D*I =0 and D*~1I #£ 0.
Then D*~1T is abelian. O

Prop 5.2.5. Let by be a Lie subalgebra of g, then g is solvable iff b and g/b are solvable.

Proof. =: D*t C D*g, D(g/h) = (Dg)/".
«<: Let D¥(g/bh) = 0.
Then DFg C b is solvable. O

Prop 5.2.6. Let I,J be two solvable ideals of g, then I + J is also a solvable ideal.
Proof. (I+J)/I=J/(INJ)and I,J,INJ are solvable. O
Prop 5.2.7. Let H be a Lie subgroup of G, then H <G iff b is an ideal of g.

Proof. =: Adgh C h for all g € G.
So [x,h] = ad,(h) C b for all x € g, i.e. b is an ideal.
<: Ad(expx) = e maps b to h for all = € g.
And since exp g generates G.
So Ady maps h to h forall g € G, i.e. HLG. O

Prop 5.2.8. A connected Lie group G is solvable iff g is a solvable Lie algebra.

Def 5.2.3. Let I C g be a solvable ideal with maximal possible dimension, then I contains all
solvable ideals of g, otherwise the ideal adding them up has bigger dimension. In this sense, we
call I the maximal solvable ideal of g, denoted by Rad g, called the radical of g.
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Thm 5.2.1 (Levi theorem). Let g be a Lie algebra over character zero field F', then there exists
a Lie subalgebra b such that h = g/ Rad g.

Prop 5.2.9. Let g be a Lie algebra, then

(1) If g is nilpotent, then any Lie subgroup or quotient algebra of g is nilpotent.
(2) 9/Z(g) is nilpotent iff g is nilpotent.

(3) If g is nilpotent and nonzero, then Z(g) # 0.

Proof. (1) Db C Dyg, Di(g/b) = (Drg)/b.
(2) Since (Dyg)/Z(g) = Dr(g/Z(g)) = 0 for some k .
So Dyg C Z(g) and Dy118 = [Drg, 0] C [Z(g), 8] = 0.

(3) Let Dpg =0 and Dy_1g # 0.

Then Dy, = [Dy-19,9] =0, i.e. Dy_19 C Z(g).
O

Def 5.2.4. Let g be a Lie algebra, an element x € g is said to be ad-nilpotent if ad, is a
nilpotent endomorphism.

Prop 5.2.10. Let g be a nilpotent Lie algebra, then element element of g is ad-nilpotent.
Proof. (adyy)" = [z, [z,[- -+ ,[z.y]---]]] € Dusas. 0
Thm 5.2.2 (Engel). g is nilpotent iff every element of g is ad-nilpotent.

Thm 5.2.3. Let g be a Lie subalgebra of gl(V'), if every element of g is a nilpotent operator,
then there exists a nonzero v € V. such that x(v) =0 for all x € g.

Proof. We prove this by induction on dim g.
When dim g = 1, trivial.
Suppose we have proven for dimg =n — 1.
When dim g = n, since xz € g is a nilpotent operator.
So ad, is also nilpotent.
Let h be a maximal subalgebra of g.
Then ad, : g/h — g/b is nilpotent.
Consider {ad, : g/h — g/b|z € h} C gl(g/h), which is a Lie subalgebra with dimension < n.
By induction assumption, there exists y € g/h such that ad,y =0 € g/h for all = € b.
So b and y span a Lie subalgebra b’ of g and dim b’ = dimf + 1.
Therefore ' = g and dimbh = dimg — 1.
Consider W = {v|hv = 0}.
By induction assumption, W is nonzero.
And since for x € h,v € W, zy(v) = yx(v) + [z, y](v) = ady(v) = 0.
So y(v) € W, i.e. y has a 0-eigenvector in W. O

Thm 5.2.4. Let g be a Lie subalgebra of gl(V'), if every element of g is a nilpotent operator,
then there ezists flag (0) = Vo C Vi C --- C V,, =V with dimV; = i such that xV; C V;_1 for
x € g. In other word, there exists a basis of V such that the representative matriz of every x € g
lies in ny, (V).
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Proof. We prove this by induction on dim V.
When dim V' = 1, trivial.
Suppose we have proven for dimV =n — 1.
When dim V' = n, by theorem 5.2.3, there exists v such that z(v) = 0 for every = € g.
Let W =V/{cv|c € F}.
By induction assumption, there exists a flag Wy C W71 C --- C W, _1 such that xW; C W, _.
Take V; = 7~ (W;_1) where 7 : V — W. O

Proof of Engel theorem. ady C gl(g) is a Lie subalgebra.
So adyg C ny(F) under a basis of gl(g).
Hence adg = g/Z(g) is nilpotent. O

Thm 5.2.5 (Lie). Let F be a character zero algebraic closed field, V' be a vector space over F
and g C gl(V') be solvable, then there exists v € V' such that v is an eigenvector for any x € g.

Proof. We prove this by induction on dim g.
When dim g = 1, trivial.
Suppose we have proven for dimg =n — 1.
When dim g = n, g/Dg is abelian and nontrivial.
So there is a ideal h of g with codimensional 1.
By induction assumption, there exists v € V such that v is an eigenvector for any x € §.
Let xv = A(z)v with A(z) € F and W = {w|zw = A(z)w}.
Take z € h,y € g\h and w € W, we want to show zy(w) = \x)y(w).
Since wy(w) = ya(w) + [z, yl(w) = A(@)y(w) + Allz, y)w.
So it suffices to show A([z,y]) = 0.
Let W; = span{w, y(w),...,y" H(w)} and Wy, = W1 = ...
Then for z € b, 2(y'(w)) = yzy* L (w) + [z, 9]y L (w) = M2)y'w (mod W;).
Therefore z preserves each W; and tryy, z = nA(2).
Take z = [z,y] = zy — yz, then try, z = 0.
Hence A\(z) = 0. O

Coro 5.2.1. Let F' be a character zero algebraic closed field, V be a vector space over F and
g C gl(V) be solvable, then g stabilizes certain flag on V. In other words, there exists a basis of
V' such that g C t,(F).

Coro 5.2.2. Let F be a character zero algebraic closed field and g be a solvable Lie algebra over
F, then there exists a chain of ideals (0) = go C g1 C --- C gp = ¢ with dimg; = i.

Proof. Consider g — gl(g) with image ady = g/Z(g) is solvable.
Then the flag on g is stabilized by the adjoint action. O

Coro 5.2.3. Let F' be a character zero algebraic closed field and g be a solvable Lie algebra over
F, if x € Dg, then ad, : g — g nilpotent and so Dg is nilpotent.

Proof. Dt,(F) = ny(F). O
We now let F' be a field with character zero and V' be a vector space on F.
Def 5.2.5. Let g be a Lie subalgebra of gl(V'), then denote By : g x g — F, (x,y) — tr(xy).

Thm 5.2.6. Let g be a Lie subalgebra of gl(V'), then for any i+ j > 0, g is solvable iff
By (D'g, D’g) = 0.

Def 5.2.6. Let I be the algebraic closure of F, then an element x € gl,,(F) is called semisimple
if it is diagonalizable over F.
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Prop 5.2.11. Let z,y € gl(F') be semisimple and xy = yx, then x + y is semisimple.

Prop 5.2.12. Let z € End(V), then

(1) There exist unique xs,x, € EndV such that x = x5 + z, where x5 is semisimple, x, is
nilpotent and xsxy, = Tpxs.

(2) There exists p(T),q(T) € F[T] with constant term 0 such that zs = p(x),x, = q(z). In
particular, xs, x, commute with any endomorphisms of V. commuting with x.

(3) If AC B CV are subspaces, x(B) C A, then x4(B),z,(B) C A

The decomposition x = x5+ x, is called the Jordan-Chevalley decomposition of x and g, xn
are called semisimple part and nilpotent part of x resp.

Proof. We first assume F' is algebraically closed.

Let f(T') = [[(T — a;)™ be the characteristic polynomial of x.

By Jordan decomposition, WLOG, we assume x = diag(Ji,...,Jx) where J; are Jordan
block with eigenvalue \;.

Take polynomial p(T") such that p(T') = a; (mod (T'—a;)™),p(T) =0 (mod T) and ¢(T') =
T —p(T).

Then p(J;) = \il, i.e. p(x) = x5 and g(x) = xy.

We now assume F' is not algebraic closed.

Let x = x5 + 2, be the Jordan decomposition of x in M, (F).

Take a Galois extension K of F' such that x4, z, € M, (K).

Then for o € Gal(K/F), x = o(z) = o(xs) + o ().

And since Jordan decomposition is unique.

So o(xs) = xs,0(xpn) = Tp, i.e. Ts,xy € F. O

Lemma 5.2.1. Let A C B be two subspaces of gl(V) and M = {z € gl(V)|[z,B] C A}, if
x € M and tr(zy) =0 for any y € M, then x is nilpotent.

Lemma 5.2.2. Let x,y,z € End(V), then tr([z,y]z) = tr(z[y, 2]).

Proof of Cartan criterion. <: We first assume ¢ = 0,5 = 1.
Let M = {z € gl(V)|[z,g] C Dg}.
For x = [u,v] € Dg,y € M, tr(zy) = tr(u[v,y]) = By (u, [v,y]) = 0.
By lemma 5.2.1, x is nilpotent.
By Engel theorem, Dg is nilpotent, i.e. g is solvable.
Now for general i < j, By (D*lg, Dig) = 0.
So D’y is solvable, i.e. g is solvable. O

Thm 5.2.7 (Intrinsic version of Cartan criterion). Let B : g x g = F, (z,y) — tr(adzady), g is
solvable iff B(g, Dg) = 0 iff B(D'g, D’g) = 0 with i + j > 0.
We call this B the Killing form of g.

5.3 Semisimple Lie algebra

Def 5.3.1. Given a Lie algebra representation g — gl(V'), a symmetric F-bilinear form 5 :
V x V — Fis called associative if 5(z(v),w) + B(v,z(w)) = 0.

Prop 5.3.1. Let g C gl(V), then By is symmetric, F-bilinear and associative.
Proof. By(adyy, 2) = tr([z,3]2) = —tr(yle, 2]) = — By (y, ady2) a
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Lemma 5.3.1. Let B : gxg — F be associative, I C g be an ideal and I+ = {z € g|B(I,r) = 0}
orthogonal complement of I w.r.t. 3, then I+ is also an ideal.

Proof. Take x € I+ and y, z € g, then B([z,y],2) = B(x, [y, 2]) = 0.
So [z,y] € I+ O

Prop 5.3.2. Let g be a semisimple Lie subalgebra of gl(V'), then By is nondegenerate.

Proof. Since By : g+ x gt — F is zero.
By Cartan criterion, g is solvable.
So g =0, i.e. By is nondegenerate. O

Coro 5.3.1. Let g be a semisimple Lie algebra, then B is nondegenerate.

Thm 5.3.1 (Cartan criterion). Let g be a Lie algebra, then g is semisimple iff B : g x g — F
is nondegenerate.

Proof. <: Let I be an abelian ideal of g.
Then for z € I,y € g, adyady € I, (adzady)? =0, i.e. B(z,y) = 0.
And since B is nondegenerate.
So I =0. O

Lemma 5.3.2. Let I be an ideal of g, then Killing form on g restricts to the Killing form on I.

Proof. Take a basis of I and extend it to a basis of g.

Then for z € I, the representative matrix of ad, is given by [61 ﬁ}

So trg(adyady) = trr(adgady). O

Prop 5.3.3. Let I C g be a semisimple ideal and I be the orthogonal complement of I w.r.t.
By, then g =1® It as vector space.

