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Chapter 1

Singular homology

1.1 Singular homology

Def 1.1.1. The standard n-simplex is the convex hull of the standard basis {e, - - -

n n
A" = {Ztiei tz‘ = O,Zti = 1} .
=0 =0

Exam 1.1.1. A° is a point:

€0
Al is line:
——>—o
€0 €1
A? is triangle:
€2

60&61

Def 1.1.2. For 0 < ¢ < n, we have the face inclusion map

and A3 is a tetrahedron.

di : Anil — An? (t()?' T 7tn—1) — (t07 T 7ti—1707ti7 T 7tn—1)'

Def 1.1.3. A singular n-simplex in X is a continuous map o : A" — X and
siny, (X) = {singular n-simplices in X}.
For 0 < i < n, we have a map
d; : sin, (X) — sin,_1(X),0 — oo d’.

Exam 1.1.2. sing(X) = {points in X },sini (X ) = {paths in X }.

,en} € RMHL:

The map do,d; : sing (X) — sing(X) maps 7 to its terminal point and start point resp.

/7»/ do(7)
di(7)
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Def 1.1.4. S,,(X) = Zsin,(X) is the free abelian group generated by sin, (X):

R
Sp(X) = {formal linear combinations Z a;o;
i=1

a; € L,0; € Sinn(X)}

An element in S,,(X) is called a singular n-chain in X.

Def 1.1.5. The boundary operator d : S, (X) — S,,—1(X) is a group homomorphism with

Exam 1.1.3. Whenn =1:

When n = 2:
dlo)= o

leves = leges + Tlege
Lemma 1.1.1. The composition S, (X) 4, Sp—1(X) 4, Sn—2(X) is zero.
Proof. By linearity, it suffices to check d o d(o) = 0 for any o € sin, ().
dod(o) =Y (-1)"d;o0dj(0) = > (1) (god od’) =0.
i,j ,J
The last equality holds since

ddod*t P>y

Def 1.1.6. For n > 0, we define the n-th singular homology of X:

_ ker(d: Sp(X) = Sp—1(X))
~im(d : Spr(X) = Sn(X))

H,(X)

It is not hard to see that H,(X) is abelian.

Def 1.1.7. A chain complex is a graded abelian group
o=@
nez

together with a homomorphism d : C' — C of degree —1 such that d? = 0.
d is called the boundary operator and elements in C,, are called n-chains, define

Z, = ker (C’n N Cn,l) = {n-cycles} = {closed n-chains},

B, =Im (Cn+1 N Cn> = {n-boundaries} = {exact n-chains}.

Since d®> =0, so B, C Z,,.
Homology of the chain complex is
Zn

H,(C,d) = H,(0) = 2~
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Remark 1.1.1.

is a chain complex called the singular chain complex of X and
H,(X) = H,(S«(X),d).

The singular chain complex is very big, so it is hard for us to compute for us to compute
the singular homology now.

Exam 1.1.4. X is a point, then

sinp (X) = {constant 0, : A" — X}, 5,(X) =Z - op.

A(on) = S (~Didi(0) = 3 (L1 = {%—1 2ln

i—0 i—0 0 2{n

So the chain complex Sy(X) is

S_1(X)=0 Z+ 7 7% 7

Hence the singular homology of a point is

More generally, we have

Prop 1.1.1. For any space X,
Hy(X) = ZIIH(X),

where o(X) = {path components of X}.

Proof.

k
Zo(X) = Sp(X) = {Z a;ixi|a; € Lyx; € X} .

i=1

By(X) is generated by
{o(e1) — o(eo)|path o : Al 5 X} = {z1 — zo|[z1] = [20] € Io(X)}.

