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Chapter 1

Group Theory

1.1 Conjugation
Def 1.1.1. Conjugation is an action of G on itself given by

(g, h) 7→ ghg−1.

The stabilizer of g ∈ G is called the centralizer of g:

Z(g) = {h ∈ G|gh = hg}.

The orbit of g ∈ G is called the conjugacy class of g:

C(g) = {hgh−1|h ∈ G}.

The center of G consists of all elements that commute with every element in G:

Z = {g|gh = hg for all h ∈ G}

Prop 1.1.1. (1) g ∈ Z(g), Z ⊂ Z(g).

(2) g ∈ Z iff Z(g) = G, i.e. C(g) = {g}.

Prop 1.1.2 (class equation).
|G| =

∑
conj. class C

|C|

Def 1.1.2. Consider the conjugation acts on subgroup H of G, the stabilizer of H is called the
normalizer of H:

N(H) = {g|gHg−1 = H}.

Prop 1.1.3. Let N = N(H) be the normalizer of H.

(1) H / N

(2) H / G iff N = G.

1.2 Sylow theorems
Def 1.2.1. A group whose order is positive powers of a prime p is called p-group.

Prop 1.2.1. The center of a p-group is not trivial.

1



CHAPTER 1. GROUP THEORY 2

Proof. Let C1, · · · , Ck be all conjugacy classes of G and C1 = {e}.
Then |Ci| = pti for some ti > 0 and i ⩾ 2 since |Ci| > 1, |Ci|

∣∣|G|.
By class equation, |G| =

∑
|Ci| = 1 + pt for some t ∈ Z, contradiction!

Prop 1.2.2. The group of order p2 is abelian.

Proof. Suppose G is not abelian.
Then |Z(G)| = p, take g /∈ Z(G).
Since Z(G) ⊂ Z(g) and g ∈ Z(g).
So |Z(g)| = p2, i.e. Z(g) = G.
Therefore g ∈ Z(G), contradiction!

Coro 1.2.1. A group of order p2 is either Cp2 or Cp × Cp.

Def 1.2.2. Let |G| = n and n = pem, a subgroup H of G of order pe is called Sylow p-subgroup.

Thm 1.2.1 (Sylow first theorem). Sylow p-subgroup always exists.

Thm 1.2.2 (Sylow second theorem). (1) Sylow p-subgroups are conjugate subgroups

(2) Every p-subgroup of G is contained in a Sylow p-subgroup.

Thm 1.2.3 (Sylow third theorem). Let s be the number of Sylow p-subgroups, then s|m and
s ≡ 1 (mod p).

Exam 1.2.1. Let G be a group of order 12 and s, t be the number of Sylow 2-subgroups, Sylow
3-subgroups resp.

Then s = 1 or 3 and t = 1 or 4.
If s = t = 1, let H,K be the Sylow 2-subgroup and Sylow 3-subgroup resp.
Then they are both normal.
So H ∩K = {1} and |H||K| = |G|.
Thus G = H ×K ∼= C2 × C2 × C3 or C4 × C3.
If s = 1, t = 4, let H,K1, · · · ,K4 be the Sylow 2-subgroup and Sylow 3-subgroups resp.
Then |H ∪K1 ∪ · · · ∪K4| = 1 + 3 + 2 + 2 + 2 + 2 = 12.
So all elements in G is contained in one of H,K1, . . . ,K4.
Notice that there is an action of G on {K1, . . . ,K4} given by conjugation, it then induce a

homeomorphism f : G→ S4.
And since the normalizer Ni of Ki must be of order 12/4 = 3.
Therefore for ki ∈ Ki, f(ki) is a 3-cycle of {1, 2, 3, 4}\{i}.
And for h ∈ H, f(h) does not fix any elements, i.e. f is injective.
Thus G < S4 and is of order 12, i.e. G ∼= A4.
If s = 3, t = 1, let H,K be a Sylow 2-subgroup and the Sylow 3-subgroup.
Then H is not normal and K is normal.
If H ∼= C4, let H = 〈h〉,K = 〈k〉.
So khk−1 /∈ H and hkh−1 ∈ K.
Thus hk = k2h, i.e. G ∼= 〈h, k|h4, k3, hkh−1k〉.
If H ∼= C2 × C2, let H = 〈h1, h2〉,K = 〈k〉.
So h1kh−1

1 , h2kh
−1
2 , (h1h2)k(h1h2)

−1 ∈ K and not all of h1, h2, h1h2 commute with k.
Thus WLOG, h1k = kh1, h2k = k2h2, i.e. G ∼= D6.
If s = 3, t = 4, there are at least 1 + 3 + 3 + 3 + 2 + 2 + 2 + 2 = 18 different elements in G,

which is impossible.
In conclusion G is isomorphic to one of C4×C3, C2×C2×C3, A4, D6 or 〈a, b|a4, b3, aba−1b〉.



Chapter 2

Galois Theory

2.1 Field extension
Def 2.1.1. An extension of a field F is a field containing F as a subfield. The dimension of an
extension E as a F -vector field is called degree of E over F , denoted by [E : F ]. An extension
is called finite extension if its degree is finite.

An F -homomorphism between two extensions E,E′ of F is a homomorphism ϕ : E → E′

such that ϕ(F ) = F . An F -isomorphism is a bijective F -homomorphism.

Remark 2.1.1. F -homomorphism is always injective since its kernel must be an ideal and an
ideal of a field must be trivial.

Prop 2.1.1. Suppose fields L ⊃ E ⊃ F , then L/F is finite iff L/E and E/F are finite.
Moreover,

[L : F ] = [L : E][E : F ].

Proof. Let (li), (ej) be the basis of L/E and E/F , then (liej) is the basis of L/F .

Prop 2.1.2. Let f be a monic irreducible polynomial of degree m and x be its root, then

F [x] = F [X]/(f(X))

is a field of degree m over F .

Proof. We can easily find the inverse of an element by Bézout lemma.

Def 2.1.2. An extension E of F is said to be simple if E = F (α) for some α ∈ E. And in this
case, such an α is called a primitive element of E.

Def 2.1.3. Let E be an extension of F and α be an element of E, consider an homomorphism

ϕ : F [X] → E, f(X) 7→ f(α),

there are two cases:

(1) ker(ϕ) = 0, that is, α is not a root for any non-trivial polynomial over F . So we say α is
transcendental over F .

(2) ker(ϕ) 6= (0), take f(X) ∈ ker(ϕ), then f(α) = 0. So we say α is algebraic over F . The
polynomial f ∈ F [X] such that f(α) = 0 forms a principal ideal in F [X], we call the
generator the minimal polynomial of α over F . It is monic and irreducible.

Def 2.1.4. An extension E of F is said to be algebraic if every element of E is algebraic over
F , otherwise it is said to be transcendental.

3
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Prop 2.1.3. An extension E of F is finite iff it is algebraic and finitely generated over F .

Prop 2.1.4. Consider fields L ⊃ E ⊃ F , L is algebraic over F iff L is algebraic over E and E
is algebraic over F .

Def 2.1.5. A polynomial is said to be split in F [X] if it is a product of degree one polynomials
in F [X].

Prop 2.1.5. For a field Ω, TFAE:

(1) All nontrivial polynomial in Ω[X] is split in Ω[X].

(2) All nontrivial polynomial in Ω[X] has at least one root in Ω.

(3) The irreducible polynomial in Ω[X] is of degree 1

(4) Ω has no nontrivial finite extension.

Such field Ω is called algebraically closed field, and the algebraic closure of a field is its
algebraically closed algebraic extension.

Prop 2.1.6. Let Ω be an integral domain containing F as a subring, then

F̄ = {α ∈ Ω|α algebraic over F}

is a field, which is called algebraic closure of F in Ω.
Moreover, if Ω is an algebraically closed field, then the algebraic closure of F in Ω is the

algebraic closure of F .

2.2 Splitting fields
Prop 2.2.1. Let F (α) be a simple extension and Ω be another extension of F .

(1) Suppose α is transcendental over F , then for F -homomorphism ϕ : F (α) → Ω, ϕ(α) is
transcendental over Ω, so that there is an 1-1 correspondence

{F -homomorphisms F (α) → Ω} ↔ {elements of Ω transcendental over F}.

(2) Suppose α is algebraic over F and let f be its minimal polynomial, then for F -homomorphism
ϕ : F [α] → Ω, ϕ(α) is a root of f in Ω, so that there is an 1-1 correspondence

{F -homomorphisms F [α] → Ω} ↔ {roots of f in Ω}.

Def 2.2.1. Let f ∈ F [X] be an polynomial, a field E containing F is said to split f if f splits
in E[X]. If E split f and is generated by the roots of f , then we call E the splitting field of f .

Prop 2.2.2. Let Ef be the splitting field of f ∈ F [X], then

[Ef : F ] ⩽ (deg f)!

Proof. Split a root of f each time and the degree of f decrease.

Prop 2.2.3. Let E be the extension of F generated by some roots of f ∈ F [X] in E and Ω an
extension of F splitting f , then the number of F -homomorphism ϕ : E → Ω is at most [E : F ],
and equals [E : F ] if the irreducible factors of f has distinct roots in Ω.
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Proof. Let E = F [α1, . . . , αn] where f(αi) = 0.
Take Ek = F [α1, . . . , αk] and fk is the minimal polynomial of αk+1 in Ek.
By proposition 2.2.12.2.1, the number of Ek-homomorphism Ek[αk+1] → Ω equals to the number

of roots of fk in Ω.

Coro 2.2.1. Any two splitting field of f are F -isomorphic.

Proof. By proposition 2.2.32.2.3, there exists F -homomorphism E1 → E2 and E2 → E1.
Notice that F -homomorphism must be injective.
So [E1 : F ] ⩽ [E2 : F ] and [E2 : F ] ⩽ [E1 : F ].

Coro 2.2.2. Suppose E and L are extensions of F and E is finite over F , then the number of
F -homomorphism E → L is at most [E : F ].

Proof. Let E = F [α1, . . . , αn] and f is the product of the minimal polynomials of α1, . . . , αn.
Take a extension Ω of L that splits f .
By proposition 2.2.32.2.3, the number of F -homomorphism E → L ↪→ Ω is at most [E : F ].

2.3 Separable polynomial and perfect field
Prop 2.3.1. The gcd of two polynomial in F is also the gcd of them in the extension field.
In particular, distinct irreducible polynomials in F [X] do not acquire a common root in any
extension of F .

Proof. By Bézout lemma.

Def 2.3.1. Let f ∈ F [X] and f splits into linear factors

f(X) = a

r∏
i=1

(X − αi)
mi

in E[X] for some extension E of F . We say αi is a root of f of multiplicity mi in E. αi is called
a multiple root of f if mi > 1 and is called a simple root otherwise.

Lemma 2.3.1. A root of f is multiple iff it is also a root of f ′.

Proof. Let f = (x− α)mg where g is also a polynomial.
Then f ′(x) = m(x− α)m−1g + (x− α)mg′.
So m > 1 iff f ′(α) = 0.

Prop 2.3.2. Let f be an irreducible polynomial, TFAE:

(1) f has a multiple root.

(2) gcd(f, f ′) 6= 1.

(3) F has nonzero characteristic p and f is a polynomial of Xp.

(4) all roots of f are multiple.

Proof. (1) ⇒ (2): By lemma 2.3.12.3.1.
(2) ⇒ (3): Since f is irreducible and gcd(f, f ′) 6= 1.
So f ′ = 0 and by expands the polynomial, we can complete the proof.
(3) ⇒ (4): Let f(X) = g(Xp) where g is an polynomial and g(X) =

∏
(X − βi)

mi .
Then βi = αp

i for some αi and we obtain that

f(X) =
∏

(Xp − αp
i )

mi =
∏

(X − αi)
pmi .

(4) ⇒ (1): Trivial.
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Def 2.3.2. A polynomial is separable if it only have simple roots.

Def 2.3.3. A field F is perfect if it has characteristic zero or it has characteristic p and every
every element of F is a p-th power.

Prop 2.3.3. A field F is perfect iff every irreducible polynomial f ∈ F [X] is separable.

Proof. Suppose f is not separable.
By proposition 2.3.22.3.2, f(X) = anX

pn + · · ·+ a1X
p + a0.

And let an = bpn with bn ∈ F .
Then f(X) = (bnX

n)p+ · · ·+(b1X)p+ bp0 = (bnX
n+ · · ·+ b1X + b0)

p is not irreducible.

2.4 Galois extension
Def 2.4.1. An F -isomorphism E → E is called an F -automorphism of E. All F -automorphisms
of E forms the automorphism group Aut(E/F ).

Prop 2.4.1. Let E be a splitting field of a separable polynomial f in F [X], then |Aut(E/F )| =
[E : F ].

Proof. By proposition 2.2.32.2.3, numbers of F -homomorphisms E → E is exactly [E : F ].
And since F -homomorphism is injective.
So F -homomorphism E → E must be F -isomorphism.

Def 2.4.2. Let G < Aut(E/F ), we set

EG = {α ∈ E|σα = α for all σ ∈ G}.

It is a subfield of E, called the fixed field of G.

Thm 2.4.1 (Artin). Let G < Aut(E/F ) be a finite group, then

[E : EG] ⩽ |G|.

Proof. Let G = {σ1, . . . , σm} and {α1, . . . , αn} ⊂ E with n > m.
We want to show that {α1, . . . , αn} must be linearly dependent with coefficient in EG.
Consider equations 

σ1(α1)X1 + · · ·+ σ1(αn)Xn = 0

σ2(α1)X1 + · · ·+ σ2(αn)Xn = 0

· · ·
σm(α1)X1 + · · ·+ σm(αn)Xn = 0

with X1, . . . , Xn ∈ E.
Then nontrivial solution of the equation always exists since m < n.
Take ci = σ1(Xi) + · · ·+ σm(Xi).
So we obtain that

α1c1 + · · ·+ αncn =
n∑

i=1

m∑
j=1

= αiσj(Xi) =
m∑
j=1

n∑
i=1

σj(αi)Xi = 0

σj(ci) =

m∑
k=1

σjσk(Xi) =

m∑
k=1

σk(Xi) = ci.

Hence ci ∈ EG and this complete the proof.
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Coro 2.4.1. Let G < Aut(E/F ) be a finite group, then

G = Aut(E/EG).

Proof. Notice that G ⊂ Aut(E/EG).
By theorem 2.4.12.4.1 and corollary 2.2.22.2.2, [E : EG] ⩽ |G| ⩽

∣∣Aut(E/EG)
∣∣ ⩽ [E : EG].

Def 2.4.3. An algebraic extension E/F is separable if the minimal polynomial of every element
of E is separable, otherwise, it is inseparable.

A normal extension E/F is an algebraic extension such that the minimal polynomial of
every element of E splits in E[X].

Moreover, An extension E/F is Galois if it is finite, separable and normal. In this case, we
call Aut(E/F ) the Galois group of E over F , denoted by Gal(E/F ).

Thm 2.4.2. TFAE:

(1) E is the splitting field of a separable polynomial f ∈ F [X].

(2) E is finite over F and F = EAut(E/F ).

(3) F = EG for some finite group G < Aut(E).

(4) E is Galois over F .

Proof. (1) ⇒ (2): Let M = EAut(E/F ) ⊃ F .
By proposition 2.2.32.2.3 and corollary 2.4.12.4.1, [E : F ] = |Aut(E/F )| = |Aut(E/M)| = [E :M ].
So M = F .
(2) ⇒ (3): Trivial.
(3) ⇒ (4): Let G = {σ1, . . . , σn}.
Take α ∈ E, Let {σ1(α), . . . , σn(α)} = {α1, . . . , αm} where αi 6= αj .
Consider polynomial f(x) = (x− α1) . . . (x− αm).
Notice that σk(αi)− σk(αj) = σk(αi − αj) 6= 0.
So σk(f(x)) = f(σk(x)) for any k, i.e. f ∈ F [X].
Therefore minimal polynomial of α must be separable and split in E[X].
Hence E is finite, separable and normal extension over F .
(4) ⇒ (1): Let E = F [α1, . . . , αn] and fi be the minimal polynomial of αi over F .
Set f to be the product of all distinct fi.
Then E is the splitting field of f since fi split in E[X].
And f is separable since fi are separable and distinct fi has no common roots.

Coro 2.4.2 (Artin theorem). Let G < Aut(E) be a finite group and F = EG, then E is a
Galois extension of F with Galois group G, and [E : F ] = |G|.

Proof. By corollary 2.4.12.4.1 and proposition 2.2.32.2.3, G = Gal(E/F ) and [E : F ] = |G|.

Coro 2.4.3. Let E ⊃M ⊃ F , if E is Galois over F , then it is Galois over M .

Proof. Let E be the splitting field of a separable polynomial f ∈ F [X].
Then E is the splitting field of f as an polynomial in M [X].
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2.5 Fundamental theorem of Galois theory
Def 2.5.1. A subextension of E/F is an extension M/F with M ⊂ E.

Thm 2.5.1 (fundamental theorem of Galois theory). Let E be a Galois extension over F with
Galois group G, then the map H 7→ EH is a bijection from the set of subgroups of G to the set
os subextensions of E/F with inverse M 7→ Gal(E/M). Moreover,

(1) H1 ⊃ H2 iff EH1 ⊂ EH2.

(2) When H1 ⊃ H2, |H1|/|H2| = [EH2 : EH1 ].

(3) σHσ−1 ↔ σM

(4) H is normal in G iff EH is Galois over F and in each case Gal(EH/F ) ∼= G/H.

Proof. By Artin theorem and theorem 2.4.22.4.2, Gal(E/EH) = H and M = EGal(E/M).
So H 7→ EH and M 7→ Gal(E/M) are bijection and inverse of each other.

(1) By definition of fixed field, H1 ⊃ H2 ⇒ EH1 ⊂ EH2 .
Conversely, every EH2-automorphism of E fixed EH1 .
So H1 = Gal(E/EH1) ⊃ Gal(E/EH2) = H2.

(2) [EH2 : EH1 ] = [E:EH1 ]

[E:EH2 ]
= |H1|

|H2| .

(3)
EσHσ−1

= {α ∈ E|σhσ−1(α) = α for all h ∈ H}
= {α ∈ E|h(σ−1α) = σ−1α for all h ∈ H} = σEH

(4) ⇒: By (3), σM =M for any σ ∈ G.
Consider homomorphism ϕ : G→ Aut(M/F ), σ 7→ σ

∣∣
M

.
Then kerϕ = H and imϕ = G/H.
So MG/H = F , by theorem 2.4.22.4.2, M is Galois over F .
Moreover, by Artin theorem, Gal(M/F ) = Gal(M/MG/H) ∼= G/H.
⇐: For α ∈M , σ(α) is a root of its minimal polynomial over F for any σ ∈ G.
So σ(α) ∈M since M is a normal extension.
Hence σHσ−1 = H, i.e. H is normal.

Prop 2.5.1. Suppose E and L are extensions of F contained in some common field, if E/F is
Galois, then EL/L and E/E ∩ L are Galois and the map

Gal(EL/L) → Gal(E/E ∩ L) : σ 7→ σ
∣∣
E

is an isomorphism.

Proof. Let E be the splitting field of separable polynomial f ∈ F [X].
Then EL is the splitting field of f as a polynomial over L.
So EL/L is Galois.
And since σ ∈ Gal(EL/L) fixes L and maps roots of f to roots of f .
Therefore σ

∣∣
E

maps E to E and fixes E ∩ L.
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Conversely, given σ0 ∈ Gal(E/E ∩ L), σ ∈ Gal(EL/L) such that σ0 = σ
∣∣
E

satisfies that

σ(el) = σ(e)σ(l) = σ0(e)l,

where e ∈ E and l ∈ L.
Hence the restriction map is an isomorphism.

Coro 2.5.1. In last proposition, suppose L is finite over F , then

[EL : F ] =
[E : F ][L : F ]

[E ∩ L : F ]
.

Proof.

[EL : F ] = [EL : L][L : F ] = |Gal(EL/L)|[L : F ] = |Gal(E/E ∩ L)|[L : F ] =
[E : F ][L : F ]

[E ∩ L : F ]

Prop 2.5.2. Suppose E1 and E2 are Galois extensions of F contained in some common field,
then E1E2 and E1 ∩ E2 are Galois over F , and the map

Gal(E1E2/F ) → Gal(E1/F )×Gal(E2/F ) : σ 7→
(
σ
∣∣
E1
, σ
∣∣
E2

)
is an isomorphism of Gal(E1E2/F ) onto the subgroup

H =
{
(σ1, σ2)

∣∣∣σ1∣∣E1∩E2
= σ2

∣∣
E1∩E2

}
.

Proof. Let E1, E2 be the splitting field of separable polynomial f1, f2 ∈ F [X] resp.
Then E1E2 is the splitting field of lcm(f1, f2) and E1∩E2 is the splitting field of gcd(f1, f2).
So both of them are Galois.
The rest part of the proposition is trivial.

Exam 2.5.1. We try to find all subextension of Q[ζ]/Q and their correspondence subgroup of
Gal(Q[ζ]/Q) where ζ = e

2
7
πi.

The minimal polynomial of ζ is x6 + · · ·+ x+ 1 = 0 and its roots are ζ, ζ2, . . . , ζ6.
So Q[ζ] is Galois over Q and its Galois group is (Z/7Z)× = Z/6Z.
Let σ ∈ G = Gal(Q[ζ]/Q) such that σζ = ζ3.
Then σ is a generator of G.
There are two nontrivial subgroup of G: H1 = 〈σ2〉 and H2 = 〈σ3〉.
For H1, notice that α = σ + σ2 + σ4 is fixed by σ2 and (α− σα)2 = −7.
So Q[ζ]H1 ⊃ Q

[√
−7
]
6= Q, i.e. Q[ζ]H1 = Q

[√
−7
]

since G/H1 has no nontrivial subgroup.
For H2, notice that β = σ + σ−1 is fixed by σ3.
So similarly, Q[ζ]H2 = Q[β].

Q[ζ] 1

Q
[√

−7
]

Q
[
ζ + ζ−1

]
〈σ2〉 〈σ3〉

Q Z/6Z
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2.6 Galois group of polynomial
Def 2.6.1. Let f ∈ F [X] be a separable polynomial, then its splitting field Ff is Galois over
F and we called Gal(Ff/F ) the Galois group Gf of f .

Remark 2.6.1. Since Ff is generated by the roots of f , Gf consists of some permutations of
roots of f .

Def 2.6.2. Consider a monic polynomial

f(x) = xn + an−1x
n−1 + · · ·+ a0 =

n∏
i=1

(x− αi).

Set
∆(f) =

∏
1⩽i<j⩽n

(αi − αj), D(f) = ∆(f)2 =
∏

1⩽i<j⩽n

(αi − αj)
2.

Here D(f) is called the discriminant of f , it is nonzero iff f is separable.

Prop 2.6.1. Let f ∈ F [X] be a separable polynomial and σ ∈ Gf , then

(1) σ∆(f) = sign(σ)∆(f).

(2) σD(f) = D(f)

Proof. By definition.

Coro 2.6.1. Let f ∈ F [X] be a separable polynomial, then

(1) The discriminant D(f) ∈ F .

(2) Assume char(F ) 6= 2, then F
An∩Gf

f = F [∆(f)], that is, Gf ⊂ An iff ∆(f) ∈ F .

Proof. (1) By the proposition.

(2) By the proposition, σ ∈ Gf fixes ∆(f) iff σ ∈ An.
So Aut(Ff/F [∆(f)]) = An ∩Gf .

Prop 2.6.2. Let f ∈ F [X] be a separable polynomial, then f is irreducible iff Gf permutes the
roots of f transitively.

Proof. ⇒: Let α, β be two roots of f .
Then f is the minimal polynomial of α, β.
So F [α] → F [β] : α 7→ β is an F -isomorphism.
Hence F [α] → F [β] ↪→ Ff can extend to an F -isomorphism Ff → Ff that maps α to β.
⇐: Suppose f is reducible.
Then there are two roots α, β of f such that their minimal polynomial are different.
So there exists no element σ ∈ G such that σ(α) = β, contradiction!

Remark 2.6.2. When f is irreducible, n divides |Gf | since [F [α] : F ] = n.

Exam 2.6.1. Let f be a separable polynomial of degree 2, notice that A2 = {1}.
So f is irreducible iff D(f) is not a square iff Gf = S2.

Exam 2.6.2. Let f be a separable irreducible polynomial of degree 3.
Since Gf < S3 and A3

∼= C3.
So there are only two cases: Gf = C3 or S3, according as D(f) is a square in F or not.
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Exam 2.6.3. Let f be a separable irreducible polynomial of degree 4 with roots α1, α2, α3, α4.
Consider a normal subgroup of S4

V = {1, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}.

And take
α = α1α2 + α3α4, β = α1α3 + α2α4, γ = α1α4 + α2α3.

So we can easily check that V is the subgroup of S4 that fixes α, β and γ.
Therefore F [α, β, γ] is Galois over F with Galois group V ∩Gf .
Let M = F [α, β, γ] and g(x) = (x− α)(x− β)(x− γ), which is the resolvent cubic of f .
Then g ∈ F [X] and M is the splitting field of g.
Notice that Gf is transitive subgroup of S4 and 4

∣∣|Gf |.
So there are only five cases:

G |Gf ∩ V | |Gf/(Gf ∩ V )|
S4 4 6

A4 4 3

V 4 1

D4 4 2

C4 2 2

By investigate g, we can deduce Gal(M/F ) ∼= Gf/(Gf ∩ V ).
So we only need to consider the case that |Gal(M/F )| = 2.
Notice that C2 is not transitive subgroup of Gf ∩ V .
Hence we can determine whether Gf = D4 or C4 by f is irreducible or not in M [X].

Prop 2.6.3. Let f be a separable polynomial and suppose orbits of Gf acting on the roots of f
have m1, . . . ,mr elements resp., then f factors as f = f1 · · · fr with fi irreducible of degree mi.

Proof. WLOG, we assume f is monic and let α1, . . . , αm1 be the first orbit of Gf .
Then f1 = (x−α1) · · · (x−αm1) is a polynomial in F [X] and its splitting field M1 corresponds

to the subgroup of Gf fixing α1, . . . , αm1 .
So Gal(M1/F ) isomorphic to image of the restriction Gf → Sym{α1, . . . , αm1}.
Hence it is transitive, i.e. f1 is irreducible and similarly we can construct fi.

Thm 2.6.1 (Dedekind). Let f(x) ∈ Z[X] be a monic polynomial of degree m and let p be a
prime number such that f̄ in Fp[X] is simple. Suppose f̄ = f1 . . . fr with fi irreducible of degree
mi in Fp[X], then Gf contains an element σp that has a cycle decomposition σ1 . . . σr with σi
of length mi.

Sketch of proof. Let α1, . . . , αm be the roots of f and P be a maximal ideal of A = Z[α1, . . . , αm]
such that P ∩ Z = pZ.