Proof. By lemma 5.3.1, I is an ideal.
And since By, , = By is nondegenerate.

SoINIt=0,ide g=1@I" as vector space. ]

Prop 5.3.4. Let I,J be two ideals of g, if g = 1 & J as vector space, then g = I x J as Lie
algebra.

Proof. Forx € I,y € J, [z,yl e INJ =0. O

Thm 5.3.2. Let g be a semisimple Lie algebra, then g has finitely many minimal nonzero ideals,
let I, ..., I be all minimal nonzero ideals of g, then

(1) I,..., I, are simple ideals.
(2)g=5L& - ®IL and g =1y X -+ x I.
(3) Any nonzero ideal of g is equal to direct sum of certain I; so it is semisimple.

(4) Any quotient of g be an ideal is still semisimple.

Proof. (1) By definition.
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(2) By induction, there is a decomposition g = Iy @ - - - @ I; where I3, ..., I; are minimal ideals.
Let I be another minimal ideal.
Then [I,g] C I and [I, g] # 0 otherwise Z(g) # 0.
Sol=[l,g|=[,L]® ---@®[I,I}] and [I,I;] C INI,.

Hence I = I;, i.e. I1,...,I; are all the minimal ideals.

(3) Take an ideal I of g.
Then g=1® I+
So I; = [I;, 9] = [I;, 1] ® [I;, ['Y], ice. [I;, 1] = I; or [I;, '] = I.
Hence I; ¢ I or I; c I+.

4) o/I =1l L
O

Def 5.3.2. A representation of Lie algebra g is a Lie algebraic morphism g — gl(V'). We also
call V' a left g-module, which satisfies

(1) (az +by)v = a(zv) + b(yv).
(2) z(av + bw) = a(zv) + b(zw).
(3) [$’ ?/]U = TYv — YIv.

For two representations V, W of g, a morphism ¢ : V' — W is a morphism of left g-module.
An irreducible representation of g is a nonzero left g-module without nonzero proper submodule.

Thm 5.3.3 (Weyl). Let g be a semisimple Lie algebra, any nonzero representation of g is a
direct sum of irreducible submodules.

Prop 5.3.5. Let g be a semisimple Lie subalgebra of gl(V'), then for every x € g, the semisimple
part and nilpotent part of x in gl(V') also lie in g.

Def 5.3.3. Consider the Jordan decomposition x = s+n in gl(g), then s,n € g so we call such
x = s + n the abstract Jordan decomposition of x in g.

Thm 5.3.4. Let g be a semisimple Lie algebra and x = s+n be the abstract Jordan decomposition
of © € g, then for any Lie algebra representation p : g — gl(V'), the decomposition p(x) =
p(s) + p(n) is the Jordan decomposition of p(z) in gl(V').

Proof. We first assume p is faithful.

Then by proposition 5.3.5, there exists © = s’ + n’ such that p(z) = p(s’) + p(n’) is Jordan
decomposition and so ady is semisimple and ad,, is nilpotent.

Therefore ad, = ady + ad, is the Jordan decomposition of ad, € gl(g).

Hence s’ = s,n' = n.

Now for general p, consider p @ ad : g — gl(V @ g).

Then (p @ ad)(z) = (p @ ad)(s) + (p ® ad)(n) is the Jordan decomposition.

So p(x) = p(s) + p(n) is the Jordan decomposition. O

Def 5.3.4. Let g be a semisimple Lie algebra and = € g, then z is called semisimple element if
x equals its semisimple part and x is called nilpotent element if x equals its nilpotent part.

We now assume F' is algebraically closed field with character zero.

Lemma 5.3.3. Let g be a semisimple Lie algebra and h C g, if any element x € b is a
semisimple element in g, then b is abelian.
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Proof. Let x € b, suppose [z, y] = cy for some y € h with ¢ # 0.
Then ad,z = —cy and (ad,)z = 0.
So ady : (z,y) = (x,y) is not semisimple.
Hence ad, : g — g is not semisimple, contradiction! O

Def 5.3.5. Let g be a semisimple Lie algebra, a Cartan subalgebra b is a maximal subalgebra
consisting of only semisimple elements.

Prop 5.3.6. Notice that {ad;|z € b} can be diagonalized simultaneously, take basis (vi,...,vy)
of g such that ad;(v;) = \j(x)v;. For \: b — F, denote g* = {v|ad,(v) = A(x)v}. Then

g=EP " b g # 0} = {0 )

Aeh*

Proof. Let A € h* such that g* # (0) and v = 3 a;v; € g*.
Then A(z)v = ady(v) = > aAi(x)v;.
So a;(Ai(x) — A(x)) =0 for all x € g.
Hence A € {\1,...,\,} and g* = span{v;|\; = A}. O

Def 5.3.6. Let g be a semisimple Lie algebra and h C g be a Cartan subalgebra, denote by
R={\€bh*|\#0,g* # (0)}, then the Cartan decomposition is

g=g'® (EB 9A>
AER

Prop 5.3.7. Take a, 8 € b*,
(1) [g*,0°] C g**7.
(2) If x € g%, then ad, : g — g is nilpotent.
(3) If o+ B # 0, then By(g?®,¢°) = 0.
Proof. (1) Take z € g%,y € g® and z € b.
Then ad.([z,y]) = [z, [z,y]] = [z, [z, y]] + [[2, 2], y] = B(2) [z, y] + a(2)[z, y].

(2) R is a finite set.
Then (ad,)*g? C gh*t? = 0 for sufficiently large k.

(3) For = € g%y € ¢° and v € R, ad,ad,g" C g7+ HF £ ¢7.
So Bg(go‘,gﬁ) =0.

O
Prop 5.3.8. Let b be a Cartan subalgebra, h = g°.
Prop 5.3.9. For a € b*, By : g® x g=% — F' is nondegenerate. In particular, R = —R.
Proof. For z € g%, Bg(:c,gﬁ) =0 for all 5 # —a.
So Bg(z,g7*) # 0. O

Prop 5.3.10. h* = spanp(R).

Proof. Suppose there exists x € b such that a(z) = 0 for all R.
Then ad,(v) = a(z)v =0 for all v € g*.
So [z,g] = 0, contradiction! O
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Def 5.3.7. For X € b*, let t\ € h be the unique element such that A = B(ty,-).

Prop 5.3.11. Take a € R,

(1) Forx € g®yeg™®, [z,y] = B(x,y)ta

(2) (9%, 97 = Fta.

(3) a(ta) = B(ta;ta) # 0.

Proof. (1) For = € b, B(z, [1,y]) = B([#2],y) = B(a(=)z,y) = B(tx, 2) Bz, ).
So B(ha [xvy] - B(ﬂ?,y)t)\) =0.

(2) Since B : g® x g~* — F' is nondegenerate.
So by (1), [g%, 8~ %] = Fta.

(3) Suppose a(ty) =0, take x € g%,y € g~ such that B(z,y) = 1.
Then [z,y] = ta, [ta, z] = a(ty)x = 0 and [t,,y] = 0.
Consider S = span{x,y,t,}, which is a solvable subalgebra of g.
By Lie theorem, adg C gl(g) consists of upper triangular matrices under some basis of g.
So ady, : g — g is nilpotent.

But t, € b is semisimple, contradiction!
O

Prop 5.3.12. Take o € h*,x € g°, there exists y € g~% such that span{z,y, [z,y]} = slao(F)

with
e [0 0T s L0
oo’ 71 o ™Yo 1
2ta

In particular, [x,y] = Bltata) "

Proof. Take y € g~ such that B(x,y) = m.
Then [2,y] = B(z,y)ta = gy (2, [2,9]] = pragyolta)s = 22, [y, [o,y]] = —2y.
So span{x,y, [‘T’y]}gs[Z(F) O

Def 5.3.8. Fro a € R, we denote h, = and we call such (z,y, hy) an sly triple.

73(%,%)

5.4 Representation theory of sly(F)

Def 5.4.1. Let g = sh(F),z = [§{],y = [99],h = [§ %] and V be a representation of g.
Notice that h : V' — V is semisimple, V = ®A6F Vi with V) = {v € V|hv = \v}. If V) # 0, we
call A a weight of h in V' and call V) a weight space.

Lemma 5.4.1. Let v € V), then xv € Vyya,yv € V)_o.
Proof. hxv = [h,x|v + xhv = 2zv + Azv = (A + 2)zv. O

Def 5.4.2. Let A € F such that V)(0) and v € V), if zv = 0, then we call v a maximal vector
of weight \.

Lemma 5.4.2. Let vy € V) be a mazximal vector, take v; = %yivo, then

hv; = ()\ — 27;)1}1', Yv; = (Z + 1)vi+1, TV; = ()\ — 14+ 1)2}2'_1.
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Proof. Since v; € Vy_og;.
So hv; = (A — 2i)vs, yv; = (i + 1)v;41 and
1 1
TU; = giﬂyviq = 2([$,y]vi71 + yxvi_1)

1
= — (hvji—1 + (A — i + 2)yv;_2)

=-((A=2i4+2)vi.1+ (AN —i+2)(i — 1)vi—1)

Thm 5.4.1. Let V be an irreducible sla(F')-module, then
(1) V=V, withp=m,m-—2,...,2—m,—m where m+1=dimV and dimV,, = 1.
(2) V has a unique mazximal vector up to scalar, where weight is m called highest weight of V

(8) There ezists exactly one irreducible sly(F')-module up to isomorphism for each dimension
m + 1.

Proof. Take a maximal vector vg € V) and m such that v, # 0 and v,+1 = 0.
Then zv,41 = (A — m)vy,, i.e. X =m is an integer.
And span{vy, ..., v} C V is an sly(F')-submodule, i.e. V' = span{vg,..., vy}
This proves (1)(2).
For (3), the uniqueness follows from the lemma.
And for existence, consider sly(F) = s, 11 (F) with

[0 m i 0
0 m-—1 1
h+— ) , T y Y=

N O

O]

Coro 5.4.1. Let V' be any sla(F')-module, then the eigenvalue of by : V. — V are all integers and
multiplicities of n and —n equal.

Coro 5.4.2. Let V be any sly(F)-module, then in any decomposition of V into direct sum of
irreducible sla(F)-module, the number of summands is dim V + dim V3.

Prop 5.4.1. Let g be a Lie algebra and V be a g-module, TFAE:

(1) V is completely reducible.

(2) V is the sum of irreducible submodules.

(3) For all submodule W C V', there exists submodule W' of V, such that V=W & W".

Proof. (1) = (2) and (3) = (1) are trivial.
(2) = (3): Suppose k is the maximal number where there exists irreducible submodule
Wi,...,Wisuchthat W W1 ®---pW, CV.
EWeW, &---¢ Wy =V, we are done.
Otherwise, take irreducible submodule U of V such that U ¢ W & Wy @ - - - @ W,
SoUN(WaeW, @& W) =0.
Hence W W1 ®--- & W, @ U C V, contradict with the maximality of k. O
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Prop 5.4.2. Take o € R,
(1) dimg® = 1.
(2) RN Fa={+a}

Proof. Let My =) . 9°, 2 € g” and y € g~ such that [z,y] = hq.
Consider S = span{z,y, hq}.
Then g is a S-module and M,, is an S-submodule of g.
For x € g°, [ha, x] = 2cz.
So 2c is weight for elements in g°“ w.r.t. hq, i.e. c € %Z if g° £ 0.
For any z € ker(a) C h and x € g%, [z,2] = a(z)r =0, [2,y] =0, [z, ha] = 0.
Therefore the adjoint action of S on ker(a) is zero.
Notice that ker(a)) and S are S-submodules of M, which gives all weight 0 in M,,.
Thus the only even weights occuring in M, are 0,+£2, i.e. 2« is not in R.
Moreover, %a is not in R, i.e. 1 cannot appear as a weight for hq.
Hence M, = ker(a) & S. O

Def 5.4.3. Let g be a semisimple Lie algebra and h C g be a Cartan algebra, then o € R is
called the root in h*.