So 0-th singular homology of X is

Hy(X) = = ZIh(X
O
7Z8Z k=n=0
Thm 1.1.1. H,(S*) =<{Z k>0,n=0k
0 otherwise
Proof. We need to develop a lot of theories to prove this theorem. O

Thm 1.1.2. Let X be a path-connected space, then there is a surjective homomorphism m (X) —
Hy(X) that sends each loop to its homology class.
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Proof. Let v1,72 : A = X be two loops starting at p that are homotopic relative to boundary
and H :[0,1] x [0,1] — X is their homotopy, then
H<O7 S) = 71(0)7 H(lv 3) = '71(1)7 H(tv 0) - 71<t)7 H(tv 1) - 72<t)'

So consider the singular 2-simplex

t
0':A2—)X,(toeo-i-tlel—i-tgeg)r—>H<l—t0,1 2t >
— Lo

Then o(eg) = 71(0) is well-defined and
o(toeo + (1 —tp)e1) = H(1 —to,0) = y1(1 — tp),
o(toeo + (1 —tg)ea) = H(1 —to,1) = y2(1 — tp),
o(tier + (1 —t1)ez) = H(1,1—t1) = n(1).
Therefore the boundary of o is
d(o) = dpo — dyo + dao = 01(1) — 02 + 07.

And o1(1) is the boundary of the singular 2-simplex o, : Ay — X,z — g(1).

So 01 — oy =d(0 —o.) € B1(X)

And since d(y1) = d(y2) =p—p=0.

Therefore [v1] = [12] € Z1(X)/B1(X) = H1(X).

Let f:m(X) — H1(X) be the map that sends each loop to its homology class.
We now assume 71,2 are two arbitrary loops start at p, consider the map

m(L+t2 —tg) to=to

2
o1: A% = X, (toeo +tieq +t262) —>
Y2(t2 — o) ta > to

Then oy is continuous since v;1(1) = 72(0) = p and its boundary is
d(o1) =7 +72 — (11072)-

So f(yio2) = f(n) + f(12)-

And f(n) + f (1) = f (o) =0,i.e.f (1) = —f(n)-
Therefore f is a homomorphism.

We now prove that f is surjective.

For any element
n
=[S emeo,
=1

WLOG, assume a; = 1 for any 1.

If some +; is not a loop, then there must be another ; whose start point is the terminal
point of ~; since c is closed.

Then we can replace v;,7y; by i - ;.

WLOG, we can assume every +; is a loop.

Since X is path-connected.

For a fixed point p, we can find a path f; from p to the start point of 7;, and then

[fi i fi] = ] € Hi(X).

WLOG, we can assume every -; start at p.

Hence we obtain
n
[Z%] =flyi-v2: - )
i=1

i.e. f is surjective. O
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More generally, we have

Thm 1.1.3 (Poincare). H1(X)= @ Ab(m(X,b)).
[b]€TTo (X)

Let us first look at an example:

Exam 1.1.5. When X =S!, we want to show that Hy(S') = Z.
Let f: R — S be the universal cover, for a path o : A* — S, pick any lift & : A* — R.
Define winding number w(o) := &(e1) — d(eg) € R.
For an 1-chain ¢ =) a;o0;, define

k

w(e) = Z a;w(o;),

i=1

this gives a morphism w : S1(X) — R.
We then have the following facts:

Prop 1.1.2. (1) c€ Z1(X) = w(c) € Z
(2) c€ Bi(X) = w(e) =0

(3) w: Hi(X) — Z is an isomorphism.

Proof. (1) Define ‘
g:St—=1[0,1),e>™ s 0,

h:Sy(S") = R, ZazczHZazf ci)-

Then we have
h(d(o)) = g(o(e1)) — g(o(eo)) = d(e1) — d(e0) + n = w(o) +n

for some n € Z
So w(c) +n = h(d(c)) = h(0) = 0 for some n € Z, i.e.w(c) = —n € Z.

(2) For amap o : A2 = St let v; = dgo, 2 = d10,73 = dao.
Let & be a lift of o and ’71 = d06,'~y2 = dld, :)/3 = dQU.
Then 41(1) = 42(0),92(1) = ¥3(0),¥3(1) = 41(0), moreover,
w(d(0)) =w(71) —w(r2) +w(3)
=71(1) = 51(0) +32(1) — 72(0) + ¥3(1) — ¥3(0) =0
Hence
w(c) =0for c=d (Z ai0i> € By(sh).
i=1
(3) Consider the map g : H1(S') = Z, ¢ — w(c).
By (1) and (2), g is well-defined homomorphism.
And for loop v : I — S, 60 — €2 we have g(7) = n.
So g is surjective.