Then A/P = Fp [ᾱ1, . . . , ᾱm] is the splitting field Ef̄ of f̄ .
Consider DP = {σ ∈ Gf |σ(P ) = P}.
So the homomorphism φ : DP → Gf̄ , σ 7→ σ̄ is injective.
Moreover,

∏
σ∈Dp

(X − σ̄(ā)) lies in Fp[X], i.e. |Dp| ⩾ [Ef̄ : Fp].
Therefore φ is bijective.
Notice that Gf̄ is a cyclic group (see next section).
By proposition 2.6.32.6.3, take σp such that σ̄p is generator of Gf̄ and this complete the proof.

Exam 2.6.4. Consider f(X) = X5 −X − 1.
Then f(x) ≡ (x2 + x+ 1)(x3 + x2 + 1) (mod 2) and f mod 3 is irreducible.
So WLOG, we assume Gf contains permutations (a b)(c d e) and (1 2 3 4 5).
Notice that ((a b)(c d e))3 = (a b).
Hence Gf = S5.
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2.7 Finite field
Lemma 2.7.1. Let G be a finite abelian group, if G has at most m elements of order dividing
m for each divisor m of |G|, show that G is cyclic.

Proof. Suppose G is not cyclic, take g, h ∈ G of order p, q resp., where p, q are prime.
Then p 6= q, otherwise, there are at least 2p− 2 elements of order p, contradiction!
Assume gs 6= ht for any p ∤ s and q ∤ t, otherwise g, h are both some power of gs.
So gh is an element of order pq.
Hence there are at least p+ q + pq − 2 elements of order dividing pq, contradiction!

Prop 2.7.1. Let F be a field, then every finite subgroup of F× is cyclic.

Proof. In F×, an element of order dividing m is a root of polynomial xm − 1.
So there are at most m elements of order dividing m.
By the lemma, the finite subgroup of F× must be cyclic.

Coro 2.7.1. Every extension of finite fields is simple.

Proof. Let α be the generator of E×, then E = F [α].

Prop 2.7.2. For each power q = pn of p, there exists a unique field Fq with q elements, which
is the splitting field of Xq−X over Fp. Moreover, Fq is Galois over Fp with cyclic Galois group
generated by the Frobenius automorphism σ(a) = ap.

Proof. By proposition 2.7.12.7.1, for a ∈ F×
q , aq−1 = 1, i.e. aq = a.

So Fq are all roots of f(X) = Xq −X.
On the other hand, f ′(x) = qxq−1 − 1 = −1.
So f has q distinct roots.
Notice that if aq = a, bq = b, then (ab)q = ab, (a+ b)q = aq + bq = a+ b.
Therefore all the roots of f forms a field, that is Fq.
Moreover, F ⟨σ⟩

q = {a|ap = a} = Fp.
Hence Gal(Fq/Fp) = 〈σ〉.

Coro 2.7.2. Fq contains exactly one field with pm elements with m|n.

Proof. Corresponds to 〈σm〉 ⊂ Gal(Fq/Fp).

Coro 2.7.3. Let f ∈ Fp[x] be a monic irreducible polynomial of degree d, then f |Xpd −X and
so its splitting field contains in Fpd.

Proof. Every root of f contained in a field of degree d over Fp, more precisely, Fpd .
So some roots of Xpd −X are also roots of f , i.e. f |Xpd −X.

Coro 2.7.4. Fp has an algebraic closure F .

Proof. Take ni = i!.
Then ni|ni+1 and so Fpn1 ⊂ Fpn2 ⊂ Fpn3 ⊂ · · · .
Let F =

⋃
Fpni .

Then every polynomial in Fp[X] splits in F , i.e. F is an algebraic closure of Fp.
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2.8 Applications of Galois theory
2.8.1 Primitive element theorem
Thm 2.8.1. Let E = F [α1, . . . , αr] and assume α2, . . . , αr are separable over F , then there
exists a γ ∈ E such that E = F [γ].

Proof. We only need to prove for r = 2.
Let E = F [α, β] and f, g be minimal polynomials of α, β resp.
Let L be a splitting field of fg, α1, . . . , αs be the roots of f and β1, . . . , βt be the roots of g.
Then αi + xβj = α+ xβ has exactly one solution for j 6= 1.
Take c ∈ F such that αi + cβj 6= α+ xβ and γ = α+ cβ.
We claim that F [α, β] = F [γ].
Consider polynomial g(X) and f(γ − cX).
Since αi + cβj 6= γ.
So g(X) and f(γ−cX) have only one common root β in L, i.e. gcd(g(X), f(γ−cX)) = x−β.
Hence x− β ∈ F [γ][X], i.e. α, β ∈ F [γ].

Prop 2.8.1. Let E = F [γ], then there are only finitely many subextension of E over F .

Proof. Let M be a subextension of E and f be the minimal polynomial of γ over M .
Consider the subextension M ′ of M generated by the coefficient of f .
Then minimal polynomial of γ over M ′ is also f , i.e. [E :M ′] = deg f = [E :M ].
So M =M ′ is generated by the coefficient of f .
Let g be the minimal polynomial of γ over F .
Then in E[X], g|f .
Hence there are only finitely many different M .

2.8.2 cyclotomic extension
Prop 2.8.2. Suppose char(F ) ∤ n and let E be the splitting field of Xn − 1.

(1) There exists a primitive n-th root of 1 in E.

(2) If ζ is a primitive n-th root of 1 in E, then E = F [ζ].

(3) For σ ∈ Gal(E/F ), there exists i ∈ (Z/nZ)× such that σζ = ζi for all n-th root ζ of 1.

Proof. (1) f ′(x) = nxn−1 has only one root zero.
So f is separable and its roots form a finite subgroup of E×.
By proposition 2.7.12.7.1, this subgroup is cyclic, i.e. the generator is a primitive n-th root.

(2) 1, ζ, ζ2, . . . , ζn−1 are distinct and are all roots of f .
So they are all the roots of f , i.e. E = F [ζ].

(3) σ is a permutation of roots of f .
So σζ = ζi for some gcd(i, n) = 1, i.e. i ∈ (Z/nZ)×.

Def 2.8.1. The n-th cyclotomic polynomial is given by

Φn =
∏

(X − ζ) (product over the primitive n-th roots of 1)

Prop 2.8.3. deg(Φn) = ϕ(n), Xn − 1 =
∏

d|nΦd(X).
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Lemma 2.8.1. Suppose char(F ) ∤ n and let ζ be a primitive n-th root of 1, TFAE:

(1) The n-th cyclotomic polynomial Φn is irreducible

(2) The degree [F [ζ] : F ] = ϕ(n)

(3) The homomorphism Gal(F [ζ]/F ) → (Z/nZ)× is an isomorphism.

Proof. (1) ⇒ (2): The minimal polynomial of ζ is Φn.
So [F [ζ] : F ] = degΦn = ϕ(n).
(2) ⇒ (3): This homomorphism is injective and |Gal(F [ζ]/F )| = [F [ζ] : F ] = |(Z/nZ)×|.
So this homomorphism is an isomorphism.
(3) ⇒ (1): [F [ζ] : F ] = |Gal(F [ζ]/F )| = |(Z/nZ)×| = deg(Φ(n)).
And since the minimal polynomial of ζ is Φn.
So Φn is irreducible.

Thm 2.8.2. Φn is irreducible in Q[X].
Proof. Let σp ∈ Gal(Q[ζ]/Q) with p ∤ n such that σp(ζ) ≡ ζp (mod P ) (see theorem 2.6.12.6.1).

Then σp(ζ) = ζp, i.e. Gal(Q[ζ]/Q) → (Z/nZ)×, σp 7→ [p].
So the homomorphism is isomorphism.

2.8.3 Cyclic extensions
Def 2.8.2. An extension E of F is cycliccyclic extension if it is Galois with cyclic Galois group.
Thm 2.8.3 (Dedekind). Let F be a field and G be a group, every finite set {χ1, . . . , χm} of
group homomorphism G→ F× is linearly independent over F .
Proof. We prove it by induction.

When m = 1, trivial.
Assume the statement is true for m− 1.
Suppose a1χ1 + · · ·+ amχm = 0 with am ∈ F and a2 6= 0.
Take g such that χ1(g) 6= χ2(g).
Then a1χ1(g)χ1(x) + · · ·+ amχm(g)χm(x) = 0 = a1χ1(g)χ1(x) + · · ·+ amχ1(g)χm(x).
So a2(χ2(g)− χ1(g))χ2(x) + · · ·+ am(χm(g)− χ1(g))χm(x) = 0 with a2(χ2 − χ1(g)) 6= 0.
By induction assumption, contradiction!

Prop 2.8.4. Let F be a field containing a primitive n-th root of 1 and E = F [α] such that
αn ∈ F and no smaller power of α is in F . Then E is Galois over F with cyclic Galois group
of order n. Conversely, if E is a cyclic extension of F of degree n, then E = F [α] for some α
with αn ∈ F .
Proof. Let ζ be the primitive n-th root of 1.

Then the roots of Xn − a are ζiα.
So E is Galois over F and for σ ∈ Gal(E/F ), σα = ζiα for some i.
Therefore φ : Gal(E/F ) → Z/nZ, σ 7→ i is an injective homomorphism.
Suppose φ is not surjective.
Then imφ ∼= Z/dZ for some d|n.
So σαd = (σα)d = αd for any σ ∈ Gal(E/F ).
But αd /∈ F for d < n, contradiction!
Hence Gal(E/F ) ∼= Z/nZ.
Conversely, let σ be the generator.
Since 1, σ, σ2, . . . , σn−1 are group homomorphism F× → F×.
So
∑
ζiσi 6= 0.

Take α =
∑
ζiσi(γ) 6= 0.

Then σα = ζ−1α, i.e. E = F [α] with αn ∈ F .
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2.8.4 Solvability of polynomial equations
Def 2.8.3. We say f(X) = 0 is solvable in radicals if its solutions can be obtained by the
algebraic operations of addition, subtraction, multiplication, division and the extraction of mth
roots, or, more precisely, if there exists a tower of fields

F = F0 ⊂ F1 ⊂ · · · ⊂ Fm

such that Fi = Fi−1[αi] with αmi
i ∈ Fi−1 and Fm contains the splitting field of f .

Lemma 2.8.2. Let f be separable and F ′ be an extension of F , then Gal(F ′
f/F

′) < Gal(Ff/F ).

Proof. Let F ′
f = F ′[α1, . . . , αm].

Then Ff = F [α1, . . . , αm].
Since every element of Gal(F ′

f/F
′) permutes αi.

So Gal(F ′
f/F

′) acts on Ff and the map σ 7→ σ
∣∣
Ff

is an injection Gal(F ′
f/F

′) → Gal(Ff/F ).

Thm 2.8.4. Suppose char(F ) = 0, then f is solvable in radicals iff its Galois group is solvable.

Proof. ⇐: Take F ′ = F [ζ] where ζ is a primitive n-th root of 1 with sufficiently large n.
By the lemma, G0 = Gal(F ′

f/F
′) is solvable.

So there exists G0 . G1 . · · · . Gm = {1} such that Gi/Gi+1 is cyclic.
By proposition 2.8.42.8.4, f is solvable in radicals.
⇒: Take F0, . . . , Fm and α1, . . . , αm by definition.
Let Ω be a field Galois over F containing Fm and primitive n-th root ζ with large n.
Take G = Gal(Ω/F ) and the Galois closure Ẽ of Fm[ζ] in Ω.
Then Ẽ = ∪σ∈GσFm[ζ] and is generated by ζ, α1, . . . , αm, σα1, . . . , σαm, . . .
So we get a tower of fields

Fm ⊂ Fm[ζ] ⊂ Fm[ζ, α1] ⊂ · · · ⊂ Ẽ.

By proposition 2.8.42.8.4, each step of the tower is a cyclic extension.
Hence Gal(Ẽ/F ) is solvable, i.e. Gal(Fm/F ) = Gal(Ẽ/F )/Gal(Ẽ/Fm) is solvable.
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Commutative Algebra

3.1 Ring and ideals
Def 3.1.1. A ring A with exactly one maximal ideal m is called a local ring and the field
k = A/m is called the residue field of A.

Prop 3.1.1. (1) Let A be a ring and m 6= (1) an ideal of A such that x ∈ A\m is a unit in A,
then A is a local ring and m is its maximal ideal.

(2) Let A be a ring and m a maximal ideal of A, such that every element of 1 +m is a unit in
A, then A is a local ring.

Proof. (1) Let I be an ideal of A.
If I ∩A\m 6= 0, then I contains a unit, i.e. I = A.
So m is the only maximal ideal of A.

(2) Let I be an ideal of A.
Since m is maximal.
So I +m = m or (1), i.e. I ⊂ m or I ∩ (1 +m) 6= ∅.
Hence m is the only maximal ideal of A.

Def 3.1.2. The set N of all nilpotent elements is an ideal called nilradical.

Prop 3.1.2. The nilradical is the intersection of all the prime ideals of A.

Proof. For r ∈ N, let rn = 0.
Then r · rn−1 = 0 ∈ p, where p is a prime ideal.
So r ∈ p, i.e. N contains in the intersection of all the prime ideals of A.
On the other hand, let a /∈ N and S be the set of all ideals a such that fn /∈ a for any n.
By Zorn lemma, S has a maximal element p.
Take x, y /∈ p, there exists fm ∈ p+ (x) and fn ∈ p+ (y).
So fm+n ∈ p+ (xy), i.e. xy /∈ p.
Hence p is prime and f /∈ p.

Def 3.1.3. The Jacobson radical R of A is the intersection of all the maximal ideals of A.

Prop 3.1.3. x ∈ R iff 1− xy is a unit in A for all y ∈ A.

16
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Proof. ⇒: Suppose 1− xy is not a unit.
Then (1− xy) ⊂ m for some maximal ideal m.
But notice that m+ (x) = (1− xy + xy) = (1).
So x /∈ m, contradiction!
⇐: Suppose there exists a maximal ideal m such that x /∈ m.
Then m+ (x) = (1), i.e. there exists t ∈ m, y ∈ A such that t+ xy = 1.
So t = 1− xy ∈ m is not a unit, contradiction!

Def 3.1.4. We say two ideal a, b are coprime if a+ b = (1).

Prop 3.1.4. Let A be a ring and a1, . . . , an be ideals of A, define a homomorphism

φ : A→
∏

(A/ai), x 7→ (x+ a1, . . . , x+ an)

(1) If ai, aj are coprime whenever i 6= j, then
∏

ai =
⋂
ai.

(2) φ is surjective iff ai, aj are coprime whenever i 6= j.

(3) φ is injective iff
⋂
ai = (0).

Proof. (1) We prove this by induction.
When n = 2, (a1 ∩ a2)(a1 + a2) = (a1 ∩ a2)a1 + (a1 ∩ a2)a2 ⊂ a1a2 ⊂ a1 ∩ a2.
So a1 ∩ a2 = a1a2.
Assume the statement is true for n = k − 1.
When n = k, let b = a2 · · · an.
Let xi + yi = 1 for xi ∈ a1 and yi ∈ ai with 2 ⩽ i ⩽ n, then

n∏
i=2

yi =

n∏
i=2

(1− xi) ≡ 1 (mod a1).

So a1 + b = (1), i.e.
∏

ai = a1b = a1 ∩ b =
⋂
ai.

(2) ⇒: φj(ai) = A/aj .
So ai + aj = (1).
⇐: By the proof of (1), a1 and a2 · · · an is coprime.
So there exists x ∈ A such that x ∈ 1 + a1 and x ∈ ai for 2 ⩽ i ⩽ n.
Hence φ(x) = (1, 0, . . . , 0) and so φ is surjective.

(3) kerφ =
⋂
ai.

Prop 3.1.5. (1) Let p1, . . . , pn be prime ideals and let a be an ideal contained in
⋃
pi, then

a ⊂ pi for some i.

(2) Let a1, . . . , an be ideals and p be a prime ideal containing
⋂
ai, then p ⊃ ai for some i.

Moreover, if p =
⋂

ai, then p = ai for some i.

Proof. (1) Suppose a ⊈ pi for any i.
We prove that a ⊈

⋃
pi, which gives us the contradiction, by induction.

When n = 1, trivial.
Assume the statment is true for n = k − 1.
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When n = k, by induction assumption, there exists xi ∈ a such that xi /∈ pj for j 6= i.
We assume xi ∈ pi otherwise we are done.
Take y =

∑
x1 · · ·xi−1xi+1 · · ·xn.

Then y ∈ a, y ≡ x1 · · ·xi−1xi+1 · · ·xn (mod pi).
So y /∈

⋃
pi.

(2) Suppose ai ⊈ p for any i, let xi ∈ ai\p.
Then

∏
xi ∈

∏
ai ⊂

⋂
ai ⊂ p.

But
∏
xi /∈ p, contradiction!

Moreover, if p =
⋂
ai, ai ⊂ p =

⋂
ai ⊂ ai, i.e. p = ai.

Def 3.1.5. The ideal quotient of two ideals a, b is (a : b) = {x ∈ A|xb ⊂ a}. In particular,
(0 : b) is called the annihilator of ideal b, denoted by Ann(b)

Prop 3.1.6. (1) a ⊂ (a : b)

(2) (a : b)b ⊂ a.

(3) ((a : b) : c) = (a : bc) = ((a : c) : b).

(4) (
⋂

ai : b) =
⋂
(ai : b).

(5) (a :
∑

bi) =
⋂
(a : bi).

Def 3.1.6. The radical of an ideal a is

r(a) = {x ∈ A|xn ∈ a for some n > 0}.

Prop 3.1.7. (1) r(a) ⊃ a.

(2) r(r(a)) = r(a).

(3) r(ab) = r(a ∩ b) = r(a) ∩ r(b).

(4) r(a) = (1) iff a = (1).

(5) r(a+ b) = r(r(a) + r(b)).

(6) If p is prime, r(pn) = p for all n > 0.

Prop 3.1.8. The radical of an ideal a is the intersection of the prime ideals which contain a.

Proof. Notice that r(a) = π−1(NA/a) where π : A→ A/a is the quotient map.
Apply proposition 3.1.23.1.2 on A/a

Prop 3.1.9. If r(a) and r(b) are coprime, then a and b are coprime.

Proof. r(a+ b) = r(r(a) + r(b)) = r(1) = (1).
So a+ b = (1).

Def 3.1.7. Let f : A → B be a ring homomorphism and a be an ideal in A, we define the
extension ideal ae of a to be the ideal f(a)B generated by f(a).

Let b be an ideal of B, f−1(b) is called the contraction ideal bc of b.

Prop 3.1.10. If b is prime, then bc is prime.
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Prop 3.1.11. (1) a ⊂ aec, b ⊃ bce.

(2) bc = bcec, ae = aece.

(3) If C is the set of contracted ideals in A and if E is the set of extended ideals in B, then
C = {a|aec = a}, E = {b|bce = b} and a 7→ ae is a bijection C → E, whose inverse is
b 7→ bc.

Proof. (1) a ⊂ f−1(f(a)) ⊂ f−1(f(a)B) = aec.
bce = f(f−1(b))B ⊂ bB = b.

(2) bc ⊂ (bce)c and bc ⊃ (bce)c.
ae ⊂ (aec)e and ae ⊃ (ae)ce.

(3) For a such that aec = a, a = (ae)c ∈ C.
For b such that bce = b, b = (bc)e ∈ C.

Prop 3.1.12. If a1, a2 are ideals of A and b1, b2 are ideals of B, then

(a1 + a2)
e = ae1 + ae2, (b1 + b2)

c ⊃ bc1 + bc2,
(a1 ∩ a2)

e ⊂ ae1 ∩ ae2, (b1 ∩ b2)
c = bc1 ∩ bc2,

(a1a2)
e = ae1a

e
2, (b1b2)

c ⊃ bc1b
c
2,

(a1 : a2)
e ⊂ (ae1 : a

e
2), (b1 : b2)

c = (bc1 : b
c
2),

r(a)e ⊂ r(ae) r(b)c = r(bc)

3.2 Module
Prop 3.2.1. (1) Let L ⊃M ⊃ N be A-modules, then (L/N)/(M/N) ∼= L/M .

(2) Let M1,M2 be submodules of M , then (M1 +M2)/M1
∼=M2/(M1 ∩M2).

Proof. (1) Consider φ : L/N → L/M, x+N 7→ x+M .
Then φ is surjective and kerφ =M/N , i.e. (L/N)/(M/N) ∼= L/M .

(2) Consider φ :M2 ↪→ (M1 +M2) → (M1 +M2)/M1, x 7→ x+M1.
Then φ is surjective and kerφ =M1 ∩M2, i.e. M2/(M1 ∩M2) ∼= (M1 +M2)/M1.

Def 3.2.1. Let N,P be submodules of M , we define the ideal (N : P ) = {a ∈ A|aP ⊂ N}. In
particular, (0 :M) is called the annihilator of module M , denoted by Ann(M).

An A-module is faithful if Ann(M) = 0.

Prop 3.2.2. (1) Ann(M +N) = Ann(M) ∩Ann(N).

(2) (N : P ) = Ann((N + P )/N).

Prop 3.2.3. Let M be a finitely generated A-module, a be an ideal of A and φ be an A-module
endomorphism of M such that φ(M) ⊂ aM , then φ satisfies an equation of the form

φn + a1φ
n−1 + · · ·+ an = 0

where ai ∈ a.
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Proof. Let x1, . . . , xn be the generators of M and φ(xi) =
∑
aijxj .

Then
∑

(δijφ− aij)xj = 0.
By multiplying on the left by the adjoint matrix of (δijφ− aij), det(δijφ− aij)xj = 0.
So δ(δijφ− aij) = 0, which is a polynomial of φ with coefficient in a.

Coro 3.2.1. Let M be a finitely generated A-module and a be an ideal of A such that aM =M ,
then there exists x ≡ 1 (mod a) such that xM = 0.

Proof. Take φ = Id and let φn + a1φ
n−1 + · · ·+ an = 0.

Then (1 + a1 + · · ·+ an)M = 0 and 1 + a1 + · · ·+ an ≡ 1 (mod a).

Prop 3.2.4 (Nakayama). Let M be a finitely generated A-module and a be an ideal of A
contained in the Jacobson radical R of A, if aM =M then M = 0.

Proof. By corollary 3.2.13.2.1, take x ≡ 1 (mod a) such that xM = 0.
By proposition 3.1.33.1.3, x is a unit in A, let xy = 1.
So M = yxM = 0.

Coro 3.2.2. Let M be a finitely generated A-module, N be a submodule of M and a ⊂ R be an
ideal, if M = aM +N , then M = N .

Proof. Since a(M/N) = aM/(aM ∩N) = (aM +N)/N .
So by Nakayama lemma on M/N , M = N .

Prop 3.2.5. Let A be a local ring and xi be the elements of M whose image in M/mM form
a basis of this vector space. Then the xi generate M .

Proof. Let N be the submodule of M generated by xi.
Then N →M →M/mM maps onto M/mM .
So N +mM =M .
By corollary 3.2.23.2.2, M = N .

Prop 3.2.6. (1) The sequence
M ′ u−−→M

v−−→M ′′ → 0

is exact iff for all A-modules N , the sequence

0 → Hom(M ′′, N)
v̄−−→ Hom(M,N)

ū−−→ Hom(M ′, N)

is exact.

(2) The sequence
0 → N ′ u−−→ N

v−−→ N ′′

is exact iff for all A-modules N , the sequence

0 → Hom(M,N ′)
ū−−→ Hom(M,N)

ū−−→ Hom(M,N ′′)

is exact.

Proof. All four parts of this proposition are similar, we prove the first one for example.
Take f, g ∈ Hom(M ′′, N) with v̄(f) = v̄(g).
Then v̄(f) = v ◦ f, v̄(g) = v ◦ g.
And since v is surjective.
So f = g, i.e. v̄ is injective.
Take h ∈ Hom(M,N) such that ū(h) = u ◦ h = 0.
Then ker v = imu ⊂ kerh.
So h :M →M/ kerh→ N factor through M/ ker v ∼=M ′′.
Hence h = v ◦ k = v̄(k) for some k ∈ Hom(M ′′, N).
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Prop 3.2.7. Let
0 M ′ M M ′′ 0

0 N ′ N N ′′ 0

u

f ′

v

f f ′′

u′ v′

be a commutative diagram of A-modules and homomorphisms, with the rows exact, then there
exists an exact sequence

0 → ker(f ′)
ū−−→ ker(f)

v̄−−→ ker(f ′′)
d−−→ coker(f ′)

ū′
−−→ coker(f)

v̄′−−→ coker(f ′′) → 0

where ū, v̄ are restrictions of u, v and ū′, v̄′ are induced by u′, v′.

Def 3.2.2. The tensor product of modules M,N is the unique A-module M ⊗ N with an
A-bilinear map g :M ×N →M ⊗N satisfying the following universal property:

Given any A-module P with A-bilinear map f :M ×N → P , there exists a unique A-linear
map f ′ : T → P such that f = g ◦ f ′.

Prop 3.2.8. Let M,N,P be A-modules, then there exist unique isomorphisms

(1) M ⊗N → N ⊗M

(2) (M ⊗N)⊗ P →M ⊗ (N ⊗ P ) →M ⊗N ⊗ P

(3) (M ⊕N)⊗ P → (M ⊗ P )⊕ (N ⊗ P )

(4) A⊗M →M

Proof. Use the universal property.

Def 3.2.3. Let f : A → B be an homomorphism and N be a B-module, then N has an
A-module structure with a · m = f(a)m. This A-module is said to be obtained from N by
restriction of scalars. In particular, B has an A-module structure.

Let M be an A-module, then MB = B ⊗A M has a B-module structure with b · (b′ ⊗ x) =
bb′ ⊗ x. The B-module MB is said to be obtained from M by extension of scalars.

Prop 3.2.9. Hom(M ⊗N,P ) ∼= Hom(M,Hom(N,P )).

Prop 3.2.10. Let
M ′ f−−→M

g−−→M ′′ → 0

be an exact sequence of A-modules and homomorphisms and N be any A-module, then the
sequence

M ′ ⊗N
f⊗1−−→M ⊗N

g⊗1−−→M ′′ ⊗N → 0

is exact.

Proof. Take any A-module P .
By proposition 3.2.63.2.6, the following sequence is exact:

0 → Hom(M ′′,Hom(N,P ))
ḡ−−→ Hom(M,Hom(N,P ))

f̄−−→ Hom(M ′,Hom(N,P )).

So by proposition 3.2.93.2.9 and proposition 3.2.63.2.6, we complete the proof.
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3.3 Rings and modules of fractions
Def 3.3.1. A multiplicatively closed subset of A is a subset S of A such that 1 ∈ S and S is
closed under multiplication. We define an equivalence relation on A×S such that (a, s) ∼ (b, t)
iff (at− bs)u = 0 for some u ∈ S. The set of equivalence classes S−1A is a ring called the ring
of fractions of A w.r.t. S.

There is a natural homomorphism f : A→ S−1A, x 7→ x
1 , it has the universal property:

Prop 3.3.1. Let g : A→ B be a ring homomorphism such that g(s) is a unit in B for all s ∈ S,
then there exists a unique ring homomorphism h : S−1A→ B such that g = f ◦ h.