Prop 5.4.3. Take o, 8 € R,

(1) B(ha) € Z and B — B(ha)a € R.

(2) If B # +a, let r,q be largest integers for which  —ra, 5+ qa are roots, then all f+ia € R
for —r <i < q and B(he) =7 —q

(8) g is generated by g as Lie algebra.
Proof. (1) If 8 = +a, then S(hy) = £2 and S — B(ho)a = -8 € R.
Now assume ( ¢ Fa, consider K =) ghtie,

Then K is an S,-module and the weight for elements of g?+*® w.r.t. hq is B(ha) + 2i.
So B8 — Blha)a € R and B(ha) € Z

(2) There exists r, ¢ such that 8 + ia with —r < ¢ < ¢ are all roots of this form.
So B(ha) — 21, B(ha) + 2q are the lowest and highest weights.
Hence (B(ha) —27) + (B(ha) +2¢q) =0, d.e. B(hy) =17 —4q.

(3) (g%, 9 % = Fhy = Ft,.
And since R generates bh*.

So {ta} generates b.

Def 5.4.4. For A\, 1 € h*, we define (A, ) = B(tx, tu) = A(ty).
Prop 5.4.4. (1) Eg = spangR is a Q-structure of h*, i.e. (spangR) ®q F' = h*.

(2) (-,-) : Eg x Eg — Q C F is positive definite.
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Proof. (1) Since spanpR = b*, we only need to prove dimg spang R = dim b*.
Take a subset {aq,...,o;} C R which is an F-basis for h*.
We only need to show for § = c;a; € R, ¢; € Q.
Since (8, o) =Y ¢i(ay, o) and [(o, a5))i,; is nondegenerate.
2(8y05) _ N 2(ein0y)
50 Tagan = & Taya)

And notice that for a, 8 € R 2((5’56)) = ;?t(;fg) = a(hg) € Z.

¢; has nontrivial solution.

Hence ¢; € Q.

(2) For z,y € b,z € g%, adyadyz = a(x)a(y)=z.
So B(xz,y) = tr(adzady) = Y cpa(z)a(y).
For A, peb®, (A p) = X altr)alty) = d2(a, A)a, p).
Therefore for 8 € R, (8,8) = >_(a, B)?, i.e. (5%5) =5 Egg;; € Q.
Hence (o, 8) € Q, ice. (M, A) =S (o, A)2 > 0 for any v € h*.

O]

Thm 5.4.2. Let g be a semisimple Lie algebra and b be a Cartan subalgebra, then (g,h) gives
a pair (R, Eg) with positive definite bilinear map Eg x Eg — Q such that

(1) spang R = Eg ®q R.
(2) Ran R ={ta}.

(3) If a,B € R, then B — 284 ¢ R.

(a)

(4) For any «, f3, Q(Sff)) eZ.

5.5 Root system and Dynkin diagram

We now let F' be a character zero field.

Def 5.5.1. Let V be a vector space, a reflection of V' with vector a # 0 is an involution V- — V'
sending o to —a and fixing a hyperplane, which is the kernel of oV : V' — F and oV (a) = 2.
We denote the reflection by sq v : V = V,z = 2 — oV (z)a.

Lemma 5.5.1. Let R be a finite set spanning V', for any o € V, there exists at most one
reflection s with vector «, such that s(R) C R.

Proof. Suppose there are two such reflections s, s, let t = ss’.
Then t acts as identity on Fa and V/Fa.
So (t—1)V C Fa and (t — 1)V = 0.
And since R is finite.
Therefore there exists m € Z™ such that t™ : R — R is identity.
Hence t™ — 1 =0, i.e. t is identity. O

Def 5.5.2. A subset R of V/F is called a root system if
(1) R is finite, 0 ¢ R and spanpR = V.
(2) For all a € R, there exists unique a¥ : V — F' such that o¥(«) = 2 and s, 4v(R) C R.

(3) For all a, 8 € R, s4(8) — B is an integral multiple of .
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We call a root, o coroots and dim V' rank of R. Moreover, (V, R) is called reduced if for
every a« € R, RN Fa = {+a}.

Exam 5.5.1. Consider g = sl,11(F) and b consisting of all diagonal matrices in g.

Then by is a Cartan subalgebra.

Let €' € b* such that e'(A) = aj;.

So R={ay; =€ —eli # j} and ha,, = e — €5

Therefore sqa,; : h* — b*, 2 = & — x(ha,; )i exchanging the i, j-th coordinates.

Hence (b*, R) is a reduced root system, called of type Ay.
Def 5.5.3. The automorphism group of root system R is A(R) = {g € GL(V)|g(R) = R} and
the Weyl group of R is W(R) = (sq.av|e € R).

Lemma 5.5.2. Let (V, R) be a root system and (:|-) : V. xV — F be a nondegenerate symmetric

bilinear form invariant under W(R), then any o € R satisfies (a|a) # 0 and oV = (éﬁx) )

Proof. Take o € R and z € ker V.
Then so(a) = —a, s4(7) =z — aV(2)a = x.
So (a]z) = (—alz) = 0.
And since the reflection x — x — 2((5;5))04 fixes ker(a|-) = ker @ and maps a to —a.

2(alr) 2.1, O

Hence z — 755 o = sa(), i.e. aV = <(a|a)
Prop 5.5.1. Let g be a semisimple Lie algebra and b be a Cartan subalgebra, then (-,-) is

invariant under W (R).

Proof. Take a € R and A\, pu € b*, s4(A) = XA — A(hq)a and so

(Sa(A)v Sa(#)) - ()‘7 :u) = ()‘ - )‘(ha)a7 = :U’(ha)a) - ()‘a M)
= _)‘(hoz)(av :u) - :U’(ha)()‘7 a) + A(ha):u(ha)(a7 a)
= —A(ha)p(ta) — plha) A(ta) + 2A(ha)p(ta) = 0

O]

Lemma 5.5.3. Let F' be an extension of F and (V, R) be a root system over F, then (Vg:, R)
is a root system over F’.

Prop 5.5.2. Let (V, R) be a root system and Vg = spangR C V, then

(1) Vi is a Q-structure on V

(2) R C Vg is a root system over Q.

Now we only consider real root systems, and assume (+|-) is a W (R)-invariant inner product.

Def 5.5.4. (8,a) = 228 — v (3).

(ale)

Lemma 5.5.4. Take o, 5 € R and 0 € A(R),

(1) JSaa'fl = So(a)-
(2) (B,) = (a(B),0(a)).

Proof. (1) osqo () =0 (07 (z) — ¥ (07 (2))a) =z — (0(a))¥(z)o(a).
The last equality holds since ¥ (0~ (o(a))) = 2 and V(07 1(R)) = R.
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(2) By (1), (8,a) = a¥(B) = (00)"(0B) = (¢(B), 0(a))-

Coro 5.5.1. W(R) is a normal subgroup of A(R).

Prop 5.5.3. RV = {aV|a € R} C V* is also a root system, with sov(A) = X — AMa)aV.
We call (V*, RY) the dual root system of R.

Remark 5.5.1. Consider R’ = {%

isomorphic to (V*, RY) via z <> (z|).

o€ R} C V, then (V, R') is also a root system and it is

Def 5.5.5. Let (V, R) be a reduced root system, for «, 5 € R, write 6(a, 8) € [0, 7] such that
(a|B)

g— (B
OBV = el (515)

Prop 5.5.4. For any o, € R, 0(«, ) € {0, A 35 %”, %T”, %,W}.

Proof. 4cos’ = (o, B)(B,a) € Z.
When 4 cos? 0 = 4, = +a.
When 4cos? =0, 0 = Z and (a|B) = (o, 8) = (B,a) = 0.
When 4cos?0 =1, 0 =% or 2, (a|a) = (B|8) and (o, B) = (8, a) = +1.

[N E RGN ETN

When 4cos? =2, 0 =% or 2T, égii; =2or 3 and {(a, 8), (B, a)} = £{1,2}.
When 4cos?0 =3,0 =T or %ﬂ, égiig =3or % and {(\, B), (B,a)} = +{1,3}. O

Lemma 5.5.5. Let o, 5 € R with § ¢ Fa, if («|B8) > 0, then a — B € R; if (a|B) < 0, then
a+fpeR.

Proof. If («|8) > 0, then one of (o, 8), (B, a) is 1.

WLOG, assume (8, «a) = 1.

So sa(B) =B —a'(Bla= B —«a. O
Prop 5.5.5. Let a, f € R with 5 ¢ Fa and r,q be the largest integers such that f—ra, f+qo €
R, then all B+ ia € R for —r < i< q and (B,a) =7 —q.

Proof. Suppose f+pa € R+ (p+1)a¢ R,f+(s—1)a¢ R,f+sa€ Rand —i < p< s <.
Then (a, B + pa) > 0, («, 5 + sa) < 0.
So (a|B + pa) = 0 = (a|B + sa), contradiction!
And since s, (8 +ia) = B +ia — oV (B +ia)a = B —ia — (B, a)a.
So g+ (B,a) =7, i.e. (B,a) =r—q. O

Coro 5.5.2. FEach string 8 —ra, ..., 3 + qa has at most 4 vectors.

Def 5.5.6. Let (V, R) be a root system, a subset A C R is called a base if

(1) Ais a basis of V

(2) Each 3 € R can be written as 3 = ) - kqo such that all k, > 0 or all k, < 0.

Fix a base, @ € A is called simple root and ) k,, is called the height of /3, denoted by ht(S).
If all k, > 0, then we call 3 positive, denoted by 3 > 0 and let RT = {8 € R|S8 > 0} (and
similar for k, < 0 case). Moreover, for \,u € V, we say A < g if p — A > 0.

Lemma 5.5.6. If A is a base, then («|f) <0 for all « # 5 in A and o — 3 is not a root.

Def 5.5.7. For v € V, define R*(v) = {a € R|a¥(y) > 0}. We call v regular if v ¢ [Jker o¥
and call v singular otherwise. a € RT(y) is called decomposable if « = 1 + B2 for some
b1, B2 € RT () and « is called indecomposable otherwise.
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Thm 5.5.1. Let v € V be regular, then the set A(vy) of all indecomposable roots in RT () is a
base of R and every base of R is obtainable in this way.

Proof. Suppose o € RT(7) is not a N-combination of A(y) and (y|a) is minimal.
Then o = 1 + B2 for some 31,82 € RT (7).
So (v]B:i) < (v|er) and f1, B2 are not N-combinations of A(7y), contradiction!
For o # 3 € A(y), suppose («|3) > 0.
Then a— 3,8 — a € R.
WLOG, assume a — 3 € R*(y), then o = (a — ) + 3, contradiction!
Suppose Y sqa =y tgf with sq,t3 > 0.
Then (3 saa|> t38) = satg(e|B) < 0.
So Y sqa=> tgf =0, ie 0= (> sqaly) =D sa(aly).
Thus s, = tg = 0, contradiction!
Hence A(7) is a base. O

Def 5.5.8. The connected components of V\ | Jker o are called Weyl chambers. Each regular
~v € V belongs to a unique Weyl chamber denoted by C(7).