By theorem 1.1.2, there is a surjective homomorphism from 7 (S') 2 Z to Hy(S').
Hence H;(S') = Z
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Proof of theorem 1.1.3. We first assume X is path-connected.
By theorem 1.1.2, let f : m(X) — H1(X) sends each loop to its homology class.
Since H;(X) is abelian.
So [m1(X), m(X)] C ker f.
It suffices to proof that f : Ab(m (X)) — Hy(X) is injective.
Let [7] € Ab(m(X)) is in the kernel of f.
Then f([y]) is the boundary of a 2-chain ¢ = 3~ a;0;.
WLOG, we assume a; = £1 and let d;o; = 755, then

F() = 0c=> ai(rio — 71 + Tia)-

And since f([4]) is a singular 1-cycle.

So after identify the canceling pairs and glue together the 2-simplices, we can get a A-
complex K and a map o : K — X.

Let A be the vertices of K with the segment corresponding to .

For a point p in X, we can slide the image of each vertex along a path from its original
image to p by a homotopy.

For example, when K is a triangle, the map is:

Sy

Then by the homotopy extension property, we can extend the homotopy to all of K.
Therefore we can assume that f([7]) is the boundary of ¢ such that 7;; are loops at p.
Moreover, we obtain

[7] = Zai([TiO] - [Til] + [ﬂ‘ﬂ) = Zai[ﬂ'o © Tl 'Tz'2] =0,
since the map ¢ : A? — X natural gives a homotopy 70 - Ti1 - Ti2 =~ 0.
Hence Hi(X) = Ab(m (X)).
For general X, we have
Su(X)= @ Su(Y).
Y €llp(X)

So

HBX)2 @ mE)= @ Abm(X,b).

Yellp(X) [b]eg(X)
O

Def 1.1.8. Let (Cy,d), (Dx,d) be two chain complexes, a chain map is a group homomorphism
f:Cy — D, of degree-0 that commutes with d:

d d

- — Chp1 y Oy, Cpog — -+
ol b
D, —d

d
- — Dpp >y Dy g —— -+

Prop 1.1.3. A chain map f sends cycles to cycles and boundary to boundary.
So a chain map f induces a homomorphism fy : H,(C) — H,(D).
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Proof. For c € Z,(C), df(c) = f(de) = 0.
Forc-dcoeB( ), f(c) = f(deo) = df(co)-

So f(Zn(C)) = Zn(D), f(Bn(C)) = Bn(D).
And the homomorphism f, : H,(C) — H,(D) is well-defined. O

Prop 1.1.4. Given a continuous f: X — Y, it induces a map

f 1 sing, (X) — sing, (Y)
(0:A" 5 X))~ (foo: A" =Y)

And fi 2 S(X) = S«(Y) is a chain map.

Proof.
di(foo)=foood; = fodio).
So dfyx = fid, i.e. fy is a chain map. O

Exam 1.1.6. Id, =1d, (f 0 )« = f« © gs.

1.2 Basis category theory

Def 1.2.1. A category € consist of:

1) a class of objects ob(C)

(1)

(2) For any X,Y € ob(C), a set of morphisms, denoted by C(X,Y")

(3) For any X,Y,Z € ob(€C), amap C(X,Y) xC(Y,Z) — C(X,Z),(f,g) —gof.
(4)

4) For any X € ob(€), an element 1x € C(X, X).

And they satisfy:

(1) Forany f € C(Y,X), Ixof=f,foly = f.

(2) (hog)of=ho(gof)

Remark 1.2.1. (1) If ob(C) is a set, we call € a small category.

(2) We often write X € C instead of X € ob(C) and write f € C(X,Y)as f: X =Y

(3) Given f: X — Y, we say f is an isomorphism if 3g: Y — X,s.t. fog=1y,go f = 1x.
In this case, we write f : X = Y, write g as f~1.

Exam 1.2.1. (1) Given a group G, Cq: ob(Cq) = {*},C(x, %) = G,0: GXG — G, (g, f) — gf.

(2) € = Set,ob(C) = {all sets}, C(X,Y) = {all maps X — Y}.

(3) € = Top,ob(C) = {all topological spaces},C(X,Y) = {all continuous maps X — Y'}

(4) € = Ab,ob(C) = {all abelian groups},C(X,Y) = {group homomorphisms