Proof. Take h(as ) = g(a)g−1(s).
For b

t =
a
s , let (at− bs)u = 0 for u ∈ S.

Then g(a)g(t)− g(b)g(s) = 0 · g−1(u) = 0.
So h(as ) = g(a)g−1(s) = g(b)g−1(t) = h( bt ), i.e. h is well-defined.

Def 3.3.2. Define an equivalence relation on M×S such that (m, s) ∼ (m′, s′) iff t(s′m−sm′) =
0 for some t ∈ S. The set of equivalence classes S−1M is an S−1A-module called the module of
fractions of M w.r.t. S.

Similarly, there is a natural A-module homomorphism f : M → S−1M,m 7→ m
1 and it has

the universal property:

Prop 3.3.2. Let N be a S−1A-module and f : M → N be an A-module homomorphism, then
there exists a unique S−1A-module homomorphism h : S−1M → N such that g = f ◦ h.

Proof. Take h(ms ) =
1
sg(m).

For m′

s′ = m
s , let t(s′m− sm′) = 0 for t ∈ S.

Then s′g(m)− sg(m′) = 0
t = 0.

So h(ms ) =
1
sg(m) = 1

s′ g(m
′) = h(m

′

s′ ), i.e. h is well-defined.

Prop 3.3.3. The operation S−1 is exact, i.e. if the sequence

M ′ f−−→M
g−−→M ′′

is exact, then
S−1M ′ S−1f−−−→ S−1M

S−1g−−−→ S−1M ′′

is exact.

Proof. S−1g ◦ S−1f = S−1(g ◦ f) = 0.
So imS−1f ⊂ kerS−1g.
On the other hand, take m

s ∈ kerS−1g.
Then S−1g(ms ) =

g(m)
s = 0, i.e. tg(m) = 0 for some t ∈ S.

So g(tm) = 0, i.e. tm ∈ ker g = im f , take m′ ∈ f−1(tm).
Therefore S−1f(m

′

st ) =
tm
st = m

s .
Hence ker(S−1g) = im(S−1f).

Coro 3.3.1. (1) S−1(N + P ) = S−1(N) + S−1(P )

(2) S−1(N ∩ P ) = S−1(N) ∩ S−1(P ).

(3) S−1(M/N) ∼= (S−1M)/(S−1N) as S−1A-modules.

Proof. (3): apply S−1 to the exact sequence 0 → N →M →M/N → 0.
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Prop 3.3.4. S−1M ∼= S−1A⊗A M .

Proof. By universal property of tensor, there is a map

f : S−1A⊗A M → S−1M,
a

s
⊗m 7→ am

s

On the other hand, by universal property of module of fractions, there is a map

g : S−1M → S−1A⊗A M,
m

s
7→ 1

s
⊗m.

Hence S−1M ∼= S−1A⊗A M .

Coro 3.3.2. S−1M ⊗S−1A S
−1N ∼= S−1(M ⊗A N).

Proof.
S−1(M ⊗A N) = S−1A⊗A M ⊗A N

= S−1A⊗A M ⊗S−1A S
−1A⊗A N

= S−1M ⊗S−1A S
−1N

Def 3.3.3. Let p be a prime ideal of A, then S = A− p is multiplicatively closed and the ring
of fraction Ap = S−1A is called localization at p.

Prop 3.3.5. Ap is a local ring.

Proof. For a /∈ p, a
s is a unit with inverse s

a .
By proposition 3.1.13.1.1, A is a local ring with maximal ideal m =

{p
s

∣∣p ∈ p
}

.

Def 3.3.4. A property P of a ring A (or of an A-module M) is said to be a local property if
A (or M) has P iff Ap (or Mp) has P for every prime ideal p of A.

Prop 3.3.6. TFAE:

(1) M = 0.

(2) Mp = 0 for all prime ideal p of A.

(3) Mm = 0 for all maximal ideal m of A.

Proof. (1) ⇒ (2) ⇒ (3) is trivial.
(3) ⇒ (1): Suppose M 6= 0, let x 6= 0 ∈ A.
Then Ann(x) 6= (1), take m ⊃ Ann(x).
So x

1 ∈ Am is nonzero, otherwise xs = 0 for some s /∈ m, i.e. s ∈ Ann(x), contradiction!

Prop 3.3.7. Let f :M → N be an A-module homomorphism, TFAE:

(1) f is injective

(2) fp :Mp → Np is injective for all prime ideal p of A.

(3) fm :Mm → Nm is injective for all maximal ideal m of A.

Similarly with “injective” replaced by “surjective” throughout.
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Proof. (1) ⇒ (2): 0 →M → N is exact.
So by proposition 3.3.33.3.3, 0 →Mp → Np is exact.
(2) ⇒ (3): Trivial.
(3) ⇒ (1): Suppose f is not injective, let m 6= 0 ∈M such that f(m) = 0.
Then Ann(m) 6= (1), take m ⊃ Ann(m).
So m

1 ∈Mm is nonzero while fm(m1 ) =
0
1 = 0, contradiction!

Prop 3.3.8. Consider the homomorphism f : A→ S−1A, let C be the set of contracted ideals.

(1) Every ideal in S−1A is an extended ideal.

(2) If a is an ideal in A, then aec =
⋃

s∈S(a : (s)) and so ae = (1) iff a meets S.

(3) a ∈ C iff no element of S is a zero-divisor in A/a.

(4) The prime ideals of S−1A are in one-to-one correspondence (p ↔ S−1p) with the prime
ideals of A which don’t meet S.

Proof. (1) Let b be an ideal of S−1A and take x
s ∈ b.

Then x
1 ∈ b, i.e. x ∈ bc.

So x
s = x

1 · 1
s ∈ bc(S−1A) = bce, i.e. b ⊂ bce ⊂ b.

(2) Take a ∈ a.
Then for b ∈ f−1

(
a
1

)
, (a− b)s = 0 for some s ∈ S.

So b ∈ (a : (s)), i.e. aec ⊂
⋃

s∈S(a : (s)).
On the other hand, take b ∈ (a : (s)) and let bs = a ∈ a.
Then f(b) = b

1 = a
s ∈ a(S−1A) = ae, i.e. (a : (s)) ⊂ aec.

(3) In A/a, (a : (s)) + a = AnnA/a(s+ a).
So a = aec iff AnnA/a(s+ a) = (0) + a, i.e. s is not zero divisor in A/a for all s ∈ S.

(4) Take a prime ideal p of A which don’t meet S and x
s ,

y
t ∈ S−1A\S−1p.

Then x, y /∈ p, suppose xy
st ∈ S−1p, let xy

st = p
u .

So (pst− xyu)v = 0 for some v ∈ S, i.e. xyuv = pstv ∈ p, contradiction!
Conversely, take an ideal S−1a which is prime in S−1A and x, y ∈ A\a.
Then x

1 ,
y
1 /∈ S−1p, i.e. xy

1 /∈ S−1p.
So xy /∈ p.

Coro 3.3.3. The operation S−1 commutes with formation of finite sum, products, intersections
and radicals.

Proof. By proposition 3.1.123.1.12, S−1 commutes with finite sum and products.
By corollary 3.3.13.3.1, S−1 commutes with intersections.
By proposition 3.1.123.1.12, S−1r(a) ⊂ r(S−1a).
Take a

s ∈ r(S−1a) with
(
a
s

)n
= b

t .
Then (at)n = btn−1sn ∈ a, i.e. at ∈ r(a).
So a

s = at
st ∈ S−1r(a).

Coro 3.3.4. Let N be the nilradical of A, then S−1N is the nilradical of S−1A.
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Coro 3.3.5. The prime ideals of the local ring Ap are in one-to-one correspondence with the
prime ideals of A contained in p.

Prop 3.3.9. Let M be a finitely generated A-module and S be a multiplicatively closed subset
of A, then S−1(Ann(M)) = Ann(S−1M).

Proof. If this is true for M,N , then

S−1(Ann(M +N)) = S−1(Ann(M) ∩Ann(N)) = S−1Ann(M) ∩ S−1Ann(N)

= Ann(S−1M) ∩Ann(S−1N) = Ann(S−1(M +N))

So it suffices to prove for M generated by one element m.
Consider the homomorphism φ : A→M,a 7→ am.
Then kerφ = Ann(M) and φ is surjective, i.e. M ∼= A/Ann(M).
So Ann(S−1M) = Ann(S−1A/S−1Ann(M)) = S−1Ann(M).

Coro 3.3.6. Let N,P be two submodules of an A-module M and if P is finitely generated, then
S−1(N : P ) = (S−1N : S−1P ).

Proof. By proposition 3.2.23.2.2, (N : P ) = Ann((N + P )/P ).

Prop 3.3.10. Let f : A → B be a ring homomorphism and p be a prime ideal of A, if p is a
contraction then it is a contraction of a prime ideal.

Proof. Let S = f(A\p).
Then pe ∩ S = ∅, i.e. S−1pe ⊂ m for some maximal ideal m of S−1B.
Let q be the contraction of m under B → S−1B.
So q ⊃ pe and q ∩ S = ∅.
Hence qc = p.

3.4 integral dependence
Def 3.4.1. Let B be a ring and A be a subring of B. An element x of B is said to be integral
over A if x is a root of a monic polynomial with coefficients in A.

Prop 3.4.1. TFAE:

(1) x ∈ B is integral over A.

(2) A[x] is a finitely generated A-module

(3) A[x] is contained in a subring C of B such that C is a finitely generated A-module.

(4) There exists a faithful A[x]-module M which is finitely generated as an A-module.

Proof. (1) ⇒ (2): A[x] can be generated by 1, x, . . . , xn−1.
(2) ⇒ (3): A[x] ⊂ A[x].
(3) ⇒ (4): C is a faithful A[x]-module.
(4) ⇒ (1): Consider φ :M →M,m 7→ xm.
Then φ(M) ⊂ xM .
By proposition 3.2.33.2.3, φn + a1φ

n−1 + · · ·+ an = 0.
And since M is faithful.
So xn + a1x

n−1 + · · ·+ an = 0, i.e. x is integral over A.

Coro 3.4.1. Let xi be some elements of B that integral over A, then A[x1, . . . , xn] is a finitely-
generated A-module.
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Coro 3.4.2. The set C of elements that are integral over A is a subring of B containing A.

Proof. For x, y ∈ C, A[x, y] is finitely generated, i.e. x+ y, xy are integral over A.

Def 3.4.2. Such ring C is called the integral closure of A in B. If C = A, then A is said to be
integrally closed in B. If C = B, the ring B is said to be integral over A.

Coro 3.4.3. Let A ⊂ B ⊂ C be three rings such that B is integral over A and C is integral
over B, then C is integral over A.

Proof. For x ∈ C, let xn + b1x
n−1 + · · ·+ bn = 0.

Then A[b1, . . . , bn][x] is finitely generated over A.
So x is integral over A.

Coro 3.4.4. Let A be a subring of B and C be the integral closure of A in B, then C is integrally
closed in B.

Prop 3.4.2. Let A be a subring of B such that B integral over A.

(1) If b is an ideal of B and a = bc = A ∩ b, then B/b is integral over A/a.

(2) If S is a multiplicatively closed subset of A, then S−1B is integral over S−1A.

Proof. (1) For x ∈ B, let xn + a1x
n−1 + · · ·+ an = 0 with ai ∈ A.

Then (x+ b)n + (a1 + a)(x+ b)n−1 + · · ·+ (an + a) = 0 + b.

(2) For x ∈ B, let xn + a1x
n−1 + · · ·+ an = 0 with ai ∈ A.

Then
(
x
s

)n
+ a1

s

(
x
s

)n−1
+ · · ·+ an

sn = 0.

Prop 3.4.3. Let A ⊂ B be integral domains such that B integral over A, then B is a field iff
A is a field.

Proof. ⇒: Since x = 1
a is an element in B for a ∈ A.

Let xn + a1x
n−1 + · · ·+ an = 0.

Then x+ a1 + a2a+ · · ·+ ana
n−1 = 0, i.e. x ∈ A.

⇐: For x ∈ B, let xn + a1x
n−1 + · · ·+ an = 0 with an 6= 0.

Then 1
an
xn−1 + a1

an
xn−2 + · · ·+ an−1

an
+ x−1 = 0, i.e. x−1 ∈ B.

Coro 3.4.5. Let A be a subring of B such that B is integral over A, q be a prime ideal of B
and p = q ∩A, then q is maximal iff p is maximal.

Coro 3.4.6. Let A be a subring of B such that B is integral over A and q, q′ be prime ideals of
B such that q ⊂ q′, qc = q′c = p, then q = q′.

Proof. By proposition 3.4.23.4.2, Bp is integral over Ap.
Let m be the extension of p in Ap and n, n′ be the extension of q, q′ in Bp resp.
Then m is maximal in Ap, i.e. n, n′ are maximal in Bp and n ⊂ n′.
So n = n′ and q = q′ by proposition 3.3.83.3.8.

Thm 3.4.1. Let A be a subring of B such that B is integral over A and p be a prime ideal of
A, then there exists a prime ideal q of B such that q ∩A = p.

Proof. Let n be a maximal ideal of Bp.
Then m = n ∩Ap is the only maximal ideal of Ap.
Take q be the contraction of n under B → Bp.
So q ∩A = p.
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Thm 3.4.2 (going-up theorem). Let A be a subring of B such that B is integral over A,
p1 ⊂ · · · ⊂ pn be a chain of prime ideals of A and q1 ⊂ · · · ⊂ qm (m < n) be a chain of prime
ideals of B such that qi ∩ A = pi, then the chain q1 ⊂ · · · ⊂ qm can be extended to a chain
q1 ⊂ · · · ⊂ qn such that qi ∩A = pi.

Proof. By proposition 3.4.23.4.2 we only need to consider the case that m = 0, n = 1, which can be
deduced by theorem 3.4.13.4.1.

Prop 3.4.4. Let A be a subring of B, C be the integral closure of A in B and S be a multi-
plicatively closed subset of A, then S−1C is the integral closure of S−1A in S−1B.

Proof. By proposition 3.4.23.4.2, S−1C is integral over S−1A.
Conversely, suppose b

s ∈ S−1B is integral over S−1A, let
(
b
s

)n
+ a1

s1

(
b
s

)n−1
+ · · ·+ an

sn
= 0.

Then by multiplying by (ss1 · · · sn)n, we obtain that bs1 · · · sn ∈ C.
So b

s = bs1···sn
ss1···sn ∈ S−1C.

Def 3.4.3. An integrally closed integral domain is an integral domain which is integrally closed
in its field of fractions.

Prop 3.4.5. Let A be an integral domain, TFAE:

(1) A is integrally closed

(2) Ap is integrally closed for all prime ideal p.

(3) Am is integral ly closed for all maximal ideal m.

Proof. A localization of a field is itself.
So A is integrally closed iff the inclusion from A to its integral closure is surjective.
By proposition 3.3.73.3.7, surjective is a local property.
So by proposition 3.4.43.4.4, integrally closed is a local property.

Def 3.4.4. Let A be a subring of B and a be an ideal of A, then an element of B is said to be
integral over a if it is a root of a monic polynomial with coefficients in a. The integral closure
of a in B is the set of all elements of B which are integral over a.

Lemma 3.4.1. Let C be the integral closure of A in B and ae denote the extension of a in C,
then the integral of a in B is the radical of ae.

Proof. Since ae = aC, take x =
∑
aixi ∈ ae with ai ∈ a, xi ∈ C.

Let M = A[x1, . . . , xk], φ :M →M,m 7→ xm.
Then φM ⊂ aM , let φn + a1φ

n−1 + · · ·+ an = 0, by proposition 3.2.33.2.3, with ai ∈ a.
So xn + a1φ

n−1 + · · ·+ an = 0, i.e. x is integral over a.
Conversely, for x integral over a, let xn + a1x

n−1 + · · ·+ an = 0 with ai ∈ a.
Then xn = −a1xn−1 − · · · − an ∈ aC = ae.
So x ∈ r(ae).

Prop 3.4.6. Let A ⊂ B be integral domains, A integrally closed and let x ∈ B be integral
over an ideal a of A, then x is algebraic over the field of fractions K of A and if its minimal
polynomial over K is tn + a1t

n−1 + · · ·+ an, then a1, . . . , an ∈ r(a).

Proof. Let f(t) = tn + a1t
n−1 + · · · + an with ai ∈ a such that f(x) = 0 and g be the minimal

polynomial of x over K.
Then g|f , i.e. roots of g are integral over a.
So coefficients of g are integral over a, as they are polynomials of the roots.
And since A is integrally closed in K.
By the lemma, coefficients of g are contained in r(a).
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Thm 3.4.3 (Going-down theorem). Let A ⊂ B be integral domains, A integrally closed and B
integral over A. Let p1 ⊃ · · · ⊃ pn be a chain of prime ideals of A and let q1 ⊃ · · · ⊃ qm (m < n)
be a chain of prime ideals of B such that qi ∩ A = pi, then the chain q1 ⊃ · · · ⊃ qm can be
extended to a chain q1 ⊃ · · · ⊃ qn such that qi ∩A = pi.

Proof. By going-up theorem, it suffices to prove for m = 1, n = 2.
So we want to show that p2 is the contraction of a prime ideal in Bq1 .
And by proposition 3.3.103.3.10, it suffices to prove that p2Bq1 ∩A = p2.
Take x

s ∈ p2Bq1 with x ∈ p2B, s ∈ B\q1.
By lemma 3.4.13.4.1, x is integral over p2.
Let xn + a1x

n−1+ · · ·+ an = 0 be its minimal polynomial over the field of fractions K of A.
By proposition 3.4.63.4.6, ai ∈ r(p2) = p2.
Now suppose x

s ∈ A, i.e. sa = x for some a ∈ A.
Then s is the root of irreducible polynomial tn + a1

a t
n−1 + · · ·+ an

an in K.
Notice that s is integral over A and A is integrally closed in K.
By proposition 3.4.63.4.6, we obtain that ai

ai
∈ A for all i.

Suppose a /∈ p2.
Then ai

ai
∈ p2 for all i as ai ∈ p2 and p2 is prime.

So s is integral over p2, i.e. s ∈ r(pe2) ⊂ r(pe1) ⊂ r(q1) = q1, contradiction!
Hence x

s = a ∈ p2.



Chapter 4

Representation Theory

4.1 Representations of finite groups
Def 4.1.1. A representation of a finite group G on a finite-dimensional complex vector space
V is a homomorphism ρ : G → GL(V ), and we say that such a map gives V a structure of
G-module. The dimension of V is called the degreee of representation ρ.

A G-linear map between two representations V and W of G is a linear map ϕ : V → W
such that ρVg ◦ ϕ = ϕ ◦ ρWg for all g ∈ G.

A subrepresentation of a representation V is a subspace W of V which is invariant under
G. A representation V is called irreducible if there is no non-trivial G-invariant subspace.

The direct sum, tensor product and dual representations are defined as those of vector space
and with natural homomorphism from G.

Exam 4.1.1. Let V be a vector space with basis {eg}g∈G, there is a representation ρ : G → V
given by ρg(eh) = egh. Such a representation is called the regular representation.

Prop 4.1.1. Let W be a subrepresentation of V , then there exists another subrepresentation
W ′ of V such that V =W ⊕W ′.

Proof. Let 〈 , 〉 be a Hermitian form on V , and take

〈v, w〉ρ =
∑
g∈G

〈ρg(v), ρg(w)〉.

Then 〈 , 〉ρ is also a Hermitian form and 〈v, w〉ρ = 〈ρg(v), ρg(w)〉ρ for all g.
For v ∈W⊥, w ∈W and g ∈ G, 〈ρg(v), w〉 =

〈
v, ρg−1(w)

〉
= 0.

So W⊥ is G-invariant, i.e. it is a subrepresentation of V .
Hence V =W ⊕W⊥ as a representation.

Remark 4.1.1. The trick of summing up the value of a map as the vector pass through its orbit
under G-action is very useful in representation theory.

Coro 4.1.1. Any representation is a direct sum of irreducible representations.

Prop 4.1.2 (Schur lemma). Let V and W be two irreducible representations of G and ϕ : V →
W is a G-linear map, then

(1) ϕ is isomorphism or ϕ = 0.

(2) If V =W , then ϕ = λI for some λ ∈ C.

Proof.

29
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kerϕ and imϕ are subrepresentations of V and W resp.
So they must be trivial.

Since C is algebraically closed.
Let λ be an eigenvalue of ϕ.
Then ϕ− λI : V →W is either isomorphism or zero by (1).
But ϕ− λI is degenerated.
So ϕ = λI.

Prop 4.1.3. Let V be a representation of G, then there is a unique decomposition

V = V ⊕a1
1 ⊕ · · · ⊕ V ⊕ak

k ,

where Vi are distinct irreducible representations.

4.2 Character theory
Def 4.2.1. The charater χV : G→ C of a representation V is given by χV (g) = tr(ρg).

Prop 4.2.1.
χV⊕W = χV + χW , χV⊗W = χV χW ,

χV ∗ = χ̄V and χ∧2V (g) =
1

2

(
χV (g)

2 − χV (g
2)
)
.

Exam 4.2.1. Consider the regular representation ρ, then ρg are permutation matrix.
So χR(1) = |G| and χR(g) = 0.

Prop 4.2.2. Let V G = {v ∈ V |ρg(v) = v for all G} and take an endomorphism

ϕ(v) =
1

|G|
∑
g∈G

ρg(v),

then ϕ is a G-linear projection from V onto V G.

Proof.
ϕ(ρh(v)) =

1

|G|
∑
g∈G

ρg(ρh(v)) =
1

|G|
∑
g∈G

ρgh(v) = ϕ(v).

ρh(ϕ(v)) =
1

|G|
∑
g∈G

ρh(ρg(v)) =
1

|G|
∑
g∈G

ρhg(v) = ϕ(v).

ϕ(ϕ(v)) =
1

|G|2
∑
g∈G

∑
h∈G

ρg(ρh(v)) =
1

|G|2
∑
g∈G

∑
h∈G

ρgh(v) =
1

|G|
∑
g∈G

ϕ(v) = ϕ(v).

Coro 4.2.1.
dimV G = tr(ϕ) =

1

|G|
∑
g∈G

χV (g).

In particular, when V is irreducible, sum of all character is zero.
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Coro 4.2.2. Let HomG(V,W ) be the vector space consists of all G-linear map V →W , then

dimHomG(V,W ) =
1

|G|
∑
g∈G

χV (g)χW (g).

In particular, when V and W are irreducible,

1

|G|
∑
g∈G

χV (g)χW (g) =

{
1 if V ∼=W

0 if V ≇W

Proof. Hom(V,W ) ∼= V ∗ ⊗W and ρHom
g (f)(v) = ρWg ◦ f ◦ ρVg−1(v).

So Hom(V,W )G = HomG(V,W ) and χHom = χ̄V χW .

Def 4.2.2. A function ϕ : G → C is called class function if it is constant on the conjugacy
classes of G. We denote the set of class function by Cclass(G), which is a complex vector space,
and define a Hermitian inner product on it by

(α, β) =
1

|G|
∑
g∈G

α(g)β(g).

Thm 4.2.1. Characters of the irreducible representations of G are orthonormal.

Coro 4.2.3. A representation V is irreducible iff (χV , χV ) = 1.

Coro 4.2.4. Any representation is determined by its character. Moreover, the multiplicity ai
of Vi in V is (χVi , χV ).

Coro 4.2.5. Every irreducible representation V of G appears in the regular representation dimV
times. In particular, |G| is the sum of squares of dimension of all the irreducible representations.

Proof. (χV , χR) =
1
|G|χV (1)|G| = χV (1) = dimV .

Lemma 4.2.1. Let α : G → C be any function on G, take ϕα,V =
∑
α(g)ρg, then ϕα,V is a

G-linear map for all representation V iff α is a class function.

Proof. ⇒:
∑
α(g)ρ−1

h ◦ ρg ◦ ρh = ρ−1
h ◦ ϕα,V ◦ ρh = ϕα,V =

∑
α(g)ρg.

So
∑

(α(hgh−1)− α(g))ρg = 0.
Consider the regular representation ρR.
Then

∑
(α(hgh−1)− α(g))ρRg (ex) =

∑
(α(hgh−1)− α(g))egx = 0.

So α(hgh−1) = α(g) for any g, h ∈ G.
⇐: ρ−1

h ◦ϕα,V ◦ρh(v) =
∑
α(g)ρh−1gh(v) =

∑
α(hgh−1)ρg(v) =

∑
α(g)ρg(v) = ϕα,V (v).

Prop 4.2.3. The number of irreducible representations of G is equal to the number of conjugacy
class of G. Equivalently, their characters form an orthonormal basis for Cclass(G).

Proof. Suppose α is a class function and (α, χV ) = 0 for all irreducible representations V .
Then ϕα,V is G-linear, i.e. ϕα,V = λI by Schur lemma.
So λ = 1

n tr(ϕα,V ) =
1
n

∑
α(g)χV (g) =

|G|
n (α, χV ∗) = 0.

Therefore ϕα,V = 0 for any representation V .
But for regular representation V , ϕ(α, V )(eh) =

∑
α(g)egh, contradiction!

Coro 4.2.6. Let χ1, . . . , χn be the character of all the irreducible representations, then∑
χi(g)χi(g) =

|G|
c(g)

,
∑

χi(g)χi(h) = 0,

where g is not conjugate to h.
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Proof. Let α : G→ C maps G to 0 except on the conjugacy class Cg of g and α(Cg) = 1.
Then (χi, α) =

|Cg |
|G| χi(g).

So 1 = α(g) =
∑ c(g)

|G| χi(g)χi(g) and 0 = α(h) =
∑ c(g)

|G| χi(g)χi(h).

Exam 4.2.2. Consider G = Cn = 〈a|an〉, it is abelian so there are n conjugacy classes.
Let ω = e

2πi
n , ρj : G→ C, a 7→ ωj.

Then ρj are all the irreducible representations of G and their characters are themselves.

Cn 1 a · · · an−1

χ0 1 1 · · · 1
χ1 1 ω . . . ωn−1

χ2 1 ω2 . . . ω2n−2

...
...

... . . . ...
χn−1 1 ωn−1 . . . ω(n−1)2

Exam 4.2.3. Consider G = D2n = 〈τ, φ|τ2, φn, τφτφ〉, then {φk, φ−k} are some conjugacy
classes.

If 2|n, φtτφ−t = φ2tτ , i.e. {φ2tτ}, {φ2t+1τ} are distinct conjugacy classes.
We first consider the representation of degree 1, let ρ(φ) = a, ρ(τ) = b.
Then b2 = 1, an = 1, a2b2 = 1, i.e. a, b ∈ ±1 as 2|n.
So there are four different degree 1 representations.
Notice that Dn is the symmetric group of n-gon.
So let ω = e

2πi
n , there are n

2 − 1 natural degree 2 representations given by

ρj(τ) =

[
0 1
1 0

]
, ρj(φ) =

[
ωj 0
0 ω−j

]
.