Prop 5.5.6. The Weyl chambers and the bases have a one-to-one correspondence C(7y) <> A(7).

Proof. Suppose 7, € V are regular with A(y) = A(v/).
Then R*(v) = R*(y') and R™(y) = R~ (v).
So (v|a) and (7/|«) have same sign for any o € R.
Hence v,~' are in one Weyl chamber. O

Def 5.5.9. For A = A(7), we also write ¢(A) = ¢(7), called the fundamental Weyl chamber
relative to A. Explicitly,

C(A) ={y € V](y]a) >0 for all « € A}

Prop 5.5.7. Let v € V be regular and o € W(R), then aC(vy) = C(a(v)),cA(7y) = A(a(y)).

Proof. Since o(Cr) is a connected component of V\ | Jker ¥ and oy € oC(7).
So oC(y) = C(a(7)).
On the other hand, for a € R*(v), (o(7)|o(a)) = (7]a) > 0, i.e. o(a) € R (a(y)).
Hence o(R*(y)) = R*(0(v)) and 0A(7) = A(o(y)). 0

Lemma 5.5.7. Let o € A, then s, permutes RT\{a}.

Proof. Let =3 k,y with k, € N.
Then there exists v # « such that k, > 0.
So sa(B) = B — a¥(B)a whose coefficient of 7 is still k, > 0, i.e. so(8) € RT. O

Coro 5.5.3. Let 0 = %Zﬁe}w B, then for all « € A, s4(6) =9 — a.

Lemma 5.5.8. Let aq,...,04 € A and write 0, = sq,, if 01---01—1(cn) € R™, then there exists
1<s<tsuchthatoy -0y =01 0s—10s41...0¢1—1.

Proof. Since o1 ---01—1(cy) < 0 and oy > 0.
So there exists s < ¢ such that o, ---0y—1(a) < 0 and o541 -+ op—1(a) > 0.
By lemma, o441 0p—1() = .
Hence 05 = 54, .or_y(ar) = (Ost1 - 00-1)04(0sq1 - 0p1) . O

Coro 5.5.4. If 0 = 01...0 € W(R) with 0, = Sa, reflection in simple roots a; and t achieve
minimum, then o(a;) < 0.

Thm 5.5.2. Let (V, R) be a reduced root system and A be a base, then
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(1) The action of W(R) on the sets of chambers and bases are compatible and transitive.
(2) For o € R, there exists 0 € W(R) such that o(a) € A.
(3) W(R) = (sala € A)
(4) If o(A) = A with o € W(R), then o = 1.
Proof. Let W' = (so]a € A).
We first show (1)(2) for W'.
(1) Let 6 = 3> ,-0a and take o € W’ such that (o(7)|§) is maximal.
Then for every a € A, (0(1)[6) > (5a0()I8) = (0(Mlsa(8)) = (#(]5 — a).
So (a(y)|a) =0, i.e. o) € C(A).
Hence o maps C(7) to C(A) and maps A(y) to A.

(2) By (1), we only need to find a base of R containing a.
Take v € ker o but v ¢ ker 8V for any 8 # « € A.
Then there is some «/ near v such that (7'|a) = ¢ > 0 and |(7/|5)] > €.
So a € R ().
And suppose a = 31 + 2 with S1, B2 € RT(¥').
Then 0 < (Bi|y) < (a|vy), contradiction!
Hence o € A(77).

(3) For B € R, there exists 0 € W’ such that « € o(3) € A.
S0 Sa = Sg(8) = 0550_1, i.e. sg= o lsq0 € W,
Hence W(R) = W'.

(4) By (3), 0 =01 ...0¢ with 0; = 54, and o; € A.

Assume t is minimal, then a; = o(ay) < 0, contradiction!

O]

Def 5.5.10. Fix a base A, write 0 € W(R) as o1 --- 0y with 0; = So,, a; € A and ¢ minimal,
then this expression is called reduced and [(o) = t.

Def 5.5.11. Define n(o) to be the number of positive roots « for which o(a) < 0.
Lemma 5.5.9. Let 0 € W(R), then l(c) = n(o).

Proof. We prove this by induction on (o).
When [(0) =0, 0 =1Id and n(c) = 0.
Now assume we have proven for I(o) =¢ — 1.
When [(0) =t, let 0 = 07 - - - 04 be reduced.
Then n(oy---0p—1) =t — 1.
And since for a > 0 and a # ay, o¢(a) >
Sooy---op(a) <0iff oq--- 04— 1( +(
Hence n(o) =n(oy---o—1) + 1=t

—_

) < O and o(ay) < 0.
l(o). O

Lemma 5.5.10. Let A\, € C(A), suppose o € W(R) such that o(\) = u, then A = p and
o =01 0¢ with 0; = Sa,, ; € A and X € ker o).
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Proof. Let 0 = o1 - - - 04 be reduced.
Then o(ay) < 0 and so 0 < (A|ay) = (u|o(ay)) < 0.
Therefore \Y(\) = 2((5';‘)) —=0.

Hence o4(A) = A and g = A1... \—1(\), the proof is done by induction. O

Def 5.5.12. Let (V, R) be a root system, if there exists V1, Vo C V such that V =V} @ V5 and
R C V1UVs, then (V1, Vi1NR) and (Va, VaN R) are root systems, denote Ry = ViNR, Ry = VoaNR
and we say (V, R) = (V1, R1) ® (Va, R2) is the direct sum of (Vi, Ry), (Va, Ra).

If (V,R) = (Vi,R1) @ (Va, Ra), then we say (V, R) is reducible, otherwise it is irreducible.

Lemma 5.5.11. R is irreducible iff A cannot be decomposed as A = Ay L Ay such that
(A1,A9) =0.

Proof. If R is reducible, let R = Ry LI Re, V1 = spanR; and V5 = spanRs.
Then <R1, Rs) = 0.
Take A1 = ANRy,Ay=ANRs.
So A=A UAy and <A1,A2> =0.
Conversely, let R; be the set of roots that are W-conjugate to certain root in A,.
Then R = Ry U Rs.
For o, B € R such that (o, 8) =0, 54(8) = B, i.e. 5053 = 585q.
So we can write 0 € W(R) as 0 = Sqa, =+ Sa, 58, -+ - g, With oy € A1, 85 € Ag.
Therefore for a € Ay, () = 54, -+ - 5a, € spanAy, i.e. Ry C spand;.
Hence Ry N Ry = @ and (Ry, Re) = 0. O

Lemma 5.5.12. Let R be a irreducible root system and A be a base, then there exists a unique
root 8 > 0 with ht(5) mazximal, moreover

(1) For a € A, (Blar) = 0, in other words, f € C(A).
(2) B="> kaa with all ko > 0.
(3) Fora € R, a < 3.

Such 8 is called the highest root.

(1) Suppose (B|a) < 0 for some o € A.
Then a+ 8 € R and ht(a + 8) = ht(5) + 1 > ht(f), contradiction!
(2) Let 8 => koo, A1 ={a € Alkq > 0} and Ay = {a € Alky = 0},
Then there exists aw € Ay such that («, Aj) # 0, otherwise R is reducible.
So (a|B) < 0, contradiction!
(3) If @ > 3, then ht(a) = ht(8) + ht(a — 3) > ht(3).
So  is maximal relative to <.
Suppose there is another 8’ that is maximal relative to <.
Then we can also prove (1) for ', let 5/ =Y kL a with &/, > 0.

Therefore (8]8) = >_ kL (B|a) > 0.
Hence 8 — 8 € R, i.e. 3> 3 or 3 > [3, contradiction!

Prop 5.5.8. An irreducible root system has one or two root length.
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Proof. Let a € R and Vi = spanW (R)a.
Then V is stable under W (R).
Since R is irreducible.
So Vi =V, ie for o, € R, there exists o € W(R) such that (o(«)|8) #0
la) _
Therefore (g|g) ={1,2,3,3,%
Hence there are at most two root lengths. O
Def 5.5.13. If (V, R) has two lengths, we say they are long root and short root. If (V, R) has
only one length, then they are all called long.

Prop 5.5.9. Highest root is long.

Proof. Let 8 be the highest root and « € R.

WLOG, we assume « € C(A).

Sof—a>0and (v|f—«a) >0 for all y € C(A).

Hence (8| —a) 2 0 and (a8 — ) >0, i.e. (B|B) = (o]B) = (o]a) O
Prop 5.5.10. Let (V,R) be an irreducible root system with two root lengths and A be a base,

then among all short roots, there exists a unique maximal one 3, called the highest short root.

Moreover, (Bla) =2 0 for a € A and B =) koo with ko > 0.

Prop 5.5.11. Let (V, R) be a root system and A be a base, if A = Ay LAy with (A1, Ag) = (0),
then A; is a base for (Vi, R;) with V; = spangA; and R; = W(R)A,.

Prop 5.5.12. Let R be an irreducible root system, then roots with same length form a W (R)-
orbit.

Proof. Let ||a| = ||5]] and WLOG, assume « is not orthogonal to .
Then 0(«, 8) € {O7 %7[', %71’,7‘(‘}.
If f(« 6)—Oor7r then 8 = a or 8 = s4(a).
If 0(a, B) = i, then sgsass(a) = sgsa(a — B) = sg(—a — B+ a) = 5.
If O(c, B) = 57, then susp(a) = sa(a+ ) = —a+ [ +a=p. O

Def 5.5.14. Let A = {aq,...,a;} be a base of (V, R), then the matrix ((«;, ;)) is called the
Cartan matrix of R.

Prop 5.5.13. Given (V,R,A) and (V',R,A") with A = {on,...,aq;}, A" = {o},.... o}, if
(ag, a5) = (o, oz]> foralli, j, then the bijection A — A, a; — o extends to a linear isomorphism

¢:V = V' such that ¢(R) = R'.

Proof. sy(a)(¢(8)) = #(B) — (9(B), p(a))d(a) = ¢(B) — (B, a)d(a) = ¢(sa(B)).
So W(R) — W(R'), o + ¢o¢~! is a well-defined group isomorphism.
Moreover, for § € R, there exists o € W(R) such that § = o(«) with a € A.
Hence 6(8) = ¢o6~(6(a)) € R, =

Def 5.5.15. The Coxeter graph of R w.r.t. A consisting of [ vertices such that vertices ¢ and j
are connected by (o, a;)(a;, ;) undirected edges. And Dynkin diagram is the Coxeter graph
with direction from large norm to small norm.

Exam 5.5.2. Dynkin diagrams:
Al.' o oo
Ci(1 2 3): oo eo—oxe

Di(l = 4): oo 4{

FEg: o—o—I—o—c, FEr: H—I—0—0—07 FEg: o—o—I—o—H—o

Fy: o—exe e, Gy: e
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Def 5.5.16. Define a matrix Sa, called Schlafli matrix, whose diagonal elements are 2 and

Ho(éalllﬁj )H then Sa is real symmetric matrix.
l

(i, j)-item is —y/ (e, o) (aj, i) =

Remark 5.5.2. Sa is the intersection matrix for 2(-|-) w.r.t. { |°‘

lai]

} and so Sa is positive definite.

Lemma 5.5.13. Let S be a real symmetric matriz with s; > 0,s;5 < 0 for i # j, suppose S
is positive definite, then by replacing s;j = sj; by certain s’ € (n;j,0], the resulting matriz S’ is
still positive definite.