Their characters are χj(φ
k) = ωjk + ω−jk, χj(φ

kτ) = 0.

D2n 1 φk τ φτ

χ1,1 1 1 1 1
χ1,−1 1 1 −1 −1
χ−1,1 1 (−1)k 1 −1
χ−1,−1 1 (−1)k −1 1
χj 2 ωjk + ω−jk 0 0

If 2 ∤ n, {φtτ} is a conjugacy class and, similar to the above case, we have

D2n 1 φk τ

χ0 1 1 1
χ± 1 1 −1
χj 2 ωjk + ω−jk 0

Exam 4.2.4. Consider G = S3, then 2-cycles and 3-cycles gives two conjugacy classes.
Notice that there are two natural degree 1 representations ρ0(g) = 1 and ρ±(g) = sgn(g).
So the last representations is degree 2 and by column orthogonality, we have

S3 1 (1 2) (1 2 3)

χ0 1 1 1
χ± 1 −1 1
χst 2 0 −1
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Remark 4.2.1. The third representation can actually be writen down explicitly.
Consider a 3-dimensional vector space V spanned by e1, e2, e3.
Then S3 act on {e1, e2, e3} gives a representation ρperm.
And notice that the subspace spanned by {e1 − e2, e2 − e3} is S3-invariant.
So this gives a degree 2 representation ρst.
More explicitly, the representation is given by

ρst(1) =

[
1 0
0 1

]
, ρst(1 2) =

[
−1 0
1 1

]
, ρst(1 3) =

[
0 −1
−1 0

]
, ρst(2 3) =

[
1 1
0 −1

]
,

ρst(1 2 3) =

[
−1 −1
1 0

]
, ρst(1 3 2) =

[
0 1
−1 −1

]
.

We can also construct this representation for Sn with n > 3 and it is always irreducible.
This is because ρst ⊕ ρ0 = ρperm and χperm is counting the number of fix points, so∑

g

χ2
st(g) =

∑
g

(χperm(g)− 1)2

=
∑
σ

∑
i,j

1σ(i)=i1σ(j)=j − 2
∑
σ

∑
i

1σ(i)=i + n!

=
∑
i

(n− 1)! +
∑
i ̸=j

(n− 2)!− 2
∑
i

(n− 1)! + n!

= n!

Hence (χst, χst) = 1.

Exam 4.2.5. Consider G = S4.
Then there are four conjugacy classes: 2-cycles, 3-cycles, 4-cycles and two 2-cycles.
We already know three representations:

S4 1 (1 2) (1 2 3) (1 2 3 4) (1 2)(3 4)

χ0 1 1 1 1 1
χ± 1 −1 1 −1 1
χst 3 1 0 −1 −1

Notice that ρ± ⊗ ρst gives a different representation and it is obviously irreducible.
And the last representation can be determined by column orthogonality.

S4 1 (1 2) (1 2 3) (1 2 3 4) (1 2)(3 4)

χ0 1 1 1 1 1
χ± 1 −1 1 −1 1
χst 3 1 0 −1 −1
χ±st 3 −1 0 1 −1
χ 2 0 −1 0 2

Exam 4.2.6. Consider G = A4.
Then there are three conjugacy classes with representative elements (1 2)(3 4), (1 2 3), (1 3 2).
We already know two representations ρ0 and ρst of degree 1 and 3 resp.
So two representations left are both of degree 1, we set

S4 1 (1 2)(3 4) (1 2 3) (1 3 2)

χ0 1 1 1 1
χst 3 −1 0 0
χ1 1 1 b c
χ2 1 1 −1− b −1− c
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By row orthogonality, we have b+ c = −1.
And since χ1, χ2 are of degree 1.
So |b| = |c| = |1 + b| = |1 + c| = 1.
Hence (b, c) = (ω, ω2) or (b, c) = (ω2, ω) where ω = e

2πi
3 .

S4 1 (1 2)(3 4) (1 2 3) (1 3 2)

χ0 1 1 1 1
χst 3 −1 0 0
χ1 1 1 ω ω2

χ2 1 1 ω2 ω

Exam 4.2.7. Consider G = S5.
Then there are six conjugacy classes: 2-cycles, 3-cycles, 4-cycles, 5-cycles, two 2-cycles and

2-cycle times 3-cycle.
We already know four representations ρ0, ρ±, ρst, ρ±st.

S5 1 (1 2) (1 2 3) (1 2 3 4) (1 2 3 4 5) (1 2)(3 4) (1 2)(3 4 5)

χ0 1 1 1 1 1 1 1
χ± 1 −1 1 −1 1 1 −1
χst 4 2 1 0 −1 0 −1
χ±st 4 −2 1 0 −1 0 1

Consider ρst ⊗ ρst, it can be divided into two subrepresentation Sym2V and
∧2 V .

Their characters are χSym2(g) = 1
2(χst(g)

2 + χst(g
2)), χ∧2 = 1

2(χst(g)
2 − χst(g

2)):

S5 1 (1 2) (1 2 3) (1 2 3 4) (1 2 3 4 5) (1 2)(3 4) (1 2)(3 4 5)

χSym2 10 4 1 0 0 2 1

χ∧2 6 0 0 0 1 −2 0

And we can easily check (χ∧2 , χ∧2) = 1, (χSym2 , χSym2) = 3, (χSym2 , χ0) = (χSym2 , χst) = 1.
So ρ∧2 is irreducible and ρSym2 = ρ0⊕ρst⊕ρ where ρ is a degree 5 irreducible representation.

S5 1 (1 2) (1 2 3) (1 2 3 4) (1 2 3 4 5) (1 2)(3 4) (1 2)(3 4 5)

χ0 1 1 1 1 1 1 1
χ± 1 −1 1 −1 1 1 −1
χst 4 2 1 0 −1 0 −1
χ±st 4 −2 1 0 −1 0 1
χ 5 1 −1 −1 0 1 1
χ′ 5 −1 −1 1 0 1 −1
χ∧2 6 0 0 0 1 −2 0

Exam 4.2.8. Consider G = A5. Then there are four conjugacy classes with representative
elements (1 2 3), (1 2)(3 4), (1 2 3 4 5), (1 3 5 2 4).

We already know two representations ρ0 and ρst.

S5 1 (1 2 3) (1 2)(3 4) (1 2 3 4 5) (1 3 5 2 4)

χ0 1 1 1 1 1
χst 4 1 0 −1 −1

Consider ρSym2 , ρ∧2.

S5 1 (1 2 3) (1 2)(3 4) (1 2 3 4 5) (1 3 5 2 4)

χSym2 10 1 2 0 0

χ∧2 6 0 −2 1 1
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Then we can compute that (χSym2 , χSym2) = 3, (χSym2 , χ0) = (χSym2 , χst) = 1, (χ∧2 , χ∧2) = 2
and χ∧2 is orthogonal to χ0, χst.

So ρSym2 = ρ0 ⊕ ρst ⊕ ρ, ρ∧2 = ρ1 ⊕ ρ2 where ρ, ρ1, ρ2 are irreducible.
And since deg2 ρ1 + deg2 ρ2 = 60− 1− 16− 25 = 18 = 9 + 9.
We set

S5 1 (1 2 3) (1 2)(3 4) (1 2 3 4 5) (1 3 5 2 4)

χ0 1 1 1 1 1
χst 4 1 0 −1 −1
χ 5 −1 1 0 0
χ1 3 a b c d
χ2 3 −a −2− b 1− c 1− d

By row orthogonality, 20a+ 15b+ 12c+ 12d = −3, 20a = 12c+ 12d− 12, 20a = 15b+ 15,
9 + 20a2 + 15b2 + 12c2 + 12d2 = 60.

Hence a = 0, b = −1, c = 1+
√
5

2 , d = 1−
√
5

2 .

S5 1 (1 2 3) (1 2)(3 4) (1 2 3 4 5) (1 3 5 2 4)

χ0 1 1 1 1 1
χst 4 1 0 −1 −1
χ 5 −1 1 0 0

χ1 3 0 −1 1+
√
5

2
1−

√
5

2

χ2 3 0 −1 1−
√
5

2
1+

√
5

2

Remark 4.2.2. Notice that A5 is the rotation symmetric group of dodecahedron, this naturally
gives us a degree 3 representation. Explicitly, they are actually ρ1 or ρ2.

Prop 4.2.4. Let N be a normal subgroup of G and V be a representation of N , we set ρ̃ =
π ◦ ρ : G → G/N → GL(V ) where π is the quotient map G → G/N , then ρ̃ is irreducible iff ρ
is irreducible.

Proof. Since ρ̃g = ρgN , we obtain that

(χ̃, χ̃)G =
1

|G|
∑
g∈G

χ̃(g)χ̃(g)

=
1

|G|
∑
g∈G

χ(gN)χ(gN)

=
1

|G/N |
∑

g∈G/N

χ(g)χ(g)

= (χ, χ)G/N

Exam 4.2.9. Consider G = S4, N = {1, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}.
Then G/N ∼= S3, this induce three irreducible representations

S4 1 (1 2) (1 2 3) (1 2 3 4) (1 2)(3 4)

χ̃0 1 1 1 1 1
χ̃± 1 −1 1 −1 1
χ̃st 2 0 −1 0 2

This can help us solve the character table more quickly.
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4.3 Induced representation
Def 4.3.1. Let H < G be a subgroup and V be a representation of G, then V restricts to a
representation of H, denoted by ResGH V . Let W be a subspace of V which is a representation
of H, then the subspace gW = {ρg(w)|w ∈ W} depends only on the left coset gH. We say V
is induced by W if every element in V can be written uniquely as a sum of elements in such
translates of W , i.e.

V =
⊕

σ∈G/H

σW.

In this case, we denote V by IndGH W .

Prop 4.3.1 (universal property of induced representation). Let W be a representation of H and
U be a representation of G, suppose V = IndW , then any H-linear map ϕ : W → U extends
uniquely to a G-linear map ϕ̃ : V → U , that is,

HomH(W,ResU) = HomG(IndW,U).

Proof. For σ ∈ G/H, g ∈ σH and w ∈W , we define ϕ̃(ρVg (w)) = ρUg (ϕ(w)).

Prop 4.3.2.
χIndW (g) =

∑
gσ=σ

χW (σ−1gσ).

Remark 4.3.1. The right side of the equation is well-defined since χW is a class function

Coro 4.3.1. Let W be a representation of H and U be a representation of G, then

(χIndW , χU )G = (χW , χResU )H .

Proof. By corollary 4.2.24.2.2.

Prop 4.3.3. Let H,K be two subgroups of G, W be a representation of H and V = IndGH W .
Choose a set of representatives S for K\G/H, let Hs = sHs−1 ∩K for s ∈ S. Set ρs : Hs →
GL(W ), g 7→ ρVs−1gs, we denote this representation by Ws. Then the representation ResK V is
isomorphic to the direct sum of IndKHs

(Ws) for s ∈ S.

Proof. Let V (s) = (KsH)W = {ρVx (w)|x ∈ KsH,w ∈W} for s ∈ S.
Then V (s) is K-invariant, we claim that it is K-linear isomorphic to IndKHs

(Ws).
For k ∈ K such that ksW = sW , s−1ks ∈ H, i.e. k ∈ Hs.
So V (s) = ⊕σ∈K/Hs

σ(sW ) = IndKHs
(sW ).

And since sW is Hs-linear isomorphic to Ws by Ws → sW : w 7→ ρVs (w).
Hence V (s) = IndKHs

(sW ) = IndKHs
(Ws).

4.4 The group algebra
Def 4.4.1. Let G a group, the group algebra CG is an algebra whose underlying vector space
is spanned by {eg}g∈G, and the multiplication is defined by egeh = egh.

Prop 4.4.1. Let {Vi} be the set of all irreducible representations of G, then CG ∼=
⊕

End(Vi).

Proof. A representation G→ GL(Vi) can be extended to a map CG→ End(Vi) linearly.
So this gives us a map ϕ : CG→

⊕
End(Vi).

Then ϕ is injective and dimCG = |G| =
∑

(dimVi)
2.
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Prop 4.4.2 (Fourier inversion formula). Let (u1, . . . , um) ∈
⊕

End(Vi) which corresponds to
u =

∑
u(g)eg ∈ CG, then

u(g) =
1

|G|

m∑
i=1

ni trVi

(
ρig−1ui

)
,

where ni = dimVi.

Proof.
1

|G|

m∑
i=1

ni trVi

(
ρig−1ui

)
=

1

|G|

m∑
i=1

ni trVi

(
ρig−1

∑
h∈G

u(h)ρih

)

=
1

|G|
∑
h∈G

u(h)
m∑
i=1

ni trVi

(
ρig−1h

)
=

1

|G|
∑
h∈G

u(h)
m∑
i=1

niχ
i
g−1h

=
∑
h∈G

u(h) · 1g=h = u(g)

Prop 4.4.3. Let V be an irreducible representation of G of degree n and ρ̃ : CG→ End(V ) be
the corresponding map, then ρ̃ maps the center of CG to {λI|λ ∈ C}.

More explicitly, let u =
∑
u(g)eg ∈ Z(CG), then

λi(u) =
1

n

∑
g∈G

u(g)χ(g).

Proof. Since u ∈ Z(CG), i.e.
∑
u(g)eg = eh ·

∑
u(g)eg · eh−1 =

∑
u(h−1gh)eg.

So
∑

(u(h−1gh)− u(g))eg = 0, i.e. u is a class function.
By lemma 4.2.14.2.1, ρ̃(u) is a G-linear map.
By Schur lemma, ρ̃(u) = λ(u)I for some λ(u).
Moreover, λ(u) = 1

n trV (ρ̃(u)) =
1
n

∑
u(g)χ(g).

Coro 4.4.1. CG ∼=
⊕

End(Wi) induces an isomorphism Z(CG) onto Cm where m is the number
of conjugacy classes.

Def 4.4.2. A complex number which is integral over Z is called algebraic integer.

Prop 4.4.4. Let V be a representation of G, then χ(g) is an algebraic integer for all g ∈ G.

Proof. χ(g) = tr(ρ(g)) and the eigenvalue of ρ(g) are all roots of unity.

Prop 4.4.5. Let u =
∑
u(g)eg be an element of Z(CG) such that u(g) are all algebraic integers,

then u is integral over Z.

Proof. Let {Ci} be the set of conjugacy classes of G and Σi =
∑

g∈Ci
eg, take gi ∈ Ci.

Then {Σi} forms a basis of Z(CG) and u =
∑
u(gi)Σi.

So it suffices to show that Σi are integral over Z.
Notice that ΣiΣj is a linear combination with integer coefficient of {Σk}.
So ZΣ1 ⊕ · · · ⊕ ZΣm is a subring of Z(CG) and is finitely generated over Z.
So Σi are integral over Z.

Coro 4.4.2. Let V be an irreducible representation of G of degree n and u =
∑
u(g)eg be an

element of Z(CG) such that u(g) are all algebraic integers, then 1
n

∑
u(g)χ(g) is an algebraic

integer.
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Coro 4.4.3. The degree of the irreducible representations of G divide the order of G.

Proof. Let V be an irreducible representation of G of degree n.
Take u =

∑
χ(g)eg.

By proposition 4.4.44.4.4 and corollary 4.4.24.4.2, 1
n

∑
χ(g)χ(g) = |G|

n is an algebraic integer.
And since |G|

n ∈ Q and Z is integrally closed in Q.
So n

∣∣|G|.



Chapter 5

Lie Group and Lie Algebra

5.1 Basic concept
Def 5.1.1. A Lie group G is a group with a smooth manifold structure on it such that

G×G→ G : (a, b) 7→ ab,

G→ G : a 7→ a−1

are smooth maps. A Lie subgroup H of G is a subgroup of G with a Lie group structure such
that the inclusion H → G is an immersion. A morphism between two Lie groups G and H is a
smooth map ρ : G→ H which is also a group homomorphism.

Lemma 5.1.1. Any discrete normal subgroup of a connected Lie group G is in the center Z(G).

Proof. Take g ∈ N , then hgh−1 ∈ N for all h ∈ N .
And since N is discrete.
So {hgh−1|h ∈ H} = {g}, i.e. g ∈ Z(G).

Prop 5.1.1. Let G be a Lie group, H be a connected manifold and ϕ : H → G a covering space
map, take an element ẽ lying over the identity e of G then there is a unique Lie group structure
on H such that e′ is the identity, ϕ is a morphism of Lie groups and kerϕ ⊂ Z(H).

Proof. The multiplication × : G × G → G, (a, b) 7→ ab can lift to a map H × H → H with
(ẽ, ẽ) 7→ ẽ uniquely, which gives us the Lie group structure on H.

Moreover, kerϕ is a discrete normal subgroup of H.
So by lemma, kerϕ ⊂ Z(H).

Def 5.1.2. We say such G and H are isogenous and call ϕ an isogeny.

Prop 5.1.2. Let H be a Lie group and Γ ⊂ Z(H) be a discrete subgroup of its center, then
there is a unique Lie group structure on the quotient group G = H/Γ such that the quotient
map H → G is a Lie group morphism.

Def 5.1.3.
Lg : G→ G,h 7→ gh Rg : G→ G,h 7→ hg,

Φg : G→ G,h 7→ ghg−1,

Adg = (dΦg)e : TeG→ TeG.

Here Adg gives a representation Ad : G→ GL(TeG), called the adjoint representation.
Moreover, we denote the differential of Adg at e by ad : TeG→ End(TeG).

39
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Prop 5.1.3. Let X,Y ∈ TeG, then

ad(X)(Y ) = [X,Y ] :=

(
Xj ∂Y

i

∂xj
− Y j ∂X

i

∂xj

)
∂

∂xi
.

Here we call [X,Y ] the Lie bracket.

Prop 5.1.4. Let G,H be two Lie groups and ϕ : G→ H be a morphism, then

dϕe ◦Adg(X) = Adφ(g) ◦ dϕe(X),

dϕe ◦ ad(X)(Y ) = ad(dϕe(X))(dϕe(Y )).

Prop 5.1.5. Lie bracket is skew-symmetric and satisfies the Jacobi identity:

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0.

Def 5.1.4. A Lie algebra is a vector space together with a bilinear map [ , ] : g× g → g that
is skew-symmetric and satisfies the Jacobi identity. A Lie subalgebra h of g is a subspace of g
that is closed under Lie bracket of g. A morphism between two Lie algebras g, h over F is an
F -linear map f : g → h such that f [X,Y ] = [fX, fY ] for all X,Y ∈ g.

Remark 5.1.1. By the above discussion, the tangent space TeG of a Lie group G is naturally a
Lie algebra and a morphism of Lie group naturally induce a morphism of Lie algebra.

Exam 5.1.1. GLn and its Lie algebra is gln =Mn.
SLn and its Lie algebra is sln = {X ∈Mn| trX = 0}.
Op,q(R) and its Lie algebra is op,q(R) = {X ∈Mn(R)|XT Ip,q + Ip,qX = 0}.
SOn(R) and its Lie algebra is son(R) = {X ∈Mn(R)|XT +X = 0}.
Up,q(C) and its Lie algebra is up,q(C) = {X ∈Mn(C)|X∗Ip,q + Ip,qX = 0}.
SUn(C) and its Lie algebra is sun(C) = {X ∈Mn(C)|X∗ +X = 0, trX = 0}.
Sp2n and its Lie algebra is sp2n = {X ∈ M2n|ΩX + XTΩ = 0}, where Ω is the matrix of

standard skew-symmetric matrix.

Def 5.1.5. Let G be a Lie group, consider a morphism ϕ : R → G such that

dϕt(X) = (Lφ(t))∗(X).

Then we defined the exponential map exp : g → G,X 7→ ϕX(1).

Prop 5.1.6. d exp0 : T0g = g → TeG = g is identity.

Prop 5.1.7. Let G,H be two Lie groups and ϕ : G→ H be a morphism, then for X ∈ g,

ϕ(expGX) = expH(dϕe(X)).

Coro 5.1.1. x(expX)x−1 = exp(Ad(x)(X)),Ad(expX) = eadX . Here e· is the exponential
map of matrix.

Prop 5.1.8. Let H be a Lie subgroup of G and i : H ↪→ G is the inclusion, then

h = {X ∈ g| expG(tX) ∈ i(H) for all t ∈ R}.

Proof. Take X ∈ h, then expG(tX) = i(expH(tX)) ∈ i(H).
Conversely, take X ∈ g such that expG(tX) ∈ i(H) for all t ∈ R.
We only prove this when H is an embedding Lie subgroup.
So γ : R → H, t 7→ expG(tX) is smooth.
Hence X = γ′(0) ∈ h.
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Thm 5.1.1. Let h be a Lie subalgebra of g, then there exists a unique connected Lie subgroup
H of G with Lie algebra h. Moreover, H is generated by exp(h).

Thm 5.1.2 (Cartan closed subgroup). A closed subgroup of a Lie group G is an embedding Lie
subgroup.

Coro 5.1.2. Let G,H be two Lie groups and f : G→ H be a continuous group homomorphism,
then f is analytic.

Proof. Let Γf be the graph of f .
Then Γf is closed in G×H, i.e. Γf is an embedding Lie subgroup of G×H.
So Γf ↪→ G×H → G is bijective and analytic.
By inverse function theorem, Γf

∼= G as Lie group.
So f : G ∼= Γf ↪→ G×H → H is analytic.

Thm 5.1.3 (Baker-Comphell-Hausdorff-Dynkin). Denote exp(µ(X,Y )) = exp(X) exp(Y ), then
µ(X,Y ) is real analytic and

µ(X,Y ) = X + Y +
1

2
[X,Y ] +

1

12
[X, [X,Y ]] +

1

12
[Y, [Y,X]] + . . .

Thm 5.1.4 (Ado theorem). Any finite dimensional Lie algebra over a field of character 0 is a
Lie subalgebra of certain gl(V ) for a finite dimensional vector space V .

Coro 5.1.3 (Lie third theorem). Let g be a finite dimensional real Lie algebra, then there exists
a Lie group G with Lie algebra g. Moreover, we can choose G to be simply connected.

Proof. By Ado theorem, there exists an inclusion g ↪→ gln.
By theorem 5.1.15.1.1, there exists a Lie group G ⊂ GLn with Lie algebra g.
Moreover, take the universal cover G̃ of G, its Lie algebra is also g.

Prop 5.1.9. Let G,H be two connected Lie group and ϕ : G → H be a homomorphism such
that dϕ : g → h, then ϕ is an isogeny.

Proof. Let U be a neighborhood of eG and it maps to a neighborhood of eH diffeomorphically.
We claim that ϕ−1(V ) =

⊔
g∈Γ gU , where Γ = ϕ−1(eH).

For x ∈ U, g ∈ Γ\{eG}, ϕ(gx) = ϕ(x) and gx 6= x.
So gx /∈ U , i.e. U ∩ gU = ∅.
And since ϕ−1(h) is a coset of Γ.
Therefore ϕ−1(V ) =

⊔
g∈Γ gU and each gU maps to V diffeomorphically.

Hence ϕ : G→ H is an isogeny.

Thm 5.1.5. Let G,H be two connected Lie group, G is simply connected and ρ : g → h is a
Lie algebra morphism, then there exists a unique ϕ : G→ H such that dϕ = ρ.

Proof. Let k be the graph of ρ.
By theorem 5.1.15.1.1, there exists a Lie subgroup K of G×H with Lie algebra k.
So ψ : K ↪→ G×H → G induces a bijection k → g.
By proposition 5.1.95.1.9, ψ is an isogen, i.e. ψ is isomorphism since G is simply connected.
Hence ϕ : G ∼= K ↪→ G×H → H gives a map with dϕ = ρ.

Coro 5.1.4. Let G1, G2 be two simply connected Lie groups with g1 ∼= g2, then G1
∼= G2.
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5.2 Solvable and nilponent Lie algebra
Def 5.2.1. A Lie subalgebra h of g is called an ideal if [x, y] ∈ h for every x ∈ h, y ∈ g.

The center of g is Z(g) = {x|[x, y] = 0 for all y ∈ g}. We say g is abelian if g = Z(g).

Prop 5.2.1. Let I, J be two ideals of g, then I + J, [I, J ] are ideals of g.

Prop 5.2.2. Let g, h be two Lie algebras and ϕ : g → h be a morphism, then the kernel kerϕ of
ϕ is an ideal of g and the image ϕ(g) is naturally isomorphic to g/ kerϕ.

Def 5.2.2. If g is non-abelian and has no nontrivial ideals, then we called g a simple Lie algebra.
Denote Dg = [g, g], Dkg = [Dk−1g, g] and Dkg = [Dk−1g, Dk−1g]. g is said to be nilpotent

if Dkg = 0 for some k. We say g is solvable if Dkg = 0 for some k. And g is called semisimple
Lie algebra if g has no nontrivial solvable ideals.

Exam 5.2.1. Let tn(F ) be the set of upper triangular matrix and nn(F ) be the set of strictly
upper triangular matrix, then Dnnn(F ) = 0, Dtn(F ) = nn(F ) and [tn(F ), nn(F )] = nn(F ).

Then tn(F ) is solvable but not nilpotent and nn(F ) is nilpotent.

Prop 5.2.3. Let g be a Lie algebra, then it is solvable iff there exists a sequence of Lie algebras
g ⊃ g1 ⊃ · · · ⊃ gl = 0 such that gi+1 is an ideal of gi and gi/gi+1 is abelian.

Proof. ⇒: take gi = Dkg
⇐: Since D(gi/gi+1) = 0.
So Dgi ⊂ gi+1.
Hence Dkg ⊂ gk, i.e. Dlg = 0.

Prop 5.2.4. Let g be a Lie algebra, then it is semisimple iff it has no nonzero abelian ideal.

Proof. ⇒: An abelian ideal is solvable.
⇐: For a solvable ideal I, let DkI = 0 and Dk−1I 6= 0.
Then Dk−1I is abelian.

Prop 5.2.5. Let h be a Lie subalgebra of g, then g is solvable iff h and g/h are solvable.

Proof. ⇒: Dkh ⊂ Dkg, D(g/h) = (Dg)/h.
⇐: Let Dk(g/h) = 0.
Then Dkg ⊂ h is solvable.

Prop 5.2.6. Let I, J be two solvable ideals of g, then I + J is also a solvable ideal.

Proof. (I + J)/I ∼= J/(I ∩ J) and I, J, I ∩ J are solvable.

Prop 5.2.7. Let H be a Lie subgroup of G, then H / G iff h is an ideal of g.

Proof. ⇒: Adgh ⊂ h for all g ∈ G.
So [x, h] = adx(h) ⊂ h for all x ∈ g, i.e. h is an ideal.
⇐: Ad(expx) = eadx maps h to h for all x ∈ g.
And since exp g generates G.
So Adg maps h to h for all g ∈ G, i.e. H P G.

Prop 5.2.8. A connected Lie group G is solvable iff g is a solvable Lie algebra.