Prop 5.5.14. Let G be a connected graph such that there are at most three edges between each
pair of points and Sg be the associated matriz, suppose there exists A = (A1,...,A;) > 0 such
that SgA = 0, then for any p € RY, uT'Sqp > 0 and the equality holds iff ;1 € R.

In other words, Sg is semi positive definite with rank [l — 1.

Exam 5.5.3. FExtended Dynkin graphs:

1 1 1 1
1
31(123) ———e——9
2 2 2 2 V2
1
él>2 O:>:0—H H—.:ct:.

e

Prop 5.5.15. For graphs in example 5.5.2, Sq is positive definite.
For graphs in example 5.5.3, Sq is semi-positive definite with r(Sqg) = |G| — 1.

Thm 5.5.3. A connected graph G with Sg positive definite must belong to example 5.5.2

Thm 5.5.4. Let (V,R) be a reduced irreducible root system over R and A be a base, then its
Dynkin diagram belongs to example 5.5.2.

Exam 5.5.4. Explicit description of root systems of type A to G:
V={> Avil> X\ =0}, R = {v; —vj|i #j},A = (v1 —va,...,v — v41), highest root
is v1 — vj41 and W(R) = Si41.
Bi(l >2): V=R R = {+v,+v; £ vj},A = (v1 — va,...,v_1 — v;,v;), highest root is
vy + ve, highest short root vi and W (R) = S; x (Z./27)".
Ci(l = 3): V =RLR = {£2v;, +v; £vj},A = (v1 — va,...,v_1 — v, 2v;), highest root is
2u1, highest short root vi +vo and W(R) = S x (Z/27)".
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Di(l >4): V=R,R={+uv £ vih, A = (v1 —va,...,u_1 — v, v—1 + V), highest root is
vy + vy and W(R) = S x (Z/2Z) 1.
Eg: V =R8,

R = {£v; £ v;} U {; Z(_l)ewi

56{0,1},2|Zz—:1},

1
A= <2(U1+U8_U2"‘_U7)7U1+U2>U1_'U2a---av7_'08>

and the highest root is vy + vsg.
Fy: V =R4,

1
R={a=) kulk € 5 2ok —kj € Z, (ala) =1, (ala) =1 or 2},

1
A= (Uz — U3, V3 — V4, V4, 5(01 — Vg — U3 — V4)

and the highest root is v1 — vs.
Go: V= (Ul + vg + ’U3)J‘ C Rg,

R={a= Zkﬂ)ﬁk‘z €Z,(ala) =2 or 6},

A = (v1 — v, —2v1 + v2 + v3)
and the highest root is 2vs — vy — va.

Prop 5.5.16. W(R) is normal in A(R) and A(R)/W(R) =T = {r € A(R)|T(A) = A}, which

is the group of automorphisms of Dynkin diagrams.
We now assume F' is an algebraically closed field with character zero.
Def 5.5.17. A Lie algebra g is called reductive if Rad(g) = Z(g).

Prop 5.5.17. Let g be a Lie algebra, TFAE:

(1) g is reductive
(2) ad : g — gl(g) is completely reducible (semisimple)
(8) 9= I x b with I abelian and b semisimple.

Proof. (3) = (1): Rad(I x h) = Rad(l) x Rad(h) = I = Z(g).
(1) = (2): Since Z(g) is the kernel of ad.
So ad factor through g/Z(g) — gl(g) and g/Z(g) is semisimple.
By Weyl theorem, g is completely reducible as g/Z(g)-module.
(2) = (3): Let g = € I; be a complete decomposition as g-module.
Then each I; is an minimal ideal.
And since ideal of I; is still ideal of g.
So dim I; = 1 or I; is simple.
Hence g is isomorphic to a product of simple Lie algebras and an abelian one. O

Prop 5.5.18. Let g be a Lie subalgebra of gl(V'), suppose V' is irreducible as g-module, then g
is reductive with dim Z(g) < 1. Moreover, if g C sl(V'), then g is semisimple.
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Proof. Let S = Rad(g).

Similar to the proof of Lie theorem, there is a basis (v1,...,v,) of V such that s € S are
upper-triangular matrices with all diagonal elements equal to A(s) under this basis.

And since for s € [S, g], tr(s) = 0.

So for s € S and = € g, s(x(v)) = A([s, z])v + A(s)z(v) = A(s)z(v).

Hence S = Z(g), i.e. g is reductive and dim S < 1.

Moreover, if g C sl(V), then \(s) =0 for s € S, i.e. S =0. O

Prop 5.5.19. For g = sl,(F),50,(F),sps, (F), the corresponding g — gl(V') is irreducible.
Moreover, they are semisimple.

Proof. Let A be the associative subalgebra of gl(V') generated by g and 1.
If A =gl(V), then g < gl(V) is irreducible.
For g = sl,,(F), gl,(F) =sl,(F)® F -1 = A.
For g = spy,,(F), let o = [& ], then

AT oT 1 I|\|A B|
o ol L el e 5]
So AT + D=0,B=B",C=CT, in particular, 5p2n( ) C slo, (F).
Therefore [ _E] € g,[ } = [I_IHE_E] [ 0], [OE] € A for any diagonal
matrices F and so e;; € A.
Moreover, e;ize;; € A for x € g, i.e. e;; € A for any ¢, 5.
For g = s00,(F), let z = [4 B, then

G101 T

So AT+ D=0,B+B"=0,C+CT =0, similar as sp,,,, g — gl(V) is irreducible.
For g = 809,41 (F), let

a b1 bg
r=|cg m n|,
2 P 4
then we have
a ' A1 1 a b1
I mT pT I+
bl nT 47 1 1

Soa=0,by+cl =0,by+cl =0,p+pl =n+nT =0,g+mT
Similar as sp,,, we can show that e;; € A for 7,5 > 2, and so

0 -1 -1 0 -1 -1
Ea|. . . Sl TEL | B = ey €A
1 0 0 1 0 0
Moreover, ej;e;1 = e11 € A. ]

Prop 5.5.20. The root system corresponding to sps, (F') is of type C,,.

Proof. Let M;; = €; j — entjntis Pij = €intj + €jntis Qij = €ntij + €ntji with 1 < 4,7 < n.
Then M;j, P;j, Qi is a basis of spy,, (F).
Let h C g be the set of diagonal matrices.
Then elements in b are all semisimple.
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Suppose [A B] € sp,, (F) commutes with [# _ ] € b, then

AE —-BE| |A B||E | E A B| | EA EB
o o L L [ )
So Ak =FEA DE=FED EB=—-BE,CE=—EC, i.e. A,D are diagonal and B =C = 0.
Therefore Ng(h) = b, i.e. b is a Cartan subalgebra.
Let h” = span{e,...,e,} with €;(M;;) = ;5.
And since [Mkk7 Mij] = (61‘ — 5j)(Mkk;)Mij~
So M;; € g™ *i.
Similarly, [Mk:kapij] = (& + 5j)(Mkk)Pija i.e. Pj; € gcited,
And [Mkkszj] = (—82‘ - 5j)(Mkk)Qij7 i.e. Qij € g i,
Hence R = {£e; £ ¢, £2¢;}. O

Prop 5.5.21. The root system corresponding to $02,11(F') is of type By,.

Proof. We denote index from 0, let B; = €;,0 — €0, n+i, Ci = €0,i — €n+i0, Mij = € j — €ntjnti,
Pij = ein+j — €jntis Qij = €ntji — €ntiyj-

Then B;, C;, M;j, P;j, Qi is a basis of sp,,, (F).

Let h C g be the set of diagonal matrices.

Similar as above, we can verify that h is a Cartan subalgebra.

Let h¥ = span{eq, ..., e, } with £,(Mj;) = d;;.

Then B; € g%, C; € g7 %, M;; € g%, P € geitei Qij € 975 with i # j.

So R = {ﬂ:é‘i,:té‘i:l:&‘j}. ]

Prop 5.5.22. The root system corresponding to $09,(F') is of type D,,.

P?"OOf. Let Mz'j = €55 — Endjnti,
Pij = €int+j — €jntis Qij = €ntji — €ntij-
Then B;, C;, Mija F’ija QU is a basis of 5p2n(F)
Let h C g be the set of diagonal matrices.
Similar as above, we can verify that § is a Cartan subalgebra.
Let h¥ = span{eq, ..., e, } with &,(Mj;) = d;;.
Then M;; € g5 %, P;; € gai"'_aj,Qij € g %% with i # j.
So R = {%¢; t¢;}. O

Prop 5.5.23. Let g be a simple Lie algebra and b be a Cartan subalgebra, then (hV,R) is
irreducible.

Proof. Suppose R = Ry Ll Ry, (R1, Ry) = 0.
Then for a € Ry, € Ry, (a+ Bla) > 0, (a+ B|B) >0, i.e. a+ [ ¢ R.
So [9%,6°] = g**F = 0.
Let ¢ be the subalgebra of g generated by g* with o € R;.
Then for B € Ry, [¢,g°] = 0.
So t is an ideal of g, contradiction! O

Thm 5.5.5. Let g, ¢’ be two simple Lie algebra, b C g,b’ C g’ be Cartan subalgebras and R, R’
be the corresponding root systems. Suppose there exists linear isomorphism § — b’ such that
R — R and o — o. Take any base A C R, let A’ C R’ be the corresponding base, for
a € Ao/ € A, take generator xz, € g%z, € (¢)%, then there exists unique isomorphism
g — ¢’ compatible with b — b, xq — .



Chapter 6

Number Field

6.1 Number field and number ring

Def 6.1.1. A number field is a subfield of C having finite degree over Q.

Lemma 6.1.1. Let f be a monic polynomial over Z, suppose f = gh where g,h are monic
polynomial over Q, then g, h € Z[z].

Proof. Let m,n be the minimal integers such that mg € Z[z] and nh € Z|x].
Then for p|mn, mg-nh =mnf =0 (mod p).
But since Zy[z] is an integer domain.
n

So mg =0 (mod p) or nh =0 (mod p), i.e. “2g or Th is polynomial over Z.

Hence m =n = 1. O]

Thm 6.1.1. Let a be an integer and f be the minimal polynomial of o over Z, then f is
irreducible over Q.

Proof. Notice that f is monic.
By lemma, f is irreducible over Q. O

Coro 6.1.1. Algebraic integers in Q are Z.
Coro 6.1.2. Let m be a squarefree integer, then the set of algebraic integers in Q [\/m] is

{a—l—b\/ﬁ}a,bGZ} ifm=2or3 (mod4)

o3

a,be Z,2|(ab)} ifm=1 (mod 4)

Proof. Let a =r + sy/m with r,s € Q and s # 0.
Then the minimal polynomial of a in Q is 22 — 2rz + r? — s?m.
So « is algebraic integer iff 2r € Z,r% — s?m € Z.
Let r = 5,5 = %.
Then « is algebraic integer iff 4|a? — b>m.
If m=2or3 (mod 4), 4la? — b*m iff 2|a, b.
If m =1 (mod 4), 4/a® — b>m iff 2|a — b. O

Thm 6.1.2. TFAE:

(1) « is an algebraic integer.

(2) The additive group of the ring Z|a] is finitely generated.

63
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(3) « is a member of some subring of C having a finitely generated additive group.
(4) A C A for some finitely generated additive subgroup A C C.

Coro 6.1.3. If a and B are algebraic integers, then so are o+ 8 and af.

Def 6.1.2. We denote the set of algebraic integers by A, and the subring A N K of K is called
a number ring.