Def 5.2.3. Let I ⊂ g be a solvable ideal with maximal possible dimension, then I contains all
solvable ideals of g, otherwise the ideal adding them up has bigger dimension. In this sense, we
call I the maximal solvable ideal of g, denoted by Rad g, called the radical of g.
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Thm 5.2.1 (Levi theorem). Let g be a Lie algebra over character zero field F , then there exists
a Lie subalgebra h such that h ∼= g/Rad g.

Prop 5.2.9. Let g be a Lie algebra, then

(1) If g is nilpotent, then any Lie subgroup or quotient algebra of g is nilpotent.

(2) g/Z(g) is nilpotent iff g is nilpotent.

(3) If g is nilpotent and nonzero, then Z(g) 6= 0.

Proof. (1) Dkh ⊂ Dkg, Dk(g/h) = (Dkg)/h.

(2) Since (Dkg)/Z(g) = Dk(g/Z(g)) = 0 for some k .
So Dkg ⊂ Z(g) and Dk+1g = [Dkg, g] ⊂ [Z(g), g] = 0.

(3) Let Dkg = 0 and Dk−1g 6= 0.
Then Dk = [Dk−1g, g] = 0, i.e. Dk−1g ⊂ Z(g).

Def 5.2.4. Let g be a Lie algebra, an element x ∈ g is said to be ad-nilpotent if adx is a
nilpotent endomorphism.

Prop 5.2.10. Let g be a nilpotent Lie algebra, then element element of g is ad-nilpotent.

Proof. (adxy)
n = [x, [x, [· · · , [x, y] · · · ]]] ∈ Dn+1g.

Thm 5.2.2 (Engel). g is nilpotent iff every element of g is ad-nilpotent.

Thm 5.2.3. Let g be a Lie subalgebra of gl(V ), if every element of g is a nilpotent operator,
then there exists a nonzero v ∈ V such that x(v) = 0 for all x ∈ g.

Proof. We prove this by induction on dim g.
When dim g = 1, trivial.
Suppose we have proven for dim g = n− 1.
When dim g = n, since x ∈ g is a nilpotent operator.
So adx is also nilpotent.
Let h be a maximal subalgebra of g.
Then adx : g/h → g/h is nilpotent.
Consider {adx : g/h → g/h|x ∈ h} ⊂ gl(g/h), which is a Lie subalgebra with dimension < n.
By induction assumption, there exists y ∈ g/h such that adxy = 0 ∈ g/h for all x ∈ h.
So h and y span a Lie subalgebra h′ of g and dim h′ = dim h+ 1.
Therefore h′ = g and dim h = dim g− 1.
Consider W = {v|hv = 0}.
By induction assumption, W is nonzero.
And since for x ∈ h, v ∈W , xy(v) = yx(v) + [x, y](v) = adxy(v) = 0.
So y(v) ∈W , i.e. y has a 0-eigenvector in W .

Thm 5.2.4. Let g be a Lie subalgebra of gl(V ), if every element of g is a nilpotent operator,
then there exists flag (0) = V0 ⊂ V1 ⊂ · · · ⊂ Vn = V with dimVi = i such that xVi ⊂ Vi−1 for
x ∈ g. In other word, there exists a basis of V such that the representative matrix of every x ∈ g
lies in nn(V ).
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Proof. We prove this by induction on dimV .
When dimV = 1, trivial.
Suppose we have proven for dimV = n− 1.
When dimV = n, by theorem 5.2.35.2.3, there exists v such that x(v) = 0 for every x ∈ g.
Let W = V/{cv|c ∈ F}.
By induction assumption, there exists a flag W0 ⊂W1 ⊂ · · · ⊂Wn−1 such that xWi ⊂Wi−1.
Take Vi = π−1(Wi−1) where π : V →W .

Proof of Engel theorem. adg ⊂ gl(g) is a Lie subalgebra.
So adg ⊂ nn(F ) under a basis of gl(g).
Hence adg = g/Z(g) is nilpotent.

Thm 5.2.5 (Lie). Let F be a character zero algebraic closed field, V be a vector space over F
and g ⊂ gl(V ) be solvable, then there exists v ∈ V such that v is an eigenvector for any x ∈ g.

Proof. We prove this by induction on dim g.
When dim g = 1, trivial.
Suppose we have proven for dim g = n− 1.
When dim g = n, g/Dg is abelian and nontrivial.
So there is a ideal h of g with codimensional 1.
By induction assumption, there exists v ∈ V such that v is an eigenvector for any x ∈ h.
Let xv = λ(x)v with λ(x) ∈ F and W = {w|xw = λ(x)w}.
Take x ∈ h, y ∈ g\h and w ∈W , we want to show xy(w) = λ(x)y(w).
Since xy(w) = yx(w) + [x, y](w) = λ(x)y(w) + λ([x, y])w.
So it suffices to show λ([x, y]) = 0.
Let Wi = span{w, y(w), . . . , yi−1(w)} and Wm =Wm+1 = . . . .
Then for z ∈ h, z(yi(w)) = yzyi−1(w) + [z, y]yi−1(w) ≡ λ(z)yiw (mod Wi).
Therefore z preserves each Wi and trWn z = nλ(z).
Take z = [x, y] = xy − yx, then trWn z = 0.
Hence λ(z) = 0.

Coro 5.2.1. Let F be a character zero algebraic closed field, V be a vector space over F and
g ⊂ gl(V ) be solvable, then g stabilizes certain flag on V . In other words, there exists a basis of
V such that g ⊂ tn(F ).

Coro 5.2.2. Let F be a character zero algebraic closed field and g be a solvable Lie algebra over
F , then there exists a chain of ideals (0) = g0 ⊂ g1 ⊂ · · · ⊂ gn = g with dim gi = i.

Proof. Consider g → gl(g) with image adg = g/Z(g) is solvable.
Then the flag on g is stabilized by the adjoint action.

Coro 5.2.3. Let F be a character zero algebraic closed field and g be a solvable Lie algebra over
F , if x ∈ Dg, then adx : g → g nilpotent and so Dg is nilpotent.

Proof. Dtn(F ) = nn(F ).

We now let F be a field with character zero and V be a vector space on F .

Def 5.2.5. Let g be a Lie subalgebra of gl(V ), then denote BV : g× g → F, (x, y) 7→ tr(xy).

Thm 5.2.6. Let g be a Lie subalgebra of gl(V ), then for any i + j > 0, g is solvable iff
BV (D

ig, Djg) = 0.

Def 5.2.6. Let F̄ be the algebraic closure of F , then an element x ∈ gln(F ) is called semisimple
if it is diagonalizable over F̄ .
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Prop 5.2.11. Let x, y ∈ gl(F ) be semisimple and xy = yx, then x+ y is semisimple.

Prop 5.2.12. Let x ∈ End(V ), then

(1) There exist unique xs, xn ∈ EndV such that x = xs + xn where xs is semisimple, xn is
nilpotent and xsxn = xnxs.

(2) There exists p(T ), q(T ) ∈ F [T ] with constant term 0 such that xs = p(x), xn = q(x). In
particular, xs, xn commute with any endomorphisms of V commuting with x.

(3) If A ⊂ B ⊂ V are subspaces, x(B) ⊂ A, then xs(B), xn(B) ⊂ A

The decomposition x = xs+xn is called the Jordan-Chevalley decomposition of x and xs, xn
are called semisimple part and nilpotent part of x resp.

Proof. We first assume F is algebraically closed.
Let f(T ) =

∏
(T − ai)

mi be the characteristic polynomial of x.
By Jordan decomposition, WLOG, we assume x = diag(J1, . . . , Jk) where Ji are Jordan

block with eigenvalue λi.
Take polynomial p(T ) such that p(T ) ≡ ai (mod (T −ai)mi), p(T ) ≡ 0 (mod T ) and q(T ) =

T − p(T ).
Then p(Ji) = λiI, i.e. p(x) = xs and q(x) = xn.
We now assume F is not algebraic closed.
Let x = xs + xn be the Jordan decomposition of x in Mn(F̄ ).
Take a Galois extension K of F such that xs, xn ∈Mn(K).
Then for σ ∈ Gal(K/F ), x = σ(x) = σ(xs) + σ(xn).
And since Jordan decomposition is unique.
So σ(xs) = xs, σ(xn) = xn, i.e. xs, xn ∈ F .

Lemma 5.2.1. Let A ⊂ B be two subspaces of gl(V ) and M = {x ∈ gl(V )|[x,B] ⊂ A}, if
x ∈M and tr(xy) = 0 for any y ∈M , then x is nilpotent.

Lemma 5.2.2. Let x, y, z ∈ End(V ), then tr([x, y]z) = tr(x[y, z]).

Proof of Cartan criterion. ⇐: We first assume i = 0, j = 1.
Let M = {x ∈ gl(V )|[x, g] ⊂ Dg}.
For x = [u, v] ∈ Dg, y ∈M , tr(xy) = tr(u[v, y]) = BV (u, [v, y]) = 0.
By lemma 5.2.15.2.1, x is nilpotent.
By Engel theorem, Dg is nilpotent, i.e. g is solvable.
Now for general i ⩽ j, BV (D

j+1g, Djg) = 0.
So Djg is solvable, i.e. g is solvable.

Thm 5.2.7 (Intrinsic version of Cartan criterion). Let B : g× g → F, (x, y) 7→ tr(adxady), g is
solvable iff B(g, Dg) = 0 iff B(Dig, Djg) = 0 with i+ j > 0.

We call this B the Killing form of g.

5.3 Semisimple Lie algebra
Def 5.3.1. Given a Lie algebra representation g → gl(V ), a symmetric F -bilinear form β :
V × V → F is called associative if β(x(v), w) + β(v, x(w)) = 0.

Prop 5.3.1. Let g ⊂ gl(V ), then BV is symmetric, F -bilinear and associative.

Proof. BV (adxy, z) = tr([x, y]z) = − tr(y[x, z]) = −BV (y, adxz).
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Lemma 5.3.1. Let β : g×g → F be associative, I ⊂ g be an ideal and I⊥ = {x ∈ g|β(I, x) = 0}
orthogonal complement of I w.r.t. β, then I⊥ is also an ideal.

Proof. Take x ∈ I⊥ and y, z ∈ g, then β([x, y], z) = β(x, [y, z]) = 0.
So [x, y] ∈ I⊥.

Prop 5.3.2. Let g be a semisimple Lie subalgebra of gl(V ), then BV is nondegenerate.

Proof. Since BV : g⊥ × g⊥ → F is zero.
By Cartan criterion, g⊥ is solvable.
So g⊥ = 0, i.e. BV is nondegenerate.

Coro 5.3.1. Let g be a semisimple Lie algebra, then B is nondegenerate.

Thm 5.3.1 (Cartan criterion). Let g be a Lie algebra, then g is semisimple iff B : g× g → F
is nondegenerate.

Proof. ⇐: Let I be an abelian ideal of g.
Then for x ∈ I, y ∈ g, adxady ∈ I, (adxady)

2 = 0, i.e. B(x, y) = 0.
And since B is nondegenerate.
So I = 0.

Lemma 5.3.2. Let I be an ideal of g, then Killing form on g restricts to the Killing form on I.

Proof. Take a basis of I and extend it to a basis of g.

Then for x ∈ I, the representative matrix of adx is given by
[
A B
0 0

]
So trg(adxady) = trI(adxady).

Prop 5.3.3. Let I ⊂ g be a semisimple ideal and I⊥ be the orthogonal complement of I w.r.t.
Bg, then g = I ⊕ I⊥ as vector space.

Proof. By lemma 5.3.15.3.1, I⊥ is an ideal.
And since Bg

∣∣
I×I

= BI is nondegenerate.
So I ∩ I⊥ = 0, i.e. g = I ⊕ I⊥ as vector space.

Prop 5.3.4. Let I, J be two ideals of g, if g = I ⊕ J as vector space, then g ∼= I × J as Lie
algebra.

Proof. For x ∈ I, y ∈ J , [x, y] ∈ I ∩ J = 0.

Thm 5.3.2. Let g be a semisimple Lie algebra, then g has finitely many minimal nonzero ideals,
let I1, . . . , Ir be all minimal nonzero ideals of g, then

(1) I1, . . . , Ir are simple ideals.

(2) g = I1 ⊕ · · · ⊕ Ir and g ∼= I1 × · · · × Ir.

(3) Any nonzero ideal of g is equal to direct sum of certain Ii so it is semisimple.

(4) Any quotient of g be an ideal is still semisimple.

Proof. (1) By definition.
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(2) By induction, there is a decomposition g = I1 ⊕ · · · ⊕ It where I1, . . . , It are minimal ideals.
Let I be another minimal ideal.
Then [I, g] ⊂ I and [I, g] 6= 0 otherwise Z(g) 6= 0.
So I = [I, g] = [I, I1]⊕ · · · ⊕ [I, It] and [I, Ii] ⊂ I ∩ Ii.
Hence I = Ii, i.e. I1, . . . , It are all the minimal ideals.

(3) Take an ideal I of g.
Then g = I ⊕ I⊥.
So Ii = [Ii, g] = [Ii, I]⊕ [Ii, I

⊥], i.e. [Ii, I] = Ii or [Ii, I
⊥] = Ii.

Hence Ii ⊂ I or Ii ⊂ I⊥.

(4) g/I ∼=
∏

Ii⊂I⊥ Ii.

Def 5.3.2. A representation of Lie algebra g is a Lie algebraic morphism g → gl(V ). We also
call V a left g-module, which satisfies

(1) (ax+ by)v = a(xv) + b(yv).

(2) x(av + bw) = a(xv) + b(xw).

(3) [x, y]v = xyv − yxv.

For two representations V,W of g, a morphism φ : V →W is a morphism of left g-module.
An irreducible representation of g is a nonzero left g-module without nonzero proper submodule.

Thm 5.3.3 (Weyl). Let g be a semisimple Lie algebra, any nonzero representation of g is a
direct sum of irreducible submodules.

Prop 5.3.5. Let g be a semisimple Lie subalgebra of gl(V ), then for every x ∈ g, the semisimple
part and nilpotent part of x in gl(V ) also lie in g.

Def 5.3.3. Consider the Jordan decomposition x = s+n in gl(g), then s, n ∈ g so we call such
x = s+ n the abstract Jordan decomposition of x in g.

Thm 5.3.4. Let g be a semisimple Lie algebra and x = s+n be the abstract Jordan decomposition
of x ∈ g, then for any Lie algebra representation ρ : g → gl(V ), the decomposition ρ(x) =
ρ(s) + ρ(n) is the Jordan decomposition of ρ(x) in gl(V ).

Proof. We first assume ρ is faithful.
Then by proposition 5.3.55.3.5, there exists x = s′ + n′ such that ρ(x) = ρ(s′) + ρ(n′) is Jordan

decomposition and so ads′ is semisimple and adn′ is nilpotent.
Therefore adx = ads′ + adn′ is the Jordan decomposition of adx ∈ gl(g).
Hence s′ = s, n′ = n.
Now for general ρ, consider ρ⊕ ad : g ↪→ gl(V ⊕ g).
Then (ρ⊕ ad)(x) = (ρ⊕ ad)(s) + (ρ⊕ ad)(n) is the Jordan decomposition.
So ρ(x) = ρ(s) + ρ(n) is the Jordan decomposition.

Def 5.3.4. Let g be a semisimple Lie algebra and x ∈ g, then x is called semisimple element if
x equals its semisimple part and x is called nilpotent element if x equals its nilpotent part.

We now assume F is algebraically closed field with character zero.

Lemma 5.3.3. Let g be a semisimple Lie algebra and h ⊂ g, if any element x ∈ h is a
semisimple element in g, then h is abelian.
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Proof. Let x ∈ h, suppose [x, y] = cy for some y ∈ h with c 6= 0.
Then adyx = −cy and (ady)

2x = 0.
So ady : 〈x, y〉 → 〈x, y〉 is not semisimple.
Hence ady : g → g is not semisimple, contradiction!

Def 5.3.5. Let g be a semisimple Lie algebra, a Cartan subalgebra h is a maximal subalgebra
consisting of only semisimple elements.

Prop 5.3.6. Notice that {adx|x ∈ h} can be diagonalized simultaneously, take basis (v1, . . . , vn)
of g such that adx(vi) = λi(x)vi. For λ : h → F , denote gλ = {v|adx(v) = λ(x)v}. Then

g =
⊕
λ∈h∗

gλ, {λ ∈ h∗|gλ 6= (0)} = {λ1, . . . , λn}

Proof. Let λ ∈ h∗ such that gλ 6= (0) and v =
∑
aivi ∈ gλ.

Then λ(x)v = adx(v) =
∑
aiλi(x)vi.

So ai(λi(x)− λ(x)) = 0 for all x ∈ g.
Hence λ ∈ {λ1, . . . , λn} and gλ = span{vi|λi = λ}.

Def 5.3.6. Let g be a semisimple Lie algebra and h ⊂ g be a Cartan subalgebra, denote by
R = {λ ∈ h∗|λ 6= 0, gλ 6= (0)}, then the Cartan decomposition is

g = g0 ⊕

(⊕
λ∈R

gλ

)

Prop 5.3.7. Take α, β ∈ h∗,

(1) [gα, gβ ] ⊂ gα+β.

(2) If x ∈ gα, then adx : g → g is nilpotent.

(3) If α+ β 6= 0, then Bg(g
α, gβ) = 0.

Proof. (1) Take x ∈ gα, y ∈ gβ and z ∈ h.
Then adz([x, y]) = [z, [x, y]] = [x, [z, y]] + [[z, x], y] = β(z)[x, y] + α(z)[x, y].

(2) R is a finite set.
Then (adx)

kgβ ⊂ gkα+β = 0 for sufficiently large k.

(3) For x ∈ gα, y ∈ gβ and γ ∈ R, adxadygγ ⊂ gγ+α+β 6= gγ .
So Bg(g

α, gβ) = 0.

Prop 5.3.8. Let h be a Cartan subalgebra, h = g0.

Prop 5.3.9. For α ∈ h∗, Bg : g
α × g−α → F is nondegenerate. In particular, R = −R.

Proof. For x ∈ gα, Bg(x, g
β) = 0 for all β 6= −α.

So Bg(x, g
−α) 6= 0.

Prop 5.3.10. h∗ = spanF (R).

Proof. Suppose there exists x ∈ h such that α(x) = 0 for all R.
Then adx(v) = α(x)v = 0 for all v ∈ gα.
So [x, g] = 0, contradiction!
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Def 5.3.7. For λ ∈ h∗, let tλ ∈ h be the unique element such that λ = B(tλ, ·).

Prop 5.3.11. Take α ∈ R,

(1) For x ∈ gα, y ∈ g−α, [x, y] = B(x, y)tα.

(2) [gα, g−α] = Ftα.

(3) α(tα) = B(tα, tα) 6= 0.

Proof. (1) For z ∈ h, B(z, [x, y]) = B([z, x], y) = B(α(z)x, y) = B(tλ, z)B(x, y).
So B(h, [x, y]−B(x, y)tλ) = 0.

(2) Since B : gα × g−α → F is nondegenerate.
So by (1), [gα, g−α] = Ftα.

(3) Suppose α(tα) = 0, take x ∈ gα, y ∈ g−α such that B(x, y) = 1.
Then [x, y] = tα, [tα, x] = α(tα)x = 0 and [tα, y] = 0.
Consider S = span{x, y, tα}, which is a solvable subalgebra of g.
By Lie theorem, adS ⊂ gl(g) consists of upper triangular matrices under some basis of g.
So adtα : g → g is nilpotent.
But tα ∈ h is semisimple, contradiction!

Prop 5.3.12. Take α ∈ h∗, x ∈ gα, there exists y ∈ g−α such that span{x, y, [x, y]} ∼= sl2(F )
with

x 7→
[
0 1
0 0

]
, y 7→

[
0 0
1 0

]
, [x, y] 7→

[
1 0
0 −1

]
In particular, [x, y] = 2tα

B(tα,tα)
.

Proof. Take y ∈ g−α such that B(x, y) = 2
B(tα,tα)

.
Then [x, y] = B(x, y)tα = 2tα

B(tα,tα)
, [x, [x, y]] = 2

B(tα,tα)
α(tα)x = 2x, [y, [x, y]] = −2y.

So span{x, y, [x, y]} ∼= sl2(F ).

Def 5.3.8. Fro α ∈ R, we denote hα = 2tα
B(tα,tα)

and we call such (x, y, hα) an sl2 triple.

5.4 Representation theory of sl2(F )

Def 5.4.1. Let g = sl2(F ), x = [ 0 1
0 0 ], y = [ 0 0

1 0 ], h =
[
1 0
0 −1

]
and V be a representation of g.

Notice that h : V → V is semisimple, V =
⊕

λ∈F Vλ with Vλ = {v ∈ V |hv = λv}. If Vλ 6= 0, we
call λ a weight of h in V and call Vλ a weight space.

Lemma 5.4.1. Let v ∈ Vλ, then xv ∈ Vλ+2, yv ∈ Vλ−2.

Proof. hxv = [h, x]v + xhv = 2xv + λxv = (λ+ 2)xv.

Def 5.4.2. Let λ ∈ F such that Vλ(0) and v ∈ Vλ, if xv = 0, then we call v a maximal vector
of weight λ.

Lemma 5.4.2. Let v0 ∈ Vλ be a maximal vector, take vi = 1
i!y

iv0, then

hvi = (λ− 2i)vi, yvi = (i+ 1)vi+1, xvi = (λ− i+ 1)vi−1.
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Proof. Since vi ∈ Vλ−2i.
So hvi = (λ− 2i)vi, yvi = (i+ 1)vi+1 and

xvi =
1

i
xyvi−1 =

1

i
([x, y]vi−1 + yxvi−1)

=
1

i
(hvi−1 + (λ− i+ 2)yvi−2)

=
1

i
((λ− 2i+ 2)vi−1 + (λ− i+ 2)(i− 1)vi−1)

= (λ− i+ 1)vi−1

Thm 5.4.1. Let V be an irreducible sl2(F )-module, then

(1) V =
⊕
Vµ with µ = m,m− 2, . . . , 2−m,−m where m+ 1 = dimV and dimVµ = 1.

(2) V has a unique maximal vector up to scalar, where weight is m called highest weight of V

(3) There exists exactly one irreducible sl2(F )-module up to isomorphism for each dimension
m+ 1.

Proof. Take a maximal vector v0 ∈ Vλ and m such that vm 6= 0 and vm+1 = 0.
Then xvm+1 = (λ−m)vm, i.e. λ = m is an integer.
And span{v0, . . . , vm} ⊂ V is an sl2(F )-submodule, i.e. V = span{v0, . . . , vm}.
This proves (1)(2).
For (3), the uniqueness follows from the lemma.
And for existence, consider sl2(F ) = slm+1(F ) with

h 7→


m

m− 2
. . .

−m

 , x 7→


0 m

0 m− 1
. . . . . .

0 1
0

 , y 7→


0
1 0

2
. . .
. . . 0

m 0



Coro 5.4.1. Let V be any sl2(F )-module, then the eigenvalue of h : V → V are all integers and
multiplicities of n and −n equal.

Coro 5.4.2. Let V be any sl2(F )-module, then in any decomposition of V into direct sum of
irreducible sl2(F )-module, the number of summands is dimV0 + dimV1.

Prop 5.4.1. Let g be a Lie algebra and V be a g-module, TFAE:

(1) V is completely reducible.

(2) V is the sum of irreducible submodules.

(3) For all submodule W ⊂ V , there exists submodule W ′ of V , such that V =W ⊕W ′.

Proof. (1) ⇒ (2) and (3) ⇒ (1) are trivial.
(2) ⇒ (3): Suppose k is the maximal number where there exists irreducible submodule

W1, . . . ,Wk such that W ⊕W1 ⊕ · · · ⊕Wk ⊂ V .
If W ⊕W1 ⊕ · · · ⊕Wk = V , we are done.
Otherwise, take irreducible submodule U of V such that U ⊈W ⊕W1 ⊕ · · · ⊕Wk.
So U ∩ (W ⊕W1 ⊕ · · · ⊕Wk) = 0.
Hence W ⊕W1 ⊕ · · · ⊕Wk ⊕ U ⊂ V , contradict with the maximality of k.
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Prop 5.4.2. Take α ∈ R,

(1) dim gα = 1.

(2) R ∩ Fα = {±α}

Proof. Let Mα =
∑

c∈F gcα, x ∈ gα and y ∈ g−α such that [x, y] = hα.
Consider S = span{x, y, hα}.
Then g is a S-module and Mα is an S-submodule of g.
For x ∈ gcα, [hα, x] = 2cx.
So 2c is weight for elements in gcα w.r.t. hα, i.e. c ∈ 1

2Z if gcα 6= 0.
For any z ∈ ker(α) ⊂ h and x ∈ gα, [z, x] = α(z)x = 0, [z, y] = 0, [z, hα] = 0.
Therefore the adjoint action of S on ker(α) is zero.
Notice that ker(α) and S are S-submodules of Mα, which gives all weight 0 in Mα.
Thus the only even weights occuring in Mα are 0,±2, i.e. 2α is not in R.
Moreover, 1

2α is not in R, i.e. 1 cannot appear as a weight for hα.
Hence Mα = ker(α)⊕ S.

Def 5.4.3. Let g be a semisimple Lie algebra and h ⊂ g be a Cartan algebra, then α ∈ R is
called the root in h∗.

Prop 5.4.3. Take α, β ∈ R,

(1) β(hα) ∈ Z and β − β(hα)α ∈ R.

(2) If β 6= ±α, let r, q be largest integers for which β− rα, β+ qα are roots, then all β+ iα ∈ R
for −r ⩽ i ⩽ q and β(hα) = r − q

(3) g is generated by gα as Lie algebra.

Proof. (1) If β = ±α, then β(hα) = ±2 and β − β(hα)α = −β ∈ R.
Now assume β /∈ Fα, consider K =

∑
gβ+iα.

Then K is an Sα-module and the weight for elements of gβ+iα w.r.t. hα is β(hα) + 2i.
So β − β(hα)α ∈ R and β(hα) ∈ Z.

(2) There exists r, q such that β + iα with −r ⩽ i ⩽ q are all roots of this form.
So β(hα)− 2r, β(hα) + 2q are the lowest and highest weights.
Hence (β(hα)− 2r) + (β(hα) + 2q) = 0, i.e. β(hα) = r − q.

(3) [gα, g−α] = Fhα = Ftα.
And since R generates h∗.
So {tα} generates h.

Def 5.4.4. For λ, µ ∈ h∗, we define (λ, µ) = B(tλ, tµ) = λ(tµ).

Prop 5.4.4. (1) EQ = spanQR is a Q-structure of h∗, i.e. (spanQR)⊗Q F ∼= h∗.

(2) (·, ·) : EQ × EQ → Q ⊂ F is positive definite.
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Proof. (1) Since spanFR = h∗, we only need to prove dimQ spanQR = dim h∗.
Take a subset {α1, . . . , αl} ⊂ R which is an F -basis for h∗.
We only need to show for β =

∑
ciαi ∈ R, ci ∈ Q.

Since (β, αj) =
∑
ci(αi, αj) and [(αi, αj)]i,j is nondegenerate.