Def 6.1.3. Let K be a number field and o1,...,0, denote the embeddings of K in C where
n = [K : Q], then for a € K, we set

T(a) =o1(a) + o2(a) + ... on(a),
N(a) = o1(a)oz(a)...on(a),
which are called trace and norm resp.

Prop 6.1.1. Leta, B € K,7 € Q, then T(a+ B) = T(o) + T(B), N(aB) = N(a)N(5), T (rax) =
rT(a) and N(ra) =r"N(«).

Prop 6.1.2. Let o € K of degree d over Q and [K : Q] = n, then

als

T(0) = 5t(). N(a) = (n()),

where t(a),n(a) are the sum and product of d conjugates of o over Q.

Thm 6.1.3. Let a € K, T(«) and N(«) are rational. In particular, if o is an algebraic integer,
then T'(a) and N(«) are integers.

Exam 6.1.1. Consider K = Q[y/m] and a = a + by/m.
Then T(a) = 2a, N(a) = a® — mb?.

Def 6.1.4. Let a,...,a, € K, we define the discriminant of a, ..., a, to be
disc(av, - . ., ay,) = det(o;(a;))?.
Thm 6.1.4.
disc(au, ..., ap) = det(T(ya;j)).
Proof. [oj(c)]loi(ey)] = [, or(iay)] = [T (aiy)]. O
Coro 6.1.4. disc(ay,...,a,) =0 iff aq,...,ay are linearly dependent over Q.

Proof. disc(au,...,0n) = det(T(oyej)) = 0 iff row of [T'(a;a;)] are linearly dependent iff
a1, ..., a, are linearly dependent. O

Thm 6.1.5. Let K = Q[a] and aq,...,a, be the conjugations of a over Q, then

disc(1,a,...,a" 1) = H (o — ag)? = iNK(f’(a)),

1<r<s<n

where f be the minimal polynomial of a and the + sign holds iff n =0 or 1 (mod 4).

Proof. Since o;(af) = (0i(a))? = o.

By the determinant of Vandermonde matrix, the first equality holds.
Moreover,

NK(f/(a)) = H flor) = H H(ar —as) ==+ H (ar — 0‘8)2‘

r=1 r=1 s#r 1<r<s<n

And the + sign holds iff 4|n(n — 1), i.e. n=0o0r 1 (mod 4). O
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Exam 6.1.2. Consider K = Q[w] with w = e
.. . . _ zP—1
Then the minimal polynomial of w is f(x) =1+ —i—l- Pl = i
N P _
So f'() = ooy and N(f/(w)) = oL =B =pr 2.
Now assume w = em for arbitrary m € Z.
Let f be the minimal polynomial of w and ™ — 1 = f(x)g(x).
m me(m)
Then f'(w) = Sl and N(f'(w)) = N(jg(w))'
So disc(w)|mem)

Thm 6.1.6. Let K be a number field of degree n over Q, R be the ring of algebraic integers in
K and{ai,...,an} be a basis for K over Q containing in R, then every a € R can be expressed

in the form
miaq + -+ mpay

disc(a, ..., )

with all mj; € Z and all mJZ divisible by d = disc(ay, ..., ).

Proof. Let a =x101 + - -+ + xpay.

Then o;(a) = x1045(1) + - + Tpoi(w).

By Cramer rule, z; = % where § = det(0;(c;)) and y; is obtained from ¢ by replacing the j
column by the o;(«).

So y;, 0 are algebraic integers and dx; = dy; € Q.

Therefore m; = dx; € Z.

Moreover, %‘2 = yi2 € Q is algebraic integers, i.e. d\mf O

Coro 6.1.5. R is a free abelian group of rank n.

Def 6.1.5. A set of algebraic integers {f1,...,3,} is called an integral basis for R if every
a € R can be uniquely represented by the linear combination of {f1,...,(,} over Z.

Exam 6.1.3. Consider K = Q[/m].
Then an integral basis for R can be given by {1,/m} when m = 2 or 3 (mod 4) and

{1, 1+§/R} when m =1 (mod 4).

Lemma 6.1.2. Let w = e%, then Z[1 — w] = Z and disc(1 — w) = disc(w).

27

Lemma 6.1.3. Let m=p",w =¢e¢ m , then prk;(l — wk) =p.

Proof. Let f(z) = 2’ 1

P o1
Then f(z) = Hﬂk(x —wh).
So f(1) =1+a? '+ a2 4. g =, 0

Thm 6.1.7. Let m =p",w = e m , then AN Qw] = Z[w].

Proof. Let a = m1+m2(1_(‘)3;;('3)7”"(1_“)”71 € R=ANQ[w].

Since d = disc(w)|m#™).

So d is power of p.

Suppose there exists ¢ such that d { m;, WLOG, assume m; = 0 for j < i.
By lemma 6.1.3 ~—L< € Z[w].

(I—w)"
Therefore % € R, i.e {5 €R.
But N(m;) = m! and N(1 —w) = ptm}', contradiction! O

Thm 6.1.8. Let {f1,...,0n} and {y1,...,7} be two integral bases for R = AN K, then
disc(B1, ..., Bn) = disc(V1, ..., 7n)-
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Proof. Let (B1,...,B.)" = M(71,...,7)%.
Then (0;(8:)) = M(0;(v:))-
So disc(B1, . . ., Bn) = | M|* disc(1, . . ., n)-
Conversely, we also have disc(f1, ..., 8n)| disc(Y1, .-, Vn)-

Hence disc(f1, ..., Bn) = disc(V1, ..., Vn)- O

Exam 6.1.4.

disc(v/m)=4m m=2 or3 (mod 4)

disc(XY™)=m m=1 (mod 4)

disc (AOQ [\/E]) = {

Thm 6.1.9. Let K, L be two number fields, R, S, T be rings of algebraic integers in K, L, KL
resp. and d = ged(disc R, disc S), suppose [KL : Q] = mn, then T C IRS.
In particular, if d =1, then T = RS.

Coro 6.1.6. Let K = Qw] with w = em and R = AN K, then R = Z|w].

Proof. Let m = mimes such that mq, me are coprime, w; = w2, wy = WM.
Then disc(wy) |mf(m1), disc(ws) |mf(m2).
So ged(disc(wy), disc(wz)) = 1.
By theorem 6.1.9, the proof is done. O

Thm 6.1.10. Let o € R of degree n over Q, then there is an integral basis
1 fi(a) fn—1()

) dl P dn—l )
where d; € Z such that di|ds|- - |dn—1 and f; are monic polynomials over Z with deg f; = 1.
Exam 6.1.5. Consider K = Q[{/m] where m = hk® such that h and k are squarefree and

coprime.
Set a = ¥/m, then an integral basis of R can be given by

o?
{l,a, k} ifm#+1 (mod9),

2:|:k2 k2
{1,a, O‘?)]:‘Jr} ifm==+1 (mod9).

6.2 Prime decomposition in number rings

Def 6.2.1. A Dedekind domain is an integral domain R such that
(1) Every ideal is finitely generated.

(2) Every nonzero prime ideal is a maximal ideal.

(3) R is an integrally closed integral domain.

Thm 6.2.1. Every number ring is a Dedekind domain.

Proof. Since R is a free abelian group of rank n.
So every ideal is finitely generated.
Let I be a prime ideal, o € I and m = N¥(a) = af.
Then g = 7> € K and 3 is an algebraic integer.
Therefore m € 1.
Notice that |[R/(m)| = m".
So R/I is finite integral domain, i.e. R/I is a field.
Moreover, R is integrally closed in K since A is integrally closed in C. O



CHAPTER 6. NUMBER FIELD 67

Lemma 6.2.1. In a Dedekind domain, every ideal contains a product of prime ideals.

Proof. Suppose not, let I be a maximal member of such ideal and r, s € R\I such that rs € I.
Then I + (r),I + (s) is larger than I, i.e. they contains a product of prime ideals.
So (I 4 (r))(I+ (s)) C I contains a product of prime ideals, contradiction! O

Lemma 6.2.2. Let I be a proper ideal of Dedekind domain R with field of fractions K, then
there is an element v € K\R such that vI C R.

Proof. By the lemma, let a € I,1 C P and PPy --- P, C (a) with minimal r.
Suppose P does not contain any of P;, take a; € P;\ P.
Then aqas---a, € P, i.e. a; € P for some i, contradiction!
WLOG, assume P; C P, i.e. P, = P.
And since r is minimal.
Take b € PPy --- P,\(a) and v = 2.
Then yAC tP cippy-- PP =1(a) =R O

Thm 6.2.2. Let I be an ideal of Dedekind domain R, then there exists an ideal J such that I.J
s principal.

Proof. Let o € I and take J = {8 € R|BI C (a)}.
Then IJ C («), we claim that I.J = («).
Let A= éIJ, which is an ideal of R.
Suppose A is a proper ideal of R.
Then by lemma, there exists v € K\ R such that yA C R.
SovyJ C vA C R.
Moreover, for g € J, v4I C yaA C aR = («a).
Therefore vJ C J.
By proposition 3.2.3, 7 is a root of a polynomial over R, contradiction. O

Coro 6.2.1. Let A, B be two ideals of Dedekind domain R, with B C A and A # R, then there
ezists v € K such that yB C R,vB ¢ A.

Proof. Let BC = («).
Then BC € aA, i.e. there exists 8 € C such that 8B € aA.
So take v = g O

Def 6.2.2. We define an equivalence relation on the set of ideals of a ring R where A ~ B iff
aA = BB for some «, 8 € R. We call the equivalence class ideal class.

Coro 6.2.2. The ideal classes of Dedekind domain R forms a group, called ideal class group.

Proof. The identity consisting principal ideal and by above theorem, the inverse always exists.

O
Coro 6.2.3. Let A, B,C be three ideals of Dedekind domain, if AB = AC, then B =C.
Proof. Let AJ = ().
Then aB = aC, i.e. B=C. U]

Coro 6.2.4. Let A, B be ideals of Dedekind domain, then A|B iff A D B.

Proof. =: Trivial.
«<: Let AJ = (a), take C = 2BJ.
Since BJ C AJ = («).
So C'is an ideal of R and AC = éAJB:B. O
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Thm 6.2.3. Every ideal of Dedekind domain R is uniquely representable as a product of prime
ideals.

Proof. Suppose not, let I be the maximal member of such ideals and I C P.
By corollary 6.2.4, I = PJ for some ideal J containing I.

Suppose I = J.

Then PI = RI, i.e. P = R, contradiction.

SoIGJ.

But then J is a product of prime ideals, contradiction! ]

Coro 6.2.5. The ideals of a number ring factor uniquely into prime ideals.

Exam 6.2.1. Consider R =17 [\/—75} .
Then (2) = (2,14+v=5)%,(3) = (3,1+v=5) (3,1 — vV=5).

Thm 6.2.4. Let I be an ideal of Dedekind domain R and o € I, then there exists B € I such
that I = («, ).

Proof. Let [ = P/ --- Pl'r.
Then P"|(«) and let Q1, ..., Qs be the other prime ideal dividing («).
Take 3; € Pim\PimJrl and (3 such that 8 = ; (mod PZ-"Z'H),B =1 (mod Q;).
Such g exists by Chinese Remainder Theorem. O

Thm 6.2.5. A Dedekind domain is a UFD iff it is a PID.

Proof. <: Trivial =: Let I be an ideal of R and o € I.
Then I|(«).
Since « is a product of prime elements in R.
So I divides a product of principal prime ideals.
Hence I is a product of principal prime ideals, i.e. I is a principal ideal. O

From now on, we let K C L be two number fields and R=ANK,S=ANL
Prop 6.2.1. Let P be a prime of R, Q be a prime of S, then TFAE:

(1) Q|PS.