So 2(β,αj)
(αj ,αj)

=
∑ 2(αi,αj)

(αj ,αj)
ci has nontrivial solution.

And notice that for α, β ∈ R 2(α,β)
(β,β) =

2α(tβ)
B(tβ ,β)

= α(hβ) ∈ Z.

Hence ci ∈ Q.

(2) For x, y ∈ h, z ∈ gα, adxadyz = α(x)α(y)z.
So B(x, y) = tr(adxady) =

∑
α∈R α(x)α(y).

For λ, µ ∈ h∗, (λ, µ) =
∑
α(tλ)α(tµ) =

∑
(α, λ)(α, µ).

Therefore for β ∈ R, (β, β) =
∑

(α, β)2, i.e. 1
(β,β) =

∑ (α,β)2

(β,β)2
∈ Q.

Hence (α, β) ∈ Q, i.e. (λ, λ) =
∑

(α, λ)2 > 0 for any γ ∈ h∗.

Thm 5.4.2. Let g be a semisimple Lie algebra and h be a Cartan subalgebra, then (g, h) gives
a pair (R,EQ) with positive definite bilinear map EQ × EQ → Q such that

(1) spanRR = EQ ⊗Q R.

(2) Rα ∩R = {±α}.

(3) If α, β ∈ R, then β − 2(β,α)
(α,α) α ∈ R.

(4) For any α, β, 2(β,α)
(α,α) ∈ Z.

5.5 Root system and Dynkin diagram
We now let F be a character zero field.

Def 5.5.1. Let V be a vector space, a reflection of V with vector α 6= 0 is an involution V → V
sending α to −α and fixing a hyperplane, which is the kernel of α∨ : V → F and α∨(α) = 2.
We denote the reflection by sα,α∨ : V → V, x 7→ x− α∨(x)α.

Lemma 5.5.1. Let R be a finite set spanning V , for any α ∈ V , there exists at most one
reflection s with vector α, such that s(R) ⊂ R.

Proof. Suppose there are two such reflections s, s′, let t = ss′.
Then t acts as identity on Fα and V/Fα.
So (t− 1)V ⊂ Fα and (t− 1)2V = 0.
And since R is finite.
Therefore there exists m ∈ Z+ such that tm : R→ R is identity.
Hence tm − 1 = 0, i.e. t is identity.

Def 5.5.2. A subset R of V/F is called a root system if

(1) R is finite, 0 /∈ R and spanFR = V .

(2) For all α ∈ R, there exists unique α∨ : V → F such that α∨(α) = 2 and sα,α∨(R) ⊂ R.

(3) For all α, β ∈ R, sα(β)− β is an integral multiple of α.
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We call α root, α∨ coroots and dimV rank of R. Moreover, (V,R) is called reduced if for
every α ∈ R, R ∩ Fα = {±α}.

Exam 5.5.1. Consider g = sln+1(F ) and h consisting of all diagonal matrices in g.
Then h is a Cartan subalgebra.
Let ei ∈ h∗ such that ei(A) = aii.
So R = {αij = ei − ej |i 6= j} and hαij = eii − ejj.
Therefore sαij : h

∗ → h∗, x 7→ x− x(hαij )αij exchanging the i, j-th coordinates.
Hence (h∗, R) is a reduced root system, called of type An.

Def 5.5.3. The automorphism group of root system R is A(R) = {g ∈ GL(V )|g(R) = R} and
the Weyl group of R is W (R) = 〈sα,α∨ |α ∈ R〉.

Lemma 5.5.2. Let (V,R) be a root system and (·|·) : V ×V → F be a nondegenerate symmetric
bilinear form invariant under W (R), then any α ∈ R satisfies (α|α) 6= 0 and α∨ =

(
2α

(α|α)

∣∣∣·).

Proof. Take α ∈ R and x ∈ kerα∨.
Then sα(α) = −α, sα(x) = x− α∨(x)α = x.
So (α|x) = (−α|x) = 0.
And since the reflection x 7→ x− 2(α|x)

(α|α) α fixes ker(α|·) = kerα∨ and maps α to −α.

Hence x− 2(α|x)
(α|α) α = sα(x), i.e. α∨ =

(
2α

(α|α)

∣∣∣·).

Prop 5.5.1. Let g be a semisimple Lie algebra and h be a Cartan subalgebra, then (·, ·) is
invariant under W (R).

Proof. Take α ∈ R and λ, µ ∈ h∗, sα(λ) = λ− λ(hα)α and so

(sα(λ), sα(µ))− (λ, µ) = (λ− λ(hα)α, µ− µ(hα)α)− (λ, µ)

= −λ(hα)(α, µ)− µ(hα)(λ, α) + λ(hα)µ(hα)(α, α)

= −λ(hα)µ(tα)− µ(hα)λ(tα) + 2λ(hα)µ(tα) = 0

Lemma 5.5.3. Let F ′ be an extension of F and (V,R) be a root system over F , then (VF ′ , R)
is a root system over F ′.

Prop 5.5.2. Let (V,R) be a root system and VQ = spanQR ⊂ V , then

(1) VQ is a Q-structure on V

(2) R ⊂ VQ is a root system over Q.

Now we only consider real root systems, and assume (·|·) is a W (R)-invariant inner product.

Def 5.5.4. 〈β, α〉 = 2(α|β)
(α|α) = α∨(β).

Lemma 5.5.4. Take α, β ∈ R and σ ∈ A(R),

(1) σsασ
−1 = sσ(α).

(2) 〈β, α〉 = 〈σ(β), σ(α)〉.

Proof. (1) σsασ
−1(x) = σ

(
σ−1(x)− α∨(σ−1(x))α

)
= x− (σ(α))∨(x)σ(α).

The last equality holds since α∨(σ−1(σ(α))) = 2 and α∨(σ−1(R)) = R.
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(2) By (1), 〈β, α〉 = α∨(β) = (σα)∨(σβ) = 〈σ(β), σ(α)〉.

Coro 5.5.1. W (R) is a normal subgroup of A(R).

Prop 5.5.3. R∨ = {α∨|α ∈ R} ⊂ V ∗ is also a root system, with sα∨(λ) = λ− λ(α)α∨.
We call (V ∗, R∨) the dual root system of R.

Remark 5.5.1. Consider R′ =
{

2α
(α|α)

∣∣∣α ∈ R
}

⊂ V , then (V,R′) is also a root system and it is
isomorphic to (V ∗, R∨) via x↔ (x|·).

Def 5.5.5. Let (V,R) be a reduced root system, for α, β ∈ R, write θ(α, β) ∈ [0, π] such that
cos θ = (α|β)√

(α|α)(β|β)
.

Prop 5.5.4. For any α, β ∈ R, θ(α, β) ∈
{
0, π6 ,

π
4 ,

π
3 ,

π
2 ,

2π
3 ,

3π
4 ,

5π
6 , π

}
.

Proof. 4 cosθ = 〈α, β〉〈β, α〉 ∈ Z.
When 4 cos2 θ = 4, β = ±α.
When 4 cos2 θ = 0, θ = π

2 and (α|β) = 〈α, β〉 = 〈β, α〉 = 0.
When 4 cos2 θ = 1, θ = π

3 or 2π
3 , (α|α) = (β|β) and 〈α, β〉 = 〈β, α〉 = ±1.

When 4 cos2 θ = 2, θ = π
4 or 3π

4 , (β|β)
(α|α) = 2 or 1

2 and {〈α, β〉, 〈β, α〉} = ±{1, 2}.
When 4 cos2 θ = 3, θ = π

6 or 5π
6 , (β|β)

(α|α) = 3 or 1
3 and {〈λ, β〉, 〈β, α〉} = ±{1, 3}.

Lemma 5.5.5. Let α, β ∈ R with β /∈ Fα, if (α|β) > 0, then α − β ∈ R; if (α|β) < 0, then
α+ β ∈ R.

Proof. If (α|β) > 0, then one of 〈α, β〉, 〈β, α〉 is 1.
WLOG, assume 〈β, α〉 = 1.
So sα(β) = β − α∨(β)α = β − α.

Prop 5.5.5. Let α, β ∈ R with β /∈ Fα and r, q be the largest integers such that β−rα, β+qα ∈
R, then all β + iα ∈ R for −r ⩽ i ⩽ q and 〈β, α〉 = r − q.

Proof. Suppose β+pα ∈ R, β+(p+1)α /∈ R, β+(s−1)α /∈ R, β+ sα ∈ R and −i ⩽ p < s ⩽ r.
Then 〈α, β + pα〉 > 0, 〈α, β + sα〉 < 0.
So (α|β + pα) ⩾ 0 ⩾ (α|β + sα), contradiction!
And since sα(β + iα) = β + iα− α∨(β + iα)α = β − iα− 〈β, α〉α.
So q + 〈β, α〉 = r, i.e. 〈β, α〉 = r − q.

Coro 5.5.2. Each string β − rα, . . . , β + qα has at most 4 vectors.

Def 5.5.6. Let (V,R) be a root system, a subset ∆ ⊂ R is called a base if

(1) ∆ is a basis of V

(2) Each β ∈ R can be written as β =
∑

α∈∆ kαα such that all kα ⩾ 0 or all kα ⩽ 0.

Fix a base, α ∈ ∆ is called simple root and
∑
kα is called the height of β, denoted by ht(β).

If all kα ⩾ 0, then we call β positive, denoted by β > 0 and let R+ = {β ∈ R|β > 0} (and
similar for kα ⩽ 0 case). Moreover, for λ, µ ∈ V , we say λ < µ if µ− λ > 0.

Lemma 5.5.6. If ∆ is a base, then (α|β) ⩽ 0 for all α 6= β in ∆ and α− β is not a root.

Def 5.5.7. For γ ∈ V , define R+(γ) = {α ∈ R|α∨(γ) > 0}. We call γ regular if γ /∈
⋃
kerα∨

and call γ singular otherwise. α ∈ R+(γ) is called decomposable if α = β1 + β2 for some
β1, β2 ∈ R+(γ) and α is called indecomposable otherwise.
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Thm 5.5.1. Let γ ∈ V be regular, then the set ∆(γ) of all indecomposable roots in R+(γ) is a
base of R and every base of R is obtainable in this way.

Proof. Suppose α ∈ R+(γ) is not a N-combination of ∆(γ) and (γ|α) is minimal.
Then α = β1 + β2 for some β1, β2 ∈ R+(γ).
So (γ|βi) < (γ|α) and β1, β2 are not N-combinations of ∆(γ), contradiction!
For α 6= β ∈ ∆(γ), suppose (α|β) > 0.
Then α− β, β − α ∈ R.
WLOG, assume α− β ∈ R+(γ), then α = (α− β) + β, contradiction!
Suppose

∑
sαα =

∑
tββ with sα, tβ ⩾ 0.

Then (
∑
sαα|

∑
tββ) =

∑
sαtβ(α|β) ⩽ 0.

So
∑
sαα =

∑
tββ = 0, i.e. 0 = (

∑
sαα|γ) =

∑
sα(α|γ).

Thus sα = tβ = 0, contradiction!
Hence ∆(γ) is a base.

Def 5.5.8. The connected components of V \
⋃
kerα∨ are called Weyl chambers. Each regular

γ ∈ V belongs to a unique Weyl chamber denoted by C(γ).

Prop 5.5.6. The Weyl chambers and the bases have a one-to-one correspondence C(γ) ↔ ∆(γ).

Proof. Suppose γ, γ′ ∈ V are regular with ∆(γ) = ∆(γ′).
Then R+(γ) = R+(γ′) and R−(γ) = R−(γ′).
So (γ|α) and (γ′|α) have same sign for any α ∈ R.
Hence γ, γ′ are in one Weyl chamber.

Def 5.5.9. For ∆ = ∆(γ), we also write c(∆) = c(γ), called the fundamental Weyl chamber
relative to ∆. Explicitly,

C(∆) = {γ ∈ V |(γ|α) > 0 for all α ∈ ∆}

Prop 5.5.7. Let γ ∈ V be regular and σ ∈W (R), then σC(γ) = C(σ(γ)), σ∆(γ) = ∆(σ(γ)).

Proof. Since σ(Cr) is a connected component of V \
⋃

kerα∨ and σγ ∈ σC(γ).
So σC(γ) = C(σ(γ)).
On the other hand, for α ∈ R+(γ), (σ(γ)|σ(α)) = (γ|α) > 0, i.e. σ(α) ∈ R+(σ(γ)).
Hence σ(R+(γ)) = R+(σ(γ)) and σ∆(γ) = ∆(σ(γ)).

Lemma 5.5.7. Let α ∈ ∆, then sα permutes R+\{a}.

Proof. Let β =
∑
kγγ with kγ ∈ N.

Then there exists γ 6= α such that kγ > 0.
So sα(β) = β − α∨(β)α whose coefficient of γ is still kγ > 0, i.e. sα(β) ∈ R+.

Coro 5.5.3. Let δ = 1
2

∑
β∈R+ β, then for all α ∈ ∆, sα(δ) = δ − α.

Lemma 5.5.8. Let α1, . . . , αt ∈ ∆ and write σi = sαi, if σ1 · · ·σt−1(αt) ∈ R−, then there exists
1 ⩽ s < t such that σ1 · · ·σt = σ1 · · ·σs−1σs+1 . . . σt−1.

Proof. Since σ1 · · ·σt−1(αt) < 0 and αt > 0.
So there exists s < t such that σs · · ·σt−1(αt) < 0 and σs+1 · · ·σt−1(αt) > 0.
By lemma, σs+1 · · ·σt−1(αt) = αs.
Hence σs = sσs+1···σt−1(αt) = (σs+1 · · ·σt−1)σt(σs+1 · · ·σt−1)

−1.

Coro 5.5.4. If σ = σ1 . . . σt ∈ W (R) with σi = sαi reflection in simple roots αi and t achieve
minimum, then σ(αt) < 0.

Thm 5.5.2. Let (V,R) be a reduced root system and ∆ be a base, then
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(1) The action of W (R) on the sets of chambers and bases are compatible and transitive.

(2) For α ∈ R, there exists σ ∈W (R) such that σ(α) ∈ ∆.

(3) W (R) = 〈sα|α ∈ ∆〉

(4) If σ(∆) = ∆ with σ ∈W (R), then σ = 1.

Proof. Let W ′ = 〈sα|α ∈ ∆〉.
We first show (1)(2) for W ′.

(1) Let δ = 1
2

∑
α>0 α and take σ ∈W ′ such that (σ(γ)|δ) is maximal.

Then for every α ∈ ∆, (σ(γ)|δ) ⩾ (sασ(γ)|δ) = (σ(γ)|sα(δ)) = (σ(γ)|δ − α).
So (σ(γ)|α) ⩾ 0, i.e. σ(γ) ∈ C(∆).
Hence σ maps C(γ) to C(∆) and maps ∆(γ) to ∆.

(2) By (1), we only need to find a base of R containing α.
Take γ ∈ kerα∨ but γ /∈ kerβ∨ for any β 6= α ∈ ∆.
Then there is some γ′ near γ such that (γ′|α) = ε > 0 and |(γ′|β)| > ε.
So α ∈ R+(γ′).
And suppose α = β1 + β2 with β1, β2 ∈ R+(γ′).
Then 0 < (βi|γ) < (α|γ), contradiction!
Hence α ∈ ∆(r′).

(3) For β ∈ R, there exists σ ∈W ′ such that α ∈ σ(β) ∈ ∆.
So sα = sσ(β) = σsβσ

−1, i.e. sβ = σ−1sασ ∈W ′.
Hence W (R) =W ′.

(4) By (3), σ = σ1 . . . σt with σi = sαi and αi ∈ ∆.
Assume t is minimal, then αt = σ(αt) < 0, contradiction!

Def 5.5.10. Fix a base ∆, write σ ∈ W (R) as σ1 · · ·σt with σi = sαi , αi ∈ ∆ and t minimal,
then this expression is called reduced and l(σ) = t.

Def 5.5.11. Define n(σ) to be the number of positive roots α for which σ(α) < 0.

Lemma 5.5.9. Let σ ∈W (R), then l(σ) = n(σ).

Proof. We prove this by induction on l(σ).
When l(σ) = 0, σ = Id and n(σ) = 0.
Now assume we have proven for l(σ) = t− 1.
When l(σ) = t, let σ = σ1 · · ·σt be reduced.
Then n(σ1 · · ·σt−1) = t− 1.
And since for α > 0 and α 6= αt, σt(α) > 0.
So σ1 · · ·σt(α) < 0 iff σ1 · · ·σt−1(σt(α)) < 0 and σ(αt) < 0.
Hence n(σ) = n(σ1 · · ·σt−1) + 1 = t = l(σ).

Lemma 5.5.10. Let λ, µ ∈ C(∆), suppose σ ∈ W (R) such that σ(λ) = µ, then λ = µ and
σ = σ1 · · ·σt with σi = sαi, αi ∈ ∆ and λ ∈ kerα∨

i .
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Proof. Let σ = σ1 · · ·σt be reduced.
Then σ(αt) < 0 and so 0 ⩽ (λ|αt) = (µ|σ(αt)) ⩽ 0.
Therefore λ∨i (λ) =

2(α|λ)
(α|α) = 0.

Hence σt(λ) = λ and µ = λ1 . . . λt−1(λ), the proof is done by induction.

Def 5.5.12. Let (V,R) be a root system, if there exists V1, V2 ⊂ V such that V = V1 ⊕ V2 and
R ⊂ V1∪V2, then (V1, V1∩R) and (V2, V2∩R) are root systems, denote R1 = V1∩R,R2 = V2∩R
and we say (V,R) = (V1, R1)⊕ (V2, R2) is the direct sum of (V1, R1), (V2, R2).

If (V,R) = (V1, R1)⊕ (V2, R2), then we say (V,R) is reducible, otherwise it is irreducible.

Lemma 5.5.11. R is irreducible iff ∆ cannot be decomposed as ∆ = ∆1 t ∆2 such that
〈∆1,∆2〉 = 0.

Proof. If R is reducible, let R = R1 tR2, V1 = spanR1 and V2 = spanR2.
Then 〈R1, R2〉 = 0.
Take ∆1 = ∆ ∩R1,∆2 = ∆ ∩R2.
So ∆ = ∆1 t∆2 and 〈∆1,∆2〉 = 0.
Conversely, let Ri be the set of roots that are W -conjugate to certain root in ∆i.
Then R = R1 ∪R2.
For α, β ∈ R such that 〈α, β〉 = 0, sα(β) = β, i.e. sαsβ = sβsα.
So we can write σ ∈W (R) as σ = sα1 · · · sαpsβ1 · · · sβq with αi ∈ ∆1, βj ∈ ∆2.
Therefore for α ∈ ∆1, σ(α) = sα1 · · · sαp ∈ span∆1, i.e. R1 ⊂ span∆1.
Hence R1 ∩R2 = ∅ and 〈R1, R2〉 = 0.

Lemma 5.5.12. Let R be a irreducible root system and ∆ be a base, then there exists a unique
root β > 0 with ht(β) maximal, moreover

(1) For α ∈ ∆, (β|α) ⩾ 0, in other words, β ∈ C(∆).

(2) β =
∑
kαα with all kα > 0.

(3) For α ∈ R, α < β.

Such β is called the highest root.

(1) Suppose (β|α) < 0 for some α ∈ ∆.
Then α+ β ∈ R and ht(α+ β) = ht(β) + 1 > ht(β), contradiction!

(2) Let β =
∑
kαα,∆1 = {α ∈ ∆|kα > 0} and ∆2 = {α ∈ ∆|kα = 0}.

Then there exists α ∈ ∆2 such that 〈α,∆1〉 6= 0, otherwise R is reducible.
So (α|β) < 0, contradiction!

(3) If α > β, then ht(α) = ht(β) + ht(α− β) > ht(β).
So β is maximal relative to <.
Suppose there is another β′ that is maximal relative to <.
Then we can also prove (1) for β′, let β′ =

∑
k′αα with k′α > 0.

Therefore (β|β′) =
∑
k′α(β|α) > 0.

Hence β − β′ ∈ R, i.e. β > β′ or β′ > β, contradiction!

Prop 5.5.8. An irreducible root system has one or two root length.
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Proof. Let α ∈ R and V1 = spanW (R)α.
Then V1 is stable under W (R).
Since R is irreducible.
So V1 = V , i.e. for α, β ∈ R, there exists σ ∈W (R) such that (σ(α)|β) 6= 0.
Therefore (α|α)

(β|β) =
{
1, 2, 3, 12 ,

1
3

}
.

Hence there are at most two root lengths.

Def 5.5.13. If (V,R) has two lengths, we say they are long root and short root. If (V,R) has
only one length, then they are all called long.

Prop 5.5.9. Highest root is long.

Proof. Let β be the highest root and α ∈ R.
WLOG, we assume α ∈ C(∆).
So β − α > 0 and (γ|β − α) ⩾ 0 for all γ ∈ C(∆).
Hence (β|β − α) ⩾ 0 and (α|β − α) ⩾ 0, i.e. (β|β) ⩾ (α|β) ⩾ (α|α)

Prop 5.5.10. Let (V,R) be an irreducible root system with two root lengths and ∆ be a base,
then among all short roots, there exists a unique maximal one β, called the highest short root.
Moreover, (β|α) ⩾ 0 for α ∈ ∆ and β =

∑
kαα with kα > 0.

Prop 5.5.11. Let (V,R) be a root system and ∆ be a base, if ∆ = ∆1t∆2 with 〈∆1,∆2〉 = (0),
then ∆i is a base for (Vi, Ri) with Vi = spanR∆i and Ri =W (R)∆i.

Prop 5.5.12. Let R be an irreducible root system, then roots with same length form a W (R)-
orbit.

Proof. Let ‖α‖ = ‖β‖ and WLOG, assume α is not orthogonal to β.
Then θ(α, β) ∈

{
0, 13π,

2
3π, π

}
.

If θ(α, β) = 0 or π, then β = α or β = sα(α).
If θ(α, β) = 1

3π, then sβsαsβ(α) = sβsα(α− β) = sβ(−α− β + α) = β.
If θ(α, β) = 2

3π, then sαsβ(α) = sα(α+ β) = −α+ β + α = β.

Def 5.5.14. Let ∆ = {α1, . . . , αl} be a base of (V,R), then the matrix (〈αi, αj〉) is called the
Cartan matrix of R.

Prop 5.5.13. Given (V,R,∆) and (V ′, R′,∆′) with ∆ = {α1, . . . , αl},∆′ = {α′
1, . . . , α

′
l}, if

〈αi, αj〉 = 〈α′
i, α

′
j〉 for all i, j, then the bijection ∆ → ∆′, αi 7→ α′

i extends to a linear isomorphism
φ : V → V ′ such that φ(R) = R′.

Proof. sϕ(α)(φ(β)) = φ(β)− 〈φ(β), φ(α)〉φ(α) = φ(β)− 〈β, α〉φ(α) = φ(sα(β)).
So W (R) →W (R′), σ 7→ φσφ−1 is a well-defined group isomorphism.
Moreover, for β ∈ R, there exists σ ∈W (R) such that β = σ(α) with α ∈ ∆.
Hence φ(β) = φσφ−1(φ(α)) ∈ R′.

Def 5.5.15. The Coxeter graph of R w.r.t. ∆ consisting of l vertices such that vertices i and j
are connected by 〈αi, αj〉〈αj , αi〉 undirected edges. And Dynkin diagram is the Coxeter graph
with direction from large norm to small norm.

Exam 5.5.2. Dynkin diagrams:
Al:
Bl(l ⩾ 2):
Cl(l ⩾ 3):
Dl(l ⩾ 4):

E6: , E7: , E8:
F4: , G2:
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Def 5.5.16. Define a matrix S∆, called Schläfli matrix, whose diagonal elements are 2 and
(i, j)-item is −

√
〈αi, αj〉〈αj , αi〉 = 2(αi|αj)

∥αi∥∥αj∥ , then S∆ is real symmetric matrix.

Remark 5.5.2. S∆ is the intersection matrix for 2(·|·) w.r.t.
{

αi
∥αi∥

}
and so S∆ is positive definite.

Lemma 5.5.13. Let S be a real symmetric matrix with sii > 0, sij ⩽ 0 for i 6= j, suppose S
is positive definite, then by replacing sij = sji by certain s′ ∈ (nij , 0], the resulting matrix S′ is
still positive definite.

Prop 5.5.14. Let G be a connected graph such that there are at most three edges between each
pair of points and SG be the associated matrix, suppose there exists λ = (λ1, . . . , λl) > 0 such
that SGλ = 0, then for any µ ∈ Rl, µTSGµ ⩾ 0 and the equality holds iff µ ∈ Rλ.

In other words, SG is semi positive definite with rank l − 1.

Exam 5.5.3. Extended Dynkin graphs:

Ãl:

1

1 1 1 1

B̃l(l ⩾ 3):
1

1

2 2 2 2
√
2

C̃l(l ⩾ 2): √
2 2 2 2 2

√
2

D̃l(l ⩾ 4):
1

1

2 2 2 2

1

1

Ẽ6:

1

1

2

2 3 2 1
, Ẽ7:

1 2

2

3 4 3 2 1

Ẽ8:
12

3

4 6 5 4 3 2

F̃4:
1 2 3 2

√
2

√
2

G̃2:
1 2

√
3

Prop 5.5.15. For graphs in example 5.5.25.5.2, SG is positive definite.
For graphs in example 5.5.35.5.3, SG is semi-positive definite with r(SG) = |G| − 1.

Thm 5.5.3. A connected graph G with SG positive definite must belong to example 5.5.25.5.2.

Thm 5.5.4. Let (V,R) be a reduced irreducible root system over R and ∆ be a base, then its
Dynkin diagram belongs to example 5.5.25.5.2.

Exam 5.5.4. Explicit description of root systems of type A to G:
Al: V = {

∑
λivi|

∑
λi = 0}, R = {vi − vj |i 6= j},∆ = (v1 − v2, . . . , vl − vl+1), highest root

is v1 − vl+1 and W (R) = Sl+1.
Bl(l ⩾ 2): V = Rl, R = {±vi,±vi ± vj},∆ = (v1 − v2, . . . , vl−1 − vl, vl), highest root is

v1 + v2, highest short root v1 and W (R) ∼= Sl ⋉ (Z/2Z)l.
Cl(l ⩾ 3): V = Rl, R = {±2vi,±vi ± vj},∆ = (v1 − v2, . . . , vl−1 − vl, 2vl), highest root is

2v1, highest short root v1 + v2 and W (R) ∼= Sl ⋉ (Z/2Z)l.
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Dl(l ⩾ 4): V = Rl, R = {±vi ± vj},∆ = (v1 − v2, . . . , vl−1 − vl, vl−1 + vl), highest root is
v1 + v2 and W (R) ∼= Sl ⋉ (Z/2Z)l−1.

E8: V = R8,

R = {±vi ± vj} ∪
{
1

2

∑
(−1)εivi

∣∣∣∣ε ∈ {0, 1}, 2|
∑

εi

}
,

∆ =

(
1

2
(v1 + v8 − v2 · · · − v7), v1 + v2, v1 − v2, . . . , v7 − v8

)
and the highest root is v7 + v8.