(2) Q D PS.
(3) QD P.

(4) QNR=P.
(5) QNK = P.

When these conditions hold, we say Q lies over P and P lies under Q)

Proof. (1) < (2) < (3) and (4) = (3) are trivial, (4) < (5) since Q C A.
(3) = (4): Since P is maximal ideal of R.
SoQNR=PorR.
But if R C Q, then RS = S C @, this is impossible. O

Thm 6.2.6. Every prime Q of S lies over a unique prime P of R and every prime P of R lies
under at least one prime Q of S.

Proof. Since @ is prime ideal.
So P =@ N R is prime ideal.
And by theorem 3.4.1, P lies under at least one prime @ of S. O



CHAPTER 6. NUMBER FIELD 69

Def 6.2.3. Let Q° be the exact power of ) dividing P.S, then e is called the ramification index
of @ over P, denoted by e(Q|P).

Exam 6.2.2. Consider R =7Z,S = Z[i].
Then the principal ideal (1 — i) in S lies over 2.
And since 28 = (1 — ).
Soe((1—1)[2) =2.
Moreover, consider R =17,5 = Z[w] with w = e%,m =p".
Then the principal ideal (1 — w) in S lies over p.
And we can check that 1 +w + -+ - + w' is a unit in S if t and m are coprime
So p=u(l—w)?™ where u is a unit by lemma 6.1.3.
Therefore e((1 — w)lp) = w(m) = ™ (p— 1).

Def 6.2.4. Consider the residue fields of P and @, S/Q is an extension of finite degree f over
R/ P, then f is called the inertial degree of @ over P and is denoted by f(Q|p).

Exam 6.2.3. Consider R =17Z,S =Z[i],p=(2),Q = (1 —1).
Then |S/Q| = |R/p| = 2.

So f(Qlp) = 1.
And consider p = (3

Therefore f(Q|p)

Prop 6.2.2. Let P C Q C U be the prime ideals in three number rings R C S C T, then
e(U|P) = e(U|Q)e(QIP), f(U|P) = f(UIQ)f(Q|P).

Thm 6.2.7. Let n be the degree of L over K, I,J be the ideals of R and write ||I|| to indicate
the index |R/I|.

),Q = (3), we have |S/Q| =9 and |R/p| = 3.
2.

(1) L) = L]
(2) LS| = [H]"
(3) Let a € R, |[(a)]| = |NE (o)

Thm 6.2.8. Let n be the degree of L over K and let Q1,...,Q, be the primes of S lying over
a prime P of R. Denote by ey, ...,e. and f1,..., fr the corresponding ramification indices and
inertial degrees, then Y e;f; = n.

We prove these two theorem simultaneously.

Proof of theorem 6.2.7(1). Suppose I and J are coprime.
By CRT, we have an isomorphism R/IJ — R/I x R/J.
So [[LJ]| = [ Z]|[|]]]-
Now it suffices to check that ||P™| = | P||™.
This is because R/P — P¥/Pk*! is a group isomorphism for all k.
Hence ||P|| = |P*/P*|. O

Proof of theorem 6.2.8, Special case. We assume K = Q and then P = pZ for some prime p.
Let pS =[]Q5".
So p* = [IpS| = TTIQil| = [Tp'*.
Hence n = fie;. O



CHAPTER 6. NUMBER FIELD 70

Proof of theorem 6.2.7(2). By (1), it suffices to prove for prime ideal I.
Since S/IS is a vector space over field R/I.
Suppose [a1], ..., [ant1] € S/IS is linearly independent over R/I.
Then aq,...,an11 is linearly dependent over K and also over R.
Let fra1 + -+ + Bn+1an+1 = 0 for §; € R.
By corollary 6.2.1, there exists v € K such that v5; € R but not all v5; contains in I.
So aq,...,an4+1 is linearly dependent over R/I, contradiction!
Therefore dim S/1.S < n.
On the other hand, let I N Z = pZ and P; are all prime ideals of R lying over p.
We set n; = dim S/P;S,e; = e(Pi|p), fi = f(Pi|p),m = [K : Q).
Then p™ — [|pS|| = [T | P:SI® = [TIBI™ = [Tpmie.
Sond fiei =mn=">_ finje;, i.e. n =n,. O

Proof of theorem 6.2.8. Since PS =[] Q}".
So | P|I" = ||PS|| =TT Qi = prod|| P| <.
Hence n =) fie;. O

Proof of theorem 6.2.7(3). Extend K to a normal extension M of Q and let 7= AN M.
Then ||£7$a)T|| = ||aT. i . .
So IN"" INT|| = ITllo(a)T|| = [laT|" = [[(a) "™ where m = [M : K] and N = Ng (a).

Hence \Ng(a)( — ()] 0

Exam 6.2.4. Consider R =17,S5 = Z[w] with w = em and m = .
Then (1 — )" = [[(1 — )| = [pZL]]| = p".
So ||(1 —w)|| =p, ie. (1 —w) isa prime ideal.
Consider S = Z[a] with o = /2.
Then 2S = ()3, i.e. () is a prime ideal and f((a)|2) = 1.
Since 5S = (5, + 2)(5,a% + 3a — 1).
We claim that (5,a% + 3a — 1) is prime ideal.
Notice that Zs[x]/ (2% + 3x — 1) is a field and we can map it onto S/(5,a® + 3a — 1).
So S/(5,a% +3a — 1) is Fas.
Therefore f((5,a% + 3a —1)|5) = 2 and so (5, + 2) is a prime ideal with inertial index 1.
Consider o such that a® = o + 1.
Then 23S = (23, — 10)2(23,a — 3) and so (23, — 10), (23, a — 3) are prime ideals.

Thm 6.2.9. Let L be a normal extension over K and Q, Q" be two prime ideals of S lying over
P of R, then 0(Q) = Q' for some Q € G = Gal(L/K).

Proof. Suppose o(Q) # Q' for all o € G.
Then by CRT, there exists a € S such that « =0 (mod Q') and o =1 (mod o(Q)).
So NE(a) e RNQ' = P.
And since o(a) ¢ Q.
Therefore Nk () ¢ Q, contradiction! O

Coro 6.2.6. Let L be a normal extension over K and Q,Q’ be two prime ideals lying over P,
then e(Q|P) = e(Q'|P) and f(Q|P) = f(Q'|P).

Def 6.2.5. A prime ideal P of R is called ramified in S if e(Q|P) > 1 for some @ of S lying
over P. Otherwise, it is called unramified. Moreover, if PS = Q™ with n = [L : K|, then we
say P is totally ramified in S.

Thm 6.2.10. Let p be a prime in Z and suppose p is ramified in a number ring R, then
p|disc(R).



CHAPTER 6. NUMBER FIELD 71
Coro 6.2.7. Let a € R such that K = Q[a] and f be any monic polynomial over Z such that
fla) =0, if p is a prime such that pt N¥ f'(a), then p is unramified in K.

Coro 6.2.8. Only finitely many primes of Z are ramified in R.

Coro 6.2.9. Only finitely many primes of R are ramified in S.

Prop 6.2.3. If p|m, then pR = (p, \/ﬁ)2
If m is odd, then

2,1+ ym)® m=3 (mod 4)
2R = (2, ”ﬁ) (2, 13”) m=1 (mod 8)
prime m =5 (mod 8)

If p is odd and p{m, then

R— {(p,n—}—\/M) (p,n—+y/m) m=n? (modp)
p =

prime m is not a square mod p

Proof. The case that pR is not prime are easy to check.
When p=2,m =5 (mod 8), Let f(z) =22 —z+ kTm and P be a prime ideal lying over p.
Then f has roots liﬁ in R, i.e. f hasroot in field R/P.
But since (2 — 1)2 — m cannot be divided by 8.
So f(z) has no root in field Fo, i.e. R/P # Fo.
Therefore P = 2R and f(P|2) = 2.
2

Similarly, when p is odd and m is not a square mod p, let f(z) = x* —m. O

Prop 6.2.4. Let R = Z[w] with w = e and m = pkn, then pR = (Q1...Q,)° with e = p(p*)
and f is the order of p mod n.

Coro 6.2.10. Ifptm, then p splits into @ distinct prime ideal in Z[w], where f is the order

of p mod m.

Thm 6.2.11. Let L = K|a] with o € S of degree n over K, p be a prime that does not divide
|S/R[a]| and prime ideal P of R lying over p. Consider the minimal polynomial g of o over K,
it factors into monic irreducible factors in (R/P)[z] in the form

—e1 —er

g=gi" g
Then the prime decomposition of PS is given by

€1, .. Er
1 r o

where Q; = (P, gi())

Exam 6.2.5. Consider K =Q,L = Q[y/m].

When p=2 and m =1 (mod 4), take a = 1+§/ﬁ.
Then S = R[a] and so the result can be obtained by factoring x* — x + kTm over Fso.
In other case, take oo = \/m.

Then S = R[a] and so the result can be obtained by factoring x> —m over Fp.
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6.3 Galois theory applied to prime decomposition

We now assume that number field L is a normal extension over K of degree n and we denote
its Galois group as G.

Def 6.3.1. Let @@ be a prime ideal of S lying over P of R, we define the decomposition group
D(Q|P) = {0 € G|loQ = @} and inertia group E(Q|P) = {o € Glo(a) = a (mod Q),a € S}.

Let Lp, Lg be the fixed field of D and FE resp, we call Lp the decomposition field and Lg
the inertia field.

Thm 6.3.1. Let K,L,R,S,P,Q,G,D,E,r,e and f as above, then we have

DEGREES L Q RAf‘ggf 10014113 TSI ON g\gﬂggﬁg
(& e 1
Ly Qg
f 1 f
Lp  @p
r 1 1
K P

Coro 6.3.1. Let G be the Galois group of S/Q over R/P, then there is a map from D onto G
by o — ¢ with kernel E.

Proof. Let ¢ : D — G,0 — &.
Then kerp = {o|o(a+ Q) =a+Q,a € S} = E.
So ¢ factor through injection D/E — G.
And since [D/E| = [Lg : Lp] = f =|G|.
Hence ¢ is surjective. O

Coro 6.3.2. Suppose D is a normal subgroup of G, then P splits into r distinct primes in Lp.
If E is also normal in G, then each of them remains prime in Lg. Finally, each one becomes
an e-th power in L.

Proof. Normal subgroup of Galois group corresponds to Galois extension over K.
So by corollary 6.2.6, the proof is done. O

Exam 6.3.1. Consider R = Z,S = Z[omega] with w = e%, P = (2).
By proposition 6.2.4, e=1,f =11,r = 2.
So the decomposition field is a extension of Q of degree 2, i.e. it must be Q [\/—23].
And P is unramified, i.e. the inertia field is all of Qw].
Consider L = Q [i,+/2,V/5] with Galois group G = (Z/2Z)3, and P = (5).
Then 5 splits into two prime ideals in Qi], is inert in Q [\/5] and become a square in Q [\/ﬂ .
Sor,e,f>2andref =8,ie. r=e=f=2.
Hence Qli] is the decomposition field and Q [i, /2] is the inertia field and 55 = (2414)*(2—i)2.

Thm 6.3.2. (1) Lp is the largest intermediate field K' such that e(P'|P) = f(P'|P) = 1.
(2) Lp is the smallest K' such that Q is the only prime ideal of S lying over P’.