F4: V = R4,

R = {α =
∑

kivi|ki ∈
1

2
Z, ki − kj ∈ Z, (α|α) = 1, (α|α) = 1 or 2},

∆ =

(
v2 − v3, v3 − v4, v4,

1

2
(v1 − v2 − v3 − v4)

)
and the highest root is v1 − v2.

G2: V = (v1 + v2 + v3)
⊥ ⊂ R3,

R = {α =
∑

kivi|ki ∈ Z, (α|α) = 2 or 6},

∆ = (v1 − v2,−2v1 + v2 + v3)

and the highest root is 2v3 − v1 − v2.

Prop 5.5.16. W (R) is normal in A(R) and A(R)/W (R) ∼= Γ = {τ ∈ A(R)|τ(∆) = ∆}, which
is the group of automorphisms of Dynkin diagrams.

We now assume F is an algebraically closed field with character zero.

Def 5.5.17. A Lie algebra g is called reductive if Rad(g) = Z(g).

Prop 5.5.17. Let g be a Lie algebra, TFAE:

(1) g is reductive

(2) ad : g → gl(g) is completely reducible (semisimple)

(3) g ∼= I × h with I abelian and h semisimple.

Proof. (3) ⇒ (1): Rad(I × h) = Rad(I)× Rad(h) = I = Z(g).
(1) ⇒ (2): Since Z(g) is the kernel of ad.
So ad factor through g/Z(g) → gl(g) and g/Z(g) is semisimple.
By Weyl theorem, g is completely reducible as g/Z(g)-module.
(2) ⇒ (3): Let g =

⊕
Ii be a complete decomposition as g-module.

Then each Ii is an minimal ideal.
And since ideal of Ii is still ideal of g.
So dim Ii = 1 or Ii is simple.
Hence g is isomorphic to a product of simple Lie algebras and an abelian one.

Prop 5.5.18. Let g be a Lie subalgebra of gl(V ), suppose V is irreducible as g-module, then g
is reductive with dimZ(g) ⩽ 1. Moreover, if g ⊂ sl(V ), then g is semisimple.
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Proof. Let S = Rad(g).
Similar to the proof of Lie theorem, there is a basis (v1, . . . , vn) of V such that s ∈ S are

upper-triangular matrices with all diagonal elements equal to λ(s) under this basis.
And since for s ∈ [S, g], tr(s) = 0.
So for s ∈ S and x ∈ g, s(x(v)) = λ([s, x])v + λ(s)x(v) = λ(s)x(v).
Hence S = Z(g), i.e. g is reductive and dimS ⩽ 1.
Moreover, if g ⊂ sl(V ), then λ(s) = 0 for s ∈ S, i.e. S = 0.

Prop 5.5.19. For g = sln(F ), son(F ), sp2n(F ), the corresponding g ↪→ gl(V ) is irreducible.
Moreover, they are semisimple.

Proof. Let A be the associative subalgebra of gl(V ) generated by g and 1.
If A = gl(V ), then g ↪→ gl(V ) is irreducible.
For g = sln(F ), gln(F ) = sln(F )⊕ F · I = A.
For g = sp2n(F ), let x =

[
A B
C D

]
, then[

AT CT

BT DT

] [
I

−I

]
+

[
I

−I

] [
A B
C D

]
= 0.

So AT +D = 0, B = BT , C = CT , in particular, sp2n(F ) ⊂ sl2n(F ).
Therefore

[
E

−E

]
∈ g,

[
E

E

]
=
[
I
−I

][
E

−E

]
∈ A,

[
E

0

]
,
[
0
E

]
∈ A for any diagonal

matrices E and so eii ∈ A.
Moreover, eiixejj ∈ A for x ∈ g, i.e. eij ∈ A for any i, j.
For g = so2n(F ), let x =

[
A B
C D

]
, then[

AT CT

BT DT

] [
I

I

]
+

[
I

I

] [
A B
C D

]
= 0.

So AT +D = 0, B +BT = 0, C + CT = 0, similar as sp2n, g → gl(V ) is irreducible.
For g = so2n+1(F ), let

x =

 a b1 b2
c1 m n
c2 p q

 ,
then we have  a cT1 cT2

bT1 mT pT

bT2 nT qT

1 I
I

+

1 I
I

 a b1 b2
c1 m n
c2 p q

 = 0.

So a = 0, b1 + cT2 = 0, b2 + cT1 = 0, p+ pT = n+ nT = 0, q +mT = 0.
Similar as sp2n, we can show that eij ∈ A for i, j ⩾ 2, and so

Eii


0 −1 · · · −1
1 0 · · · 0
...

... . . . ...
1 0 · · · 0

 = ei1,


0 −1 · · · −1
1 0 · · · 0
...

... . . . ...
1 0 · · · 0

Ejj = −e1j ∈ A.

Moreover, e1iei1 = e11 ∈ A.

Prop 5.5.20. The root system corresponding to sp2n(F ) is of type Cn.

Proof. Let Mij = ei,j − en+j,n+i, Pij = ei,n+j + ej,n+i, Qij = en+i,j + en+j,i with 1 ⩽ i, j ⩽ n.
Then Mij , Pij , Qij is a basis of sp2n(F ).
Let h ⊂ g be the set of diagonal matrices.
Then elements in h are all semisimple.
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Suppose
[
A B
C D

]
∈ sp2n(F ) commutes with

[
E

−E

]
∈ h, then[

AE −BE
CE −DE

]
=

[
A B
C D

] [
E

−E

]
=

[
E

−E

] [
A B
C D

]
=

[
EA EB
−EC −ED

]
.

So AE = EA,DE = ED,EB = −BE,CE = −EC, i.e. A,D are diagonal and B = C = 0.
Therefore Ng(h) = h, i.e. h is a Cartan subalgebra.
Let hv = span{ε1, . . . , εn} with εi(Mjj) = δij .
And since [Mkk,Mij ] = (εi − εj)(Mkk)Mij .
So Mij ∈ gεi−εj .
Similarly, [Mkk, Pij ] = (εi + εj)(Mkk)Pij , i.e. Pij ∈ gεi+εj .
And [Mkk, Qij ] = (−εi − εj)(Mkk)Qij , i.e. Qij ∈ g−εi−εj .
Hence R = {±εi ± εj ,±2εi}.

Prop 5.5.21. The root system corresponding to so2n+1(F ) is of type Bn.

Proof. We denote index from 0, let Bi = ei,0 − e0,n+i, Ci = e0,i − en+i,0,Mij = ei,j − en+j,n+i,
Pij = ei,n+j − ej,n+i, Qij = en+j,i − en+i,j .

Then Bi, Ci,Mij , Pij , Qij is a basis of sp2n(F ).
Let h ⊂ g be the set of diagonal matrices.
Similar as above, we can verify that h is a Cartan subalgebra.
Let h∨ = span{ε1, . . . , εn} with εi(Mjj) = δij .
Then Bi ∈ gεi , Ci ∈ g−εi ,Mij ∈ gεi−εj , Pij ∈ gεi+εj , Qij ∈ g−εi−εj with i 6= j.
So R = {±εi,±εi ± εj}.

Prop 5.5.22. The root system corresponding to so2n(F ) is of type Dn.

Proof. Let Mij = ei,j − en+j,n+i,
Pij = ei,n+j − ej,n+i, Qij = en+j,i − en+i,j .

Then Bi, Ci,Mij , Pij , Qij is a basis of sp2n(F ).
Let h ⊂ g be the set of diagonal matrices.
Similar as above, we can verify that h is a Cartan subalgebra.
Let h∨ = span{ε1, . . . , εn} with εi(Mjj) = δij .
Then Mij ∈ gεi−εj , Pij ∈ gεi+εj , Qij ∈ g−εi−εj with i 6= j.
So R = {±εi ± εj}.

Prop 5.5.23. Let g be a simple Lie algebra and h be a Cartan subalgebra, then (h∨, R) is
irreducible.

Proof. Suppose R = R1 tR2, 〈R1, R2〉 = 0.
Then for α ∈ R1, β ∈ R2, (α+ β|α) > 0, (α+ β|β) > 0, i.e. α+ β /∈ R.
So [gα, gβ ] = gα+β = 0.
Let k be the subalgebra of g generated by gα with α ∈ R1.
Then for β ∈ R2, [k, gβ ] = 0.
So k is an ideal of g, contradiction!

Thm 5.5.5. Let g, g′ be two simple Lie algebra, h ⊂ g, h′ ⊂ g′ be Cartan subalgebras and R,R′

be the corresponding root systems. Suppose there exists linear isomorphism h → h′ such that
R → R′ and α 7→ α′. Take any base ∆ ⊂ R, let ∆′ ⊂ R′ be the corresponding base, for
α ∈ ∆, α′ ∈ ∆′, take generator xα ∈ gα, x′α′ ∈ (g′)α

′, then there exists unique isomorphism
g → g′ compatible with h → h′, xα 7→ x′α′.



Chapter 6

Number Field

6.1 Number field and number ring
Def 6.1.1. A number field is a subfield of C having finite degree over Q.

Lemma 6.1.1. Let f be a monic polynomial over Z, suppose f = gh where g, h are monic
polynomial over Q, then g, h ∈ Z[x].

Proof. Let m,n be the minimal integers such that mg ∈ Z[x] and nh ∈ Z[x].
Then for p|mn, mg · nh ≡ mnf = 0 (mod p).
But since Zp[x] is an integer domain.
So mg ≡ 0 (mod p) or nh ≡ 0 (mod p), i.e. m

p g or n
ph is polynomial over Z.

Hence m = n = 1.

Thm 6.1.1. Let α be an integer and f be the minimal polynomial of α over Z, then f is
irreducible over Q.

Proof. Notice that f is monic.
By lemma, f is irreducible over Q.

Coro 6.1.1. Algebraic integers in Q are Z.

Coro 6.1.2. Let m be a squarefree integer, then the set of algebraic integers in Q [
√
m] is{

a+ b
√
m
∣∣a, b ∈ Z

}
if m ≡ 2 or 3 (mod 4){

a+ b
√
m

2

∣∣∣∣a, b ∈ Z, 2|(a− b)

}
if m ≡ 1 (mod 4)

Proof. Let α = r + s
√
m with r, s ∈ Q and s 6= 0.

Then the minimal polynomial of α in Q is x2 − 2rx+ r2 − s2m.
So α is algebraic integer iff 2r ∈ Z, r2 − s2m ∈ Z.
Let r = a

2 , s =
b
2 .

Then α is algebraic integer iff 4|a2 − b2m.
If m ≡ 2 or 3 (mod 4), 4|a2 − b2m iff 2|a, b.
If m ≡ 1 (mod 4), 4|a2 − b2m iff 2|a− b.

Thm 6.1.2. TFAE:

(1) α is an algebraic integer.

(2) The additive group of the ring Z[α] is finitely generated.

63
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(3) α is a member of some subring of C having a finitely generated additive group.

(4) αA ⊂ A for some finitely generated additive subgroup A ⊂ C.

Coro 6.1.3. If α and β are algebraic integers, then so are α+ β and αβ.

Def 6.1.2. We denote the set of algebraic integers by A, and the subring A ∩K of K is called
a number ring.

Def 6.1.3. Let K be a number field and σ1, . . . , σn denote the embeddings of K in C where
n = [K : Q], then for α ∈ K, we set

T (α) = σ1(α) + σ2(α) + . . . σn(α),

N(α) = σ1(α)σ2(α) . . . σn(α),

which are called trace and norm resp.

Prop 6.1.1. Let α, β ∈ K, r ∈ Q, then T (α+ β) = T (α) + T (β), N(αβ) = N(α)N(β), T (rα) =
rT (α) and N(rα) = rnN(α).

Prop 6.1.2. Let α ∈ K of degree d over Q and [K : Q] = n, then

T (α) =
n

d
t(α), N(α) = (n(α))

n
d ,

where t(α), n(α) are the sum and product of d conjugates of α over Q.

Thm 6.1.3. Let α ∈ K, T (α) and N(α) are rational. In particular, if α is an algebraic integer,
then T (α) and N(α) are integers.

Exam 6.1.1. Consider K = Q [
√
m] and α = a+ b

√
m.

Then T (α) = 2a,N(α) = a2 −mb2.

Def 6.1.4. Let α1, . . . , αn ∈ K, we define the discriminant of α1, . . . , αn to be

disc(α1, . . . , αn) = det(σi(αj))
2.

Thm 6.1.4.
disc(α1, . . . , αn) = det(T (αiαj)).

Proof. [σj(αi)][σi(αj)] = [
∑

k σk(αiαj)] = [T (αiαj)].

Coro 6.1.4. disc(α1, . . . , αn) = 0 iff α1, . . . , αn are linearly dependent over Q.

Proof. disc(α1, . . . , αn) = det(T (αiαj)) = 0 iff row of [T (αiαj)] are linearly dependent iff
α1, . . . , αn are linearly dependent.

Thm 6.1.5. Let K = Q[α] and α1, . . . , αn be the conjugations of α over Q, then

disc(1, α, . . . , αn−1) =
∏

1⩽r<s⩽n

(αr − αs)
2 = ±NK(f ′(α)),

where f be the minimal polynomial of α and the + sign holds iff n ≡ 0 or 1 (mod 4).

Proof. Since σi(αj) = (σi(α))
j = αj

i .
By the determinant of Vandermonde matrix, the first equality holds.
Moreover,

NK(f ′(α)) =
n∏

r=1

f ′(αr) =
n∏

r=1

∏
s ̸=r

(αr − αs) = ±
∏

1⩽r<s⩽n

(αr − αs)
2.

And the + sign holds iff 4|n(n− 1), i.e. n ≡ 0 or 1 (mod 4).
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Exam 6.1.2. Consider K = Q[ω] with ω = e
2πi
p .

Then the minimal polynomial of ω is f(x) = 1 + x+ · · ·+ xp−1 = xp−1
x−1 .

So f ′(ω) = p
ω(ω−1) and N(f ′(ω)) = N(p)

N(ω)N(ω−1) =
pp−1

p = pp−2.
Now assume ω = e

2πi
m for arbitrary m ∈ Z.

Let f be the minimal polynomial of ω and xm − 1 = f(x)g(x).
Then f ′(ω) = m

ωg(ω) and N(f ′(ω)) = mφ(m)

N(ωg(ω)) .
So disc(ω)|mφ(m)

Thm 6.1.6. Let K be a number field of degree n over Q, R be the ring of algebraic integers in
K and {α1, . . . , αn} be a basis for K over Q containing in R, then every α ∈ R can be expressed
in the form

m1α1 + · · ·+mnαn

disc(α1, . . . , αn)

with all mj ∈ Z and all m2
j divisible by d = disc(α1, . . . , αn).

Proof. Let α = x1α1 + · · ·+ xnαn.
Then σi(α) = x1σi(α1) + · · ·+ xnσi(αn).
By Cramer rule, xi = yi

δ where δ = det(σi(αj)) and yi is obtained from δ by replacing the j
column by the σi(α).

So yi, δ are algebraic integers and dxi = δyi ∈ Q.
Therefore mi = dxi ∈ Z.
Moreover, m2

i
d = y2i ∈ Q is algebraic integers, i.e. d|m2

i .

Coro 6.1.5. R is a free abelian group of rank n.

Def 6.1.5. A set of algebraic integers {β1, . . . , βn} is called an integral basis for R if every
α ∈ R can be uniquely represented by the linear combination of {β1, . . . , βn} over Z.

Exam 6.1.3. Consider K = Q [
√
m].

Then an integral basis for R can be given by {1,
√
m} when m ≡ 2 or 3 (mod 4) and{

1, 1+
√
m

2

}
when m ≡ 1 (mod 4).

Lemma 6.1.2. Let ω = e
2πi
m , then Z[1− ω] = Z and disc(1− ω) = disc(ω).

Lemma 6.1.3. Let m = pr, ω = e
2πi
m , then

∏
p∤k(1− ωk) = p.

Proof. Let f(x) = xpr−1

xpr−1−1
.

Then f(x) =
∏

p∤k(x− ωk).
So f(1) = 1 + xp

r−1
+ x2p

r−1
+ · · ·+ x(p−1)pr−1

= p.

Thm 6.1.7. Let m = pr, ω = e
2πi
m , then A ∩Q[ω] = Z[ω].

Proof. Let α = m1+m2(1−ω)+···+mn(1−ω)n−1

disc(ω) ∈ R = A ∩Q[ω].
Since d = disc(ω)|mφ(m).
So d is power of p.
Suppose there exists i such that d ∤ mi, WLOG, assume mj = 0 for j < i.
By lemma 6.1.36.1.3 p

(1−ω)n ∈ Z[ω].
Therefore βp

(1−ω)i
∈ R, i.e. mi

1−ω ∈ R.
But N(mi) = mn

i and N(1− ω) = p ∤ mn
i , contradiction!

Thm 6.1.8. Let {β1, . . . , βn} and {γ1, . . . , γn} be two integral bases for R = A ∩ K, then
disc(β1, . . . , βn) = disc(γ1, . . . , γn).
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Proof. Let (β1, . . . , βn)
T =M(γ1, . . . , γn)

T .
Then (σj(βi)) =M(σj(γi)).
So disc(β1, . . . , βn) = |M |2 disc(γ1, . . . , γn).
Conversely, we also have disc(β1, . . . , βn)| disc(γ1, . . . , γn).
Hence disc(β1, . . . , βn) = disc(γ1, . . . , γn).

Exam 6.1.4.

disc
(
A ∩Q

[√
m
])

=

{
disc(

√
m) = 4m m ≡ 2 or 3 (mod 4)

disc(1+
√
m

2 ) = m m ≡ 1 (mod 4)

Thm 6.1.9. Let K,L be two number fields, R,S, T be rings of algebraic integers in K,L,KL
resp. and d = gcd(discR, discS), suppose [KL : Q] = mn, then T ⊂ 1

dRS.
In particular, if d = 1, then T = RS.

Coro 6.1.6. Let K = Q[ω] with ω = e
2πi
m and R = A ∩K, then R = Z[ω].

Proof. Let m = m1m2 such that m1,m2 are coprime, ω1 = ωm2 , ω2 = ωm1 .
Then disc(ω1)|mφ(m1)

1 , disc(ω2)|mφ(m2)
2 .

So gcd(disc(ω1), disc(ω2)) = 1.
By theorem 6.1.96.1.9, the proof is done.

Thm 6.1.10. Let α ∈ R of degree n over Q, then there is an integral basis

1,
f1(α)

d1
, . . . ,

fn−1(α)

dn−1
,

where di ∈ Z such that d1|d2| · · · |dn−1 and fi are monic polynomials over Z with deg fi = i.

Exam 6.1.5. Consider K = Q [ 3
√
m] where m = hk2 such that h and k are squarefree and

coprime.
Set α = 3

√
m, then an integral basis of R can be given by{

1, α,
α2

k

}
if m 6≡ ±1 (mod 9),{

1, α,
α2 ± k2α+ k2

3k

}
if m ≡ ±1 (mod 9).

6.2 Prime decomposition in number rings
Def 6.2.1. A Dedekind domain is an integral domain R such that

(1) Every ideal is finitely generated.

(2) Every nonzero prime ideal is a maximal ideal.

(3) R is an integrally closed integral domain.

Thm 6.2.1. Every number ring is a Dedekind domain.

Proof. Since R is a free abelian group of rank n.
So every ideal is finitely generated.
Let I be a prime ideal, α ∈ I and m = NK(α) = αβ.
Then β = m

α ∈ K and β is an algebraic integer.
Therefore m ∈ I.
Notice that |R/(m)| = mn.
So R/I is finite integral domain, i.e. R/I is a field.
Moreover, R is integrally closed in K since A is integrally closed in C.
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Lemma 6.2.1. In a Dedekind domain, every ideal contains a product of prime ideals.

Proof. Suppose not, let I be a maximal member of such ideal and r, s ∈ R\I such that rs ∈ I.
Then I + (r), I + (s) is larger than I, i.e. they contains a product of prime ideals.
So (I + (r))(I + (s)) ⊂ I contains a product of prime ideals, contradiction!

Lemma 6.2.2. Let I be a proper ideal of Dedekind domain R with field of fractions K, then
there is an element γ ∈ K\R such that γI ⊂ R.

Proof. By the lemma, let a ∈ I, I ⊂ P and P1P2 · · ·Pr ⊂ (a) with minimal r.
Suppose P does not contain any of Pi, take ai ∈ Pi\P .
Then a1a2 · · · ar ∈ P , i.e. ai ∈ P for some i, contradiction!
WLOG, assume P1 ⊂ P , i.e. P1 = P .
And since r is minimal.
Take b ∈ P2P3 · · ·Pr\(a) and γ = b

a .
Then γA ⊂ b

aP1 ⊂ 1
aP2P3 · · ·PrP1 =

1
a(a) = R.

Thm 6.2.2. Let I be an ideal of Dedekind domain R, then there exists an ideal J such that IJ
is principal.

Proof. Let α ∈ I and take J = {β ∈ R|βI ⊂ (α)}.
Then IJ ⊂ (α), we claim that IJ = (α).
Let A = 1

αIJ , which is an ideal of R.
Suppose A is a proper ideal of R.
Then by lemma, there exists γ ∈ K\R such that γA ⊂ R.
So γJ ⊂ γA ⊂ R.
Moreover, for β ∈ J , γβI ⊂ γαA ⊂ αR = (α).
Therefore γJ ⊂ J .
By proposition 3.2.33.2.3, γ is a root of a polynomial over R, contradiction.

Coro 6.2.1. Let A,B be two ideals of Dedekind domain R, with B ⊂ A and A 6= R, then there
exists γ ∈ K such that γB ⊂ R, γB ⊈ A.

Proof. Let BC = (α).
Then BC ⊈ αA, i.e. there exists β ∈ C such that βB ⊈ αA.
So take γ = β

α .

Def 6.2.2. We define an equivalence relation on the set of ideals of a ring R where A ∼ B iff
αA = βB for some α, β ∈ R. We call the equivalence class ideal class.

Coro 6.2.2. The ideal classes of Dedekind domain R forms a group, called ideal class group.

Proof. The identity consisting principal ideal and by above theorem, the inverse always exists.

Coro 6.2.3. Let A,B,C be three ideals of Dedekind domain, if AB = AC, then B = C.

Proof. Let AJ = (α).
Then αB = αC, i.e. B = C.

Coro 6.2.4. Let A,B be ideals of Dedekind domain, then A|B iff A ⊃ B.

Proof. ⇒: Trivial.
⇐: Let AJ = (α), take C = 1

αBJ .
Since BJ ⊂ AJ = (α).
So C is an ideal of R and AC = 1

αAJB = B.
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Thm 6.2.3. Every ideal of Dedekind domain R is uniquely representable as a product of prime
ideals.

Proof. Suppose not, let I be the maximal member of such ideals and I ⊂ P .
By corollary 6.2.46.2.4, I = PJ for some ideal J containing I.
Suppose I = J .
Then PI = RI, i.e. P = R, contradiction.
So I ⫋ J .
But then J is a product of prime ideals, contradiction!

Coro 6.2.5. The ideals of a number ring factor uniquely into prime ideals.

Exam 6.2.1. Consider R = Z
[√

−5
]
.

Then (2) =
(
2, 1 +

√
−5
)2
, (3) =

(
3, 1 +

√
−5
) (

3, 1−
√
−5
)
.

Thm 6.2.4. Let I be an ideal of Dedekind domain R and α ∈ I, then there exists β ∈ I such
that I = (α, β).

Proof. Let I = Pn1
1 · · ·Pnr

r .
Then Pni

i |(α) and let Q1, . . . , Qs be the other prime ideal dividing (α).
Take βi ∈ Pni

i \Pni+1
i and β such that β ≡ βi (mod Pni+1

i ), β ≡ 1 (mod Qi).
Such β exists by Chinese Remainder Theorem.

Thm 6.2.5. A Dedekind domain is a UFD iff it is a PID.

Proof. ⇐: Trivial ⇒: Let I be an ideal of R and α ∈ I.
Then I|(α).
Since α is a product of prime elements in R.
So I divides a product of principal prime ideals.
Hence I is a product of principal prime ideals, i.e. I is a principal ideal.

From now on, we let K ⊂ L be two number fields and R = A ∩K,S = A ∩ L

Prop 6.2.1. Let P be a prime of R, Q be a prime of S, then TFAE:

(1) Q|PS.

(2) Q ⊃ PS.

(3) Q ⊃ P .

(4) Q ∩R = P .

(5) Q ∩K = P .

When these conditions hold, we say Q lies over P and P lies under Q

Proof. (1) ⇔ (2) ⇔ (3) and (4) ⇒ (3) are trivial, (4) ⇔ (5) since Q ⊂ A.
(3) ⇒ (4): Since P is maximal ideal of R.
So Q ∩R = P or R.
But if R ⊂ Q, then RS = S ⊂ Q, this is impossible.

Thm 6.2.6. Every prime Q of S lies over a unique prime P of R and every prime P of R lies
under at least one prime Q of S.

Proof. Since Q is prime ideal.
So P = Q ∩R is prime ideal.
And by theorem 3.4.13.4.1, P lies under at least one prime Q of S.
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Def 6.2.3. Let Qe be the exact power of Q dividing PS, then e is called the ramification index
of Q over P , denoted by e(Q|P ).

Exam 6.2.2. Consider R = Z, S = Z[i].
Then the principal ideal (1− i) in S lies over 2.
And since 2S = (1− i)2.
So e((1− i)|2) = 2.
Moreover, consider R = Z, S = Z[ω] with ω = e

2πi
m ,m = pr.

Then the principal ideal (1− ω) in S lies over p.
And we can check that 1 + ω + · · ·+ ωt is a unit in S if t and m are coprime
So p = u(1− ω)φ(m) where u is a unit by lemma 6.1.36.1.3.
Therefore e((1− ω)|p) = ϕ(m) = pr−1(p− 1).

Def 6.2.4. Consider the residue fields of P and Q, S/Q is an extension of finite degree f over
R/P , then f is called the inertial degree of Q over P and is denoted by f(Q|p).

Exam 6.2.3. Consider R = Z, S = Z[i], p = (2), Q = (1− i).
Then |S/Q| = |R/p| = 2.
So f(Q|p) = 1.
And consider p = (3), Q = (3), we have |S/Q| = 9 and |R/p| = 3.
Therefore f(Q|p) = 2.

Prop 6.2.2. Let P ⊂ Q ⊂ U be the prime ideals in three number rings R ⊂ S ⊂ T , then
e(U |P ) = e(U |Q)e(Q|P ), f(U |P ) = f(U |Q)f(Q|P ).

Thm 6.2.7. Let n be the degree of L over K, I, J be the ideals of R and write ‖I‖ to indicate
the index |R/I|.

(1) ‖IJ‖ = ‖I‖‖J‖

(2) ‖IS‖ = ‖I‖n

(3) Let α ∈ R, ‖(α)‖ =
∣∣∣NK

Q (α)
∣∣∣.