(3) Lg is the largest K' such that e(P'|P) = 1.
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(4) Lg is the largest K' such that Q is totally ramified over P'.

Def 6.3.2. A prime ideal P in K splits completely in an extension field L iff P splits into
[L : K] distinct primes.

Coro 6.3.3. If D is a normal subgroup of G, then P splits completely in K' iff K' C Lp.

Prop 6.3.1. Let p be an odd prime and q # p be any prim, fix a divisor d of p— 1, then q is a
d-th power mod p iff q splits completely in Fy, which is the unique subfield of Q[w] having degree
d over Q.

Proof. Let R = Z[w].
By proposition 6.2.4, gR splits into r distinct prime where f = % is the order of gq.
So ¢ is d-th power mod p iff f | =Ll e d|r, Fy C F,.
And since F, is the decomposition field of q.
Hence ¢ is d-th power iff ¢ splits completely in Fj;. O

(p=1)(g—1)
Coro 6.3.4 (Gauss quadratic reciprocity law). For odd prime p # ¢, (%) (%) = (—1)%,

p—1

Proof. (%) = 1 iff ¢ splits completely in Fy = Q { (—1)24.
p—1
So (%) =1iff (—1)%1) is a square mod ¢, i.e. (%) ? <§> =1.

q—1

And since (%) =(-1)=.
Hence (%) (%) = (—1)W. O

Thm 6.3.3. Let L, M be two extension of K, if P is unramified in both L and M, then P is
unramified in LM . If P splits completely in both L and M, then P splits completely in LM .

Proof. Let P’ be a prime ideal of LM lying over P, F' be a normal extension of K containing
LM and Q be a prime ideal of F lying over P’.

Then @ lies over P.

And since Q N L, Q N M are unramified.

So L,M C Fg, i.e. LM C Fg.

Therefore e(P'|P) =1 for all P’ lying over P.

Hence P is unramified in LM.

Similarly, if P splits completely in both L and M, then P splits completely in LM. O

Coro 6.3.5. Let L be an extension of K and P be a prime ideal of K, if P is unramified or
splits completely in L, then the same is true in the normal closure M of L over K.

Proof. If P is unramified(or splits completely) in L, then so it is in o(L). O

Thm 6.3.4. Let P be a prime ideal of R which is unramified in S and Q of S lying over P,
then there exists a unique ¢ € D such that

d(a) = alPl (mod Q).
Moreover, if G is abelian, then ¢ only depends on P and
#(a) =Pl (mod PS).

We denote ¢ = ¢(Q|P) and it is called Frobenius automorphism.
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Proof. Since P is unramified, i.e. e(Q|P) = 1.
So D(Q|P) is isomorphic to the Galois group of S/Q over R/P.
Notice that Galois group of S/Q over R/P is generated by a map z +— zI”ll on R/P.
Hence it corresponds to a map ¢ € D with ¢(a) = allPll (mod Q). O

Thm 6.3.5. Let M be an intermediate field of L D K with Galois group H, T = M NA and P
be a prime ideal of R which is unramified in S, suppose that the set of right coset of H in G is
partitioned into sets

{Ho_la HO—I¢) s 7H01¢m1_1}7

{Ho,,Ho,¢,..., Hop¢™ 1},
Then the splitting of P in M is given by PT = Q1---Qy, where Q; = (o;U)NT and U is a
prime ideal of S lying over P. Moreover, f(Q;|P) = m;.

Proof. If Q; = Qj, then o;U and o;U are prime ideals of S lying over Q; = Q);.
So there exists 7 € H such that 7o;U = o,U, i.e. Ho; = Hoj.
And since ¢(o;U|Q;) = ¢(o;U|P)T(@ilP),
So ¢(o;U|Q;) = (Umgi—l)f(QZ'IP) - o-igbf(QﬂP)O.i—l’ ie. Umf(Qi\P)Ji—l cH.
Hence m;|f(Q;|P), i.e. m; = f(Q;|P). O

Thm 6.3.6. Let p be a prime in Z such that p|disc(R), then p is ramified in R.

6.4 The ideal class group and the unit group

Thm 6.4.1. Let K be a number field and R = AN K, then there is a positive real number
A depending on K such that every nonzero ideal I of R contains a nonzero element o with

[NE (@) <Al

Proof. Let aq,...,ay be an integral basis of R and take

n o n
A= H Z ’Uiaj’.
i=1j=1

For any ideal I, let m™ < ||I|| < (m + 1)" and consider S = {>_ mja;|m; € Z,N[0,m]}.
Then there must exist two elements of S which are congruent mod I.

So their difference is contained in I, denote it by a = ) mj o  with m; € Z N [—m,m].
Hence we have

n n

n n
INE @) =TT D mioias| < [[m_ loiegl < A1].
i=1 j=1

i=1]j=1

Coro 6.4.1. Ewvery ideal class of R contains an ideal J with ||J|| < A.

Proof. Let C be an ideal class, take I € C~! and a € I.
Then there exists J € C such that I.J = («).

Hence ||1]]J]| = l(@)l| = | N& (@)| < AT, d.e. 7] < A 0

Coro 6.4.2. There are only finitely many ideal classes in R.
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Exam 6.4.1. Consider R=17 [\/ﬂ and A = (1 + \/i)2 ~ 5.8.

Then for ||J|| < A, prime divisors of ||J|| must lie over 2,3 or 5.

And since 2R = (ﬂ)Q, 3R,5R are primes.

So J can only be one of R, (\/i) or (2), i.e. every ideal in R is principal.

Consider R =7 [\/——5] and A = (1 + \/5)2 ~ 10.5.

Then for ||J|| < A, prime divisors of ||J|| must lie over 2,3,5 or 7.

And since 2R = (2,1+v=5)%,3R = (3,1+ v=5) (3,1 — V/=5) ,5R = (v/=5)* and
TR = (7,3+Jj5) (7,3— ¢j5)

For (2, 1+ \/—75), suppose it is a principal ideal () and o = a + by/=5.

Then ‘Ng(a)‘ — ()] = 2.

So a? + 5b% = 2, impossible by mod 5.

Thus (2, 1+ J?5) is not principal.

Notice that N (1 +v/=5) =6, i.e. (1++/=5) = PP, with ||| =2, ||| = 3.

So one of the prime ideal lying over 3 is the inverse of P = (2, 1+ \/—75), and the other
one s equivalent to Py.

Similarly, (3+v=5) = Q1Q2 with [|Q1]| = 2,[Q2| =T
Moreover, since the inverse of (2, 1+ \/—5) is itself.
Hence the ideal class group of R is isomorphic to Z/27.

Def 6.4.1. Let o1,...,0, be the embedding of K in R and 71, 7,...,7s,Ts be the remaining
embeddings of K in C.
Consider a map

K - R": (o1(a),...,00(a),Re7i(a), Im 7 (), ..., Rrg(a), Im 74 (cx)),
which maps R onto an n-dimensional lattice, denoted by Ag.

Prop 6.4.1. A fundamental parallelotope for this lattice has volume

vol(R™ /A g) = %«/!disc(R)].

Proof. Let aq,...,ay, be an integral basis of R.
Then the volume of fundamental parallelotope is

det(o1(;), ..., 00(;), Rem (), Im 71 (), ..., Rrs(ay), Im 75(a;))

= (21)5 det(o1(), ..., or(), T1(a), Ti(ag), ..., Ts(), Ts(cvi))
1 .
= @) disc(R)

And since the volume must be a positive real number.
So vol(R"/AR) = 5 +/|disc(R)]. O
Coro 6.4.3. The image of K is dense in R™.
Def 6.4.2. For each point x = (z1,...,x,) € R", we set
N(z) =1z, (m?_H +$3+2)"'($i_1 +x%) .

Thm 6.4.2 (Minkowski). Every n-dimensional lattice A in R™ contains a nonzero point x with

ING@) < (i)svol(R”//\).

nn
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Coro 6.4.4. Every nonzero ideal I in R contains a element x with

NE @] < 2 (L) Vil

Coro 6.4.5. Every ideal class of R contains an ideal J with

n! [(4\°
J|<— (- disc(R)|.
i< 25 (3) Vet

Exam 6.4.2. Consider R = Z [\/ 5], there exists ||J|| < 4% ~ 2.8.
Consider R = Z[w] with s’ , there exists 15\[ ~ 1.7.

. 2n 2
Coro 6.4.6. For R # Z, |disc(R)| > (O (Z)” > 1.
Thm 6.4.3 (Dirichlet). Let U be the group of units in a number ring R = AN K, let r and
2s denote the number of real and non-real embeddings of K in C, then U is the direct product
W x V where W is a finite cyclic group consisting of the root of 1 in K and V is a free abelian
group of rank r + s — 1. In other words, V consists of products

kl r+s 1

up' e ki € Z
for some set of r + s — 1 units uy,...,urrs—1 and such a set is called a fundamental system of
units in R. The exponents ki, ..., kyrys—1 are uniquely determined for a given member of V.

Exam 6.4.3. For imaginary quadratic case, U only contains the root of 1.
For real quadratic case, the root of 1 are just £1 and the free abelian part of U has rank 1,
ie. U= {+uf|k € Z} for some unit u, called a fundamental unit in R.

6.5 The distribution of ideals in a number ring

Def 6.5.1. For each real number ¢ > 0, let i(t) be the number of ideals I of R with ||I]| <t
And for each ideal class C, let i (t) denote the number of ideals I in C' with ||I]| < t.

Thm 6.5.1. There exists a number k depending on R but independent of C such that
ic(t) =kt +ec(t),

where the “error” ec(t) is O (tl_%>.

Coro 6.5.1. i(t) = hxt+£(t) where h is the number of ideal classes in R and e(t) is O (tk%).

Def 6.5.2. Let U be the group of units in R, consider mapping

UcCR— {0} — Ap— {0} & R+
where log(x1,...,2,) = (log |z1], ..., log |z, |,log |zr+1 + xr+2i|2, oo loglzn—1 + a:nz\Q) It maps

U onto a lattice Ay € H C R™* where H = {x1 + -+ + ;45 = 0}. Let v1,...,v,15_1 be the
basis of Ay, then the regulator of R is define as the determinant of (r + s) x (r 4+ s) matrix

having v1,...,v,4s—1 in the first r + s — 1 rows and (%, 2) (r number of % and s number of
%) in the last row, denoted by reg(R).

o

Thm 6.5.2. Let w be the number of roots of 1 in K, then
2"t rtreg(R)

wy/disc(R)
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Prop 6.5.1.
ol(H/A
reg(R) = vol(H/Av)
Jrts
and if vi,..., V151 18 the basis of Ay, then reg(R) is the absolute value of the determinant
obtained by deleting any column from the matriz having rows vi, ..., Upys—1.

Exam 6.5.1. Consider R = Q [\/m] with m > 0 and let u be the fundamental unit in R.
Thenr=2,5s =0 and v; = (logu, log%).
2log(u
So reg(R) = log(u) and k = \/%7(;).
Consider R =17 [\Vﬂ :
Thenr =1,s =1, let u be the fundamental unit in R and pe™@ be its conjugates.
Sow=p~? and disc(u) = —4sin®§ (p* + p~3 — 2 cos 9)2 <4 (ud+u?+6).
Therefore u> > 7‘&81(}2)‘ —7=20.
And take B = = =a®+a+ 1.

a—1
Then B < 334 < 205 < u?, ie. B =u.
4mlog(u 7 log(u
Hence reg(R) = log(u) and rk = 2\/%) = 3\’5/%)
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