Thm 6.2.8. Let n be the degree of L over K and let Q1, . . . , Qr be the primes of S lying over
a prime P of R. Denote by e1, . . . , er and f1, . . . , fr the corresponding ramification indices and
inertial degrees, then

∑
eifi = n.

We prove these two theorem simultaneously.

Proof of theorem 6.2.76.2.7(1). Suppose I and J are coprime.
By CRT, we have an isomorphism R/IJ → R/I ×R/J .
So ‖IJ‖ = ‖I‖‖J‖.
Now it suffices to check that ‖Pm‖ = ‖P‖m.
This is because R/P → P k/P k+1 is a group isomorphism for all k.
Hence ‖P‖ =

∣∣P k/P k+1
∣∣.

Proof of theorem 6.2.86.2.8, Special case. We assume K = Q and then P = pZ for some prime p.
Let pS =

∏
Qei

i .
So pn = ‖pS‖ =

∏
‖Qi‖ei =

∏
pfiei .

Hence n =
∑
fiei.
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Proof of theorem 6.2.76.2.7(2). By (1), it suffices to prove for prime ideal I.
Since S/IS is a vector space over field R/I.
Suppose [α1], . . . , [αn+1] ∈ S/IS is linearly independent over R/I.
Then α1, . . . , αn+1 is linearly dependent over K and also over R.
Let β1α1 + · · ·+ βn+1αn+1 = 0 for βi ∈ R.
By corollary 6.2.16.2.1, there exists γ ∈ K such that γβi ∈ R but not all γβi contains in I.
So α1, . . . , αn+1 is linearly dependent over R/I, contradiction!
Therefore dimS/IS ⩽ n.
On the other hand, let I ∩ Z = pZ and Pi are all prime ideals of R lying over p.
We set ni = dimS/PiS, ei = e(Pi|p), fi = f(Pi|p),m = [K : Q].
Then pmn = ‖pS‖ =

∏
‖PiS‖ei =

∏
‖Pi‖niei =

∏
pfiniei .

So n
∑
fiei = mn =

∑
finiei, i.e. n = ni.

Proof of theorem 6.2.86.2.8. Since PS =
∏
Qei

i .
So ‖P‖n = ‖PS‖ =

∏
‖Qi‖ei = prod‖P‖fiei .

Hence n =
∑
fiei.

Proof of theorem 6.2.76.2.7(3). Extend K to a normal extension M of Q and let T = A ∩M .
Then ‖σ(α)T‖ = ‖αT‖.
So |N |mn, ‖NT‖ =

∏
‖σ(α)T‖ = ‖αT‖n = ‖(α)‖mn where m = [M : K] and N = NK

Q (α).
Hence

∣∣∣NK
Q (α)

∣∣∣ = ‖(α)‖.

Exam 6.2.4. Consider R = Z, S = Z[ω] with ω = e
2πi
m and m = pr.

Then ‖(1− ω)‖n = ‖(1− ω)n‖ = ‖pZ[ω]‖ = pn.
So ‖(1− ω)‖ = p, i.e. (1− ω) is a prime ideal.
Consider S = Z[α] with α = 3

√
2.

Then 2S = (α)3, i.e. (α) is a prime ideal and f((α)|2) = 1.
Since 5S = (5, α+ 2)(5, α2 + 3α− 1).
We claim that (5, α2 + 3α− 1) is prime ideal.
Notice that Z5[x]/(x

2 + 3x− 1) is a field and we can map it onto S/(5, α2 + 3α− 1).
So S/(5, α2 + 3α− 1) is F25.
Therefore f((5, α2 + 3α− 1)|5) = 2 and so (5, α+ 2) is a prime ideal with inertial index 1.
Consider α such that α3 = α+ 1.
Then 23S = (23, α− 10)2(23, α− 3) and so (23, α− 10), (23, α− 3) are prime ideals.

Thm 6.2.9. Let L be a normal extension over K and Q,Q′ be two prime ideals of S lying over
P of R, then σ(Q) = Q′ for some Q ∈ G = Gal(L/K).

Proof. Suppose σ(Q) 6= Q′ for all σ ∈ G.
Then by CRT, there exists α ∈ S such that α ≡ 0 (mod Q′) and α ≡ 1 (mod σ(Q)).
So NL

K(α) ∈ R ∩Q′ = P .
And since σ(α) /∈ Q.
Therefore NL

K(α) /∈ Q, contradiction!

Coro 6.2.6. Let L be a normal extension over K and Q,Q′ be two prime ideals lying over P ,
then e(Q|P ) = e(Q′|P ) and f(Q|P ) = f(Q′|P ).

Def 6.2.5. A prime ideal P of R is called ramified in S if e(Q|P ) > 1 for some Q of S lying
over P . Otherwise, it is called unramified. Moreover, if PS = Qn with n = [L : K], then we
say P is totally ramified in S.

Thm 6.2.10. Let p be a prime in Z and suppose p is ramified in a number ring R, then
p| disc(R).



CHAPTER 6. NUMBER FIELD 71

Coro 6.2.7. Let α ∈ R such that K = Q[α] and f be any monic polynomial over Z such that
f(α) = 0, if p is a prime such that p ∤ NKf ′(α), then p is unramified in K.

Coro 6.2.8. Only finitely many primes of Z are ramified in R.

Coro 6.2.9. Only finitely many primes of R are ramified in S.

Prop 6.2.3. If p|m, then pR = (p,
√
m)

2.
If m is odd, then

2R =


(2, 1 +

√
m)

2
m ≡ 3 (mod 4)(

2, 1+
√
m

2

)(
2, 1−

√
m

2

)
m ≡ 1 (mod 8)

prime m ≡ 5 (mod 8)

If p is odd and p ∤ m, then

pR =

{
(p, n+

√
m) (p, n−

√
m) m ≡ n2 (mod p)

prime m is not a square mod p

Proof. The case that pR is not prime are easy to check.
When p = 2,m ≡ 5 (mod 8), Let f(x) = x2 − x+ 1−m

4 and P be a prime ideal lying over p.
Then f has roots 1±

√
m

2 in R, i.e. f has root in field R/P .
But since (2x− 1)2 −m cannot be divided by 8.
So f(x) has no root in field F2, i.e. R/P 6= F2.
Therefore P = 2R and f(P |2) = 2.
Similarly, when p is odd and m is not a square mod p, let f(x) = x2 −m.

Prop 6.2.4. Let R = Z[ω] with ω = e
2πi
m and m = pkn, then pR = (Q1 . . . Qr)

e with e = ϕ(pk)
and f is the order of p mod n.

Coro 6.2.10. If p ∤ m, then p splits into φ(m)
f distinct prime ideal in Z[ω], where f is the order

of p mod m.

Thm 6.2.11. Let L = K[α] with α ∈ S of degree n over K, p be a prime that does not divide
|S/R[α]| and prime ideal P of R lying over p. Consider the minimal polynomial g of α over K,
it factors into monic irreducible factors in (R/P )[x] in the form

ḡ = ḡe11 · · · ḡerr .

Then the prime decomposition of PS is given by

Qe1
1 · · ·Qer

r ,

where Qi = (P, gi(α))

Exam 6.2.5. Consider K = Q, L = Q [
√
m].

When p = 2 and m ≡ 1 (mod 4), take α = 1+
√
m

2 .
Then S = R[α] and so the result can be obtained by factoring x2 − x+ 1−m

4 over F2.
In other case, take α =

√
m.

Then S = R[α] and so the result can be obtained by factoring x2 −m over Fp.
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6.3 Galois theory applied to prime decomposition
We now assume that number field L is a normal extension over K of degree n and we denote

its Galois group as G.

Def 6.3.1. Let Q be a prime ideal of S lying over P of R, we define the decomposition group
D(Q|P ) = {σ ∈ G|σQ = Q} and inertia group E(Q|P ) = {σ ∈ G|σ(α) ≡ α (mod Q), α ∈ S}.

Let LD, LE be the fixed field of D and E resp, we call LD the decomposition field and LE

the inertia field.

Thm 6.3.1. Let K,L,R, S, P,Q,G,D,E, r, e and f as above, then we have

DEGREES RAMIFICATION
INDICES

INERTIAL
DEGREESL Q

LE QE

LD QD

K P

e

f

r

e

1

1

1

f

1

Coro 6.3.1. Let Ḡ be the Galois group of S/Q over R/P , then there is a map from D onto Ḡ
by σ → σ̄ with kernel E.

Proof. Let ϕ : D → Ḡ, σ → σ̄.
Then kerϕ = {σ|σ(α+Q) = α+Q,α ∈ S} = E.
So ϕ factor through injection D/E → Ḡ.
And since |D/E| = [LE : LD] = f =

∣∣Ḡ∣∣.
Hence ϕ is surjective.

Coro 6.3.2. Suppose D is a normal subgroup of G, then P splits into r distinct primes in LD.
If E is also normal in G, then each of them remains prime in LE. Finally, each one becomes
an e-th power in L.

Proof. Normal subgroup of Galois group corresponds to Galois extension over K.
So by corollary 6.2.66.2.6, the proof is done.

Exam 6.3.1. Consider R = Z, S = Z[omega] with ω = e
2πi
23 , P = (2).

By proposition 6.2.46.2.4, e = 1, f = 11, r = 2.
So the decomposition field is a extension of Q of degree 2, i.e. it must be Q

[√
−23

]
.

And P is unramified, i.e. the inertia field is all of Q[ω].
Consider L = Q

[
i,
√
2,
√
5
]

with Galois group G = (Z/2Z)3, and P = (5).
Then 5 splits into two prime ideals in Q[i], is inert in Q

[√
2
]

and become a square in Q
[√

5
]
.

So r, e, f ⩾ 2 and ref = 8, i.e. r = e = f = 2.
Hence Q[i] is the decomposition field and Q

[
i,
√
2
]

is the inertia field and 5S = (2+i)2(2−i)2.

Thm 6.3.2. (1) LD is the largest intermediate field K ′ such that e(P ′|P ) = f(P ′|P ) = 1.

(2) LD is the smallest K ′ such that Q is the only prime ideal of S lying over P ′.

(3) LE is the largest K ′ such that e(P ′|P ) = 1.
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(4) LE is the largest K ′ such that Q is totally ramified over P ′.

Def 6.3.2. A prime ideal P in K splits completely in an extension field L iff P splits into
[L : K] distinct primes.

Coro 6.3.3. If D is a normal subgroup of G, then P splits completely in K ′ iff K ′ ⊂ LD.

Prop 6.3.1. Let p be an odd prime and q 6= p be any prim, fix a divisor d of p− 1, then q is a
d-th power mod p iff q splits completely in Fd, which is the unique subfield of Q[ω] having degree
d over Q.

Proof. Let R = Z[ω].
By proposition 6.2.46.2.4, qR splits into r distinct prime where f = p−1

r is the order of q.
So q is d-th power mod p iff f | p−1

d , i.e. d|r, Fd ⊂ Fr.
And since Fr is the decomposition field of q.
Hence q is d-th power iff q splits completely in Fd.

Coro 6.3.4 (Gauss quadratic reciprocity law). For odd prime p 6= q,
(
p
q

)(
q
p

)
= (−1)

(p−1)(q−1)
4 .

Proof.
(
q
p

)
= 1 iff q splits completely in F2 = Q

[√
(−1)

p−1
2 p

]
.

So
(
q
p

)
= 1 iff (−1)

p−1
2 p is a square mod q, i.e.

(
−1
q

) p−1
2
(
p
q

)
= 1.

And since
(
−1
q

)
= (−1)

q−1
2 .

Hence
(
p
q

)(
q
p

)
= (−1)

(p−1)(q−1)
4 .

Thm 6.3.3. Let L,M be two extension of K, if P is unramified in both L and M , then P is
unramified in LM . If P splits completely in both L and M , then P splits completely in LM .

Proof. Let P ′ be a prime ideal of LM lying over P , F be a normal extension of K containing
LM and Q be a prime ideal of F lying over P ′.

Then Q lies over P .
And since Q ∩ L,Q ∩M are unramified.
So L,M ⊂ FE , i.e. LM ⊂ FE .
Therefore e(P ′|P ) = 1 for all P ′ lying over P .
Hence P is unramified in LM .
Similarly, if P splits completely in both L and M , then P splits completely in LM .

Coro 6.3.5. Let L be an extension of K and P be a prime ideal of K, if P is unramified or
splits completely in L, then the same is true in the normal closure M of L over K.

Proof. If P is unramified(or splits completely) in L, then so it is in σ(L).

Thm 6.3.4. Let P be a prime ideal of R which is unramified in S and Q of S lying over P ,
then there exists a unique φ ∈ D such that

φ(α) ≡ α∥P∥ (mod Q).

Moreover, if G is abelian, then φ only depends on P and

φ(α) ≡ α∥P∥ (mod PS).

We denote φ = φ(Q|P ) and it is called Frobenius automorphism.
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Proof. Since P is unramified, i.e. e(Q|P ) = 1.
So D(Q|P ) is isomorphic to the Galois group of S/Q over R/P .
Notice that Galois group of S/Q over R/P is generated by a map x 7→ x∥P∥ on R/P .
Hence it corresponds to a map φ ∈ D with φ(α) ≡ α∥P∥ (mod Q).

Thm 6.3.5. Let M be an intermediate field of L ⊃ K with Galois group H, T =M ∩A and P
be a prime ideal of R which is unramified in S, suppose that the set of right coset of H in G is
partitioned into sets

{Hσ1,Hσ1φ, . . . ,Hσ1φm1−1},
...

{Hσr,Hσrφ, . . . ,Hσrφmr−1}.

Then the splitting of P in M is given by PT = Q1 · · ·Qr, where Qi = (σiU) ∩ T and U is a
prime ideal of S lying over P . Moreover, f(Qi|P ) = mi.

Proof. If Qi = Qj , then σiU and σjU are prime ideals of S lying over Qi = Qj .
So there exists τ ∈ H such that τσiU = σjU , i.e. Hσi = Hσj .
And since φ(σiU |Qi) = φ(σiU |P )f(Qi|P ).
So φ(σiU |Qi) = (σiφσ

−1
i )f(Qi|P ) = σiφ

f(Qi|P )σ−1
i , i.e. σiφf(Qi|P )σ−1

i ∈ H.
Hence mi|f(Qi|P ), i.e. mi = f(Qi|P ).

Thm 6.3.6. Let p be a prime in Z such that p| disc(R), then p is ramified in R.

6.4 The ideal class group and the unit group
Thm 6.4.1. Let K be a number field and R = A ∩ K, then there is a positive real number
λ depending on K such that every nonzero ideal I of R contains a nonzero element α with∣∣∣NK

Q (α)
∣∣∣ ⩽ λ‖I‖.

Proof. Let α1, . . . , αn be an integral basis of R and take

λ =

n∏
i=1

n∑
j=1

|σiαj |.

For any ideal I, let mn ⩽ ‖I‖ < (m+ 1)n and consider S = {
∑
mjαj |mj ∈ Z,∩[0,m]}.

Then there must exist two elements of S which are congruent mod I.
So their difference is contained in I, denote it by α =

∑
mjαj with mj ∈ Z ∩ [−m,m].

Hence we have

∥∥NK
Q (α)

∥∥ =
n∏

i=1

∣∣∣∣∣∣
n∑

j=1

mjσiαj

∣∣∣∣∣∣ ⩽
n∏

i=1

m
n∑

j=1

|σiαj | ⩽ λ‖I‖.

Coro 6.4.1. Every ideal class of R contains an ideal J with ‖J‖ ⩽ λ.

Proof. Let C be an ideal class, take I ∈ C−1 and α ∈ I.
Then there exists J ∈ C such that IJ = (α).
Hence ‖I‖‖J‖ = ‖(α)‖ =

∣∣∣NK
Q (α)

∣∣∣ ⩽ λ‖I‖, i.e. ‖J‖ ⩽ λ.

Coro 6.4.2. There are only finitely many ideal classes in R.
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Exam 6.4.1. Consider R = Z
[√

2
]

and λ =
(
1 +

√
2
)2 ≈ 5.8.

Then for ‖J‖ ⩽ λ, prime divisors of ‖J‖ must lie over 2, 3 or 5.
And since 2R =

(√
2
)2, 3R, 5R are primes.

So J can only be one of R,
(√

2
)

or (2), i.e. every ideal in R is principal.
Consider R = Z

[√
−5
]

and λ =
(
1 +

√
5
)2 ≈ 10.5.

Then for ‖J‖ ⩽ λ, prime divisors of ‖J‖ must lie over 2, 3, 5 or 7.
And since 2R =

(
2, 1 +

√
−5
)2
, 3R =

(
3, 1 +

√
−5
) (

3, 1−
√
−5
)
, 5R =

(√
−5
)2 and

7R =
(
7, 3 +

√
−5
) (

7, 3−
√
−5
)
.

For
(
2, 1 +

√
−5
)
, suppose it is a principal ideal (α) and α = a+ b

√
−5.

Then
∣∣∣NK

Q (α)
∣∣∣ = ‖(α)‖ = 2.

So a2 + 5b2 = 2, impossible by mod 5.
Thus

(
2, 1 +

√
−5
)

is not principal.
Notice that N

(
1 +

√
−5
)
= 6, i.e.

(
1 +

√
−5
)
= P1P2 with ‖P1‖ = 2, ‖P2‖ = 3.

So one of the prime ideal lying over 3 is the inverse of P1 =
(
2, 1 +

√
−5
)
, and the other

one is equivalent to P1.
Similarly,

(
3 +

√
−5
)
= Q1Q2 with ‖Q1‖ = 2, ‖Q2‖ = 7.

Moreover, since the inverse of
(
2, 1 +

√
−5
)

is itself.
Hence the ideal class group of R is isomorphic to Z/2Z.

Def 6.4.1. Let σ1, . . . , σr be the embedding of K in R and τ1, τ̄1, . . . , τs, τ̄s be the remaining
embeddings of K in C.

Consider a map

K → Rn : (σ1(α), . . . , σr(α),Re τ1(α), Im τ1(α), . . . ,Rτs(α), Im τs(α)),

which maps R onto an n-dimensional lattice, denoted by ∧R.

Prop 6.4.1. A fundamental parallelotope for this lattice has volume

vol(Rn/∧R) =
1

2s

√
|disc(R)|.

Proof. Let α1, . . . , αn be an integral basis of R.
Then the volume of fundamental parallelotope is

det(σ1(αi), . . . , σr(αi),Re τ1(αi), Im τ1(αi), . . . ,Rτs(αi), Im τs(αi))

=
1

(2i)s
det(σ1(αi), . . . , σr(αi), τ1(αi), τ̄1(αi), . . . , τs(αi), τ̄s(αi))

=
1

(2i)s

√
disc(R)

And since the volume must be a positive real number.
So vol(Rn/∧R) =

1
2s

√
|disc(R)|.

Coro 6.4.3. The image of K is dense in Rn.

Def 6.4.2. For each point x = (x1, . . . , xn) ∈ Rn, we set

N(x) = x1 · · ·xr
(
x2r+1 + x2r+2

)
· · ·
(
x2n−1 + x2n

)
.

Thm 6.4.2 (Minkowski). Every n-dimensional lattice ∧ in Rn contains a nonzero point x with

|N(x)| ⩽ n!

nn

(
8

π

)s

vol(Rn/∧).
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Coro 6.4.4. Every nonzero ideal I in R contains a element x with∣∣NK
Q (α)

∣∣ ⩽ n!

nn

(
4

π

)s√
|disc(R)|‖I‖.

Coro 6.4.5. Every ideal class of R contains an ideal J with

‖J‖ ⩽ n!

nn

(
4

π

)s√
|disc(R)|.

Exam 6.4.2. Consider R = Z
[√

−5
]
, there exists ‖J‖ ⩽ 4

√
5

π ≈ 2.8.
Consider R = Z[ω] with e 2πi

5 , there exists 15
√
5

2π2 ≈ 1.7.

Coro 6.4.6. For R 6= Z, |disc(R)| ⩾ n2n

(n!)2

(
π
4

)2s
> 1.

Thm 6.4.3 (Dirichlet). Let U be the group of units in a number ring R = A ∩ K, let r and
2s denote the number of real and non-real embeddings of K in C, then U is the direct product
W × V where W is a finite cyclic group consisting of the root of 1 in K and V is a free abelian
group of rank r + s− 1. In other words, V consists of products

uk11 · · ·ukr+s−1

r+s−1 , ki ∈ Z

for some set of r + s− 1 units u1, . . . , ur+s−1 and such a set is called a fundamental system of
units in R. The exponents k1, . . . , kr+s−1 are uniquely determined for a given member of V .

Exam 6.4.3. For imaginary quadratic case, U only contains the root of 1.
For real quadratic case, the root of 1 are just ±1 and the free abelian part of U has rank 1,

i.e. U = {±uk|k ∈ Z} for some unit u, called a fundamental unit in R.

6.5 The distribution of ideals in a number ring
Def 6.5.1. For each real number t ⩾ 0, let i(t) be the number of ideals I of R with ‖I‖ ⩽ t.
And for each ideal class C, let iC(t) denote the number of ideals I in C with ‖I‖ ⩽ t.

Thm 6.5.1. There exists a number κ depending on R but independent of C such that

iC(t) = κt+ εC(t),

where the “error” εC(t) is O
(
t1−

1
n

)
.

Coro 6.5.1. i(t) = hκt+ ε(t) where h is the number of ideal classes in R and ε(t) is O
(
t1−

1
n

)
.

Def 6.5.2. Let U be the group of units in R, consider mapping

U ⊂ R− {0} → ∧R − {0} log−−→ Rr+s

where log(x1, . . . , xn) =
(
log |x1|, . . . , log |xr|, log |xr+1 + xr+2i|2, . . . , log |xn−1 + xni|2

)
. It maps

U onto a lattice ∧U ⊂ H ⊂ Rr+s where H = {x1 + · · · + xr+s = 0}. Let v1, . . . , vr+s−1 be the
basis of ∧U , then the regulator of R is define as the determinant of (r + s) × (r + s) matrix
having v1, . . . , vr+s−1 in the first r+ s− 1 rows and ( 1n , . . . ,

2
n) (r number of 1

n and s number of
2
n) in the last row, denoted by reg(R).

Thm 6.5.2. Let w be the number of roots of 1 in K, then

κ =
2r+sπsreg(R)

w
√
disc(R)
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Prop 6.5.1.
reg(R) =

vol(H/∧U )√
r + s

,

and if v1, . . . , vr+s−1 is the basis of ∧U , then reg(R) is the absolute value of the determinant
obtained by deleting any column from the matrix having rows v1, . . . , vr+s−1.

Exam 6.5.1. Consider R = Q [
√
m] with m > 0 and let u be the fundamental unit in R.

Then r = 2, s = 0 and v1 =
(
log u, log 1

u

)
.

So reg(R) = log(u) and κ = 2 log(u)√
disc(R)

.

Consider R = Z
[

3
√
2
]
.

Then r = 1, s = 1, let u be the fundamental unit in R and ρe±iθ be its conjugates.
So u = ρ−2 and disc(u) = −4 sin2 θ

(
ρ3 + ρ−3 − 2 cos θ

)2
< 4

(
u3 + u−3 + 6

)
.

Therefore u3 > |disc(R)|
4 − 7 = 20.

And take β = 1
α−1 = α2 + α+ 1.

Then β < 3 3
√
4 < 20

2
3 < u2, i.e. β = u.

Hence reg(R) = log(u) and κ = 4π log(u)

2
√
108

= π log(u)

3
√
3
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ad-nilpotent, 4343
adjoint representation, 3939
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algebraic extension, 33
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algebraically closed field, 44
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annihilator of module, 1919
associative bilinear form, 4545
automorphism group of root system, 5353

base of root system, 5454

Cartan decomposition, 4848
Cartan matrix, 5858
Cartan subalgebra, 4848
center, 11
center of Lie algebra, 4242
centralizer, 11
charater, 3030
class function, 3131
conjugacy class, 11
conjugation, 11
contraction ideal, 1818
coprime, 1717
coroots, 5353
Coxeter graph, 5858
cyclic extension, 1414
cyclotomic polynomial, 1313

decomposition field, 7272
decomposition group, 7272
Dedekind domain, 6666
degree, 33
degreee of representation, 2929
discriminant, 1010
dual root system, 5454
Dynkin diagram, 5858

exponential map, 4040

extension, 33
extension ideal, 1818
extension of scalars, 2121

F -automorphism, 66
F -homomorphism, 33
F -isomorphism, 33
finite extension, 33
fixed field, 66
Frobenius automorphism, 7373
fundamental system of units, 7676
fundamental unit, 7676
fundamental Weyl chamber, 5555

G-linear map, 2929
G-module, 2929
Galois extension, 77
Galois group, 77
Galois group of polynomial, 1010
group algebra, 3636

height, 5454
highest root, 5757
highest short root, 5858
highest weight, 5050

ideal class, 6767
ideal class group, 6767
ideal of Lie algebra, 4242
ideal quotient, 1818
induced representation, 3636
inertia field, 7272
inertia group, 7272
inertial degree, 6969
inseparable extension, 77
integral basis, 6565
integral closure, 2626
integral element, 2525
integrally closed, 2626
integrally closed integral domain, 2727
irreducible representation, 2929
isogenous, 3939
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isogeny, 3939

Jacobi identity, 4040
Jacobson radical, 1616
Jordan-Chevalley decomposition, 4545

left g-module, 4747
Lie algebra, 4040
Lie algebra morphism, 4040
Lie bracket, 4040
Lie gropu morphism, 3939
Lie group, 3939
lie over, 6868
Lie subgroup, 3939
lie under, 6868
local property, 2323
local ring, 1616
localization at p, 2323
long root, 5858

maximal vector, 4949
module of fractions, 2222
multiple root, 55
multiplicatively closed subset, 2222
multiplicity, 55

nilpotent element, 4747
nilpotent Lie algebra, 4242
nilradical, 1616
normal extension, 77
normalizer, 11
number field, 6363
number ring, 6464

p-group, 11
perfect field, 66
primitive element, 33

radical, 1818
radical of Lie algebra, 4242
ramification index, 6969
ramified, 7070

rank of root system, 5353
regular representation, 2929
regulator, 7676
representation, 2929
representation of Lie algebra, 4747
residue field, 1616
resolvent cubic, 1111
restriction of scalars, 2121
ring of fractions, 2222
root, 5151
root system, 5252

Schläfli, 5959
semisimple element, 4444, 4747
semisimple Lie algebra, 4242
separable extension, 77
separable polynomial, 66
short root, 5858
simple extension, 33
simple Lie algebra, 4242
simple root, 55, 5454
sl2 triple, 4949
solvable in radicals, 1515
solvable Lie algera, 4242
split completely, 7373
split polynomial, 44
splitting field, 44
subextension, 88
subrepresentation, 2929
Sylow p-subgroup, 22

tensor product of modules, 2121
totally ramified, 7070
transcendental extension, 33

unramified, 7070

weight, 4949
weight space, 4949
Weyl chambers, 5555
Weyl group, 5353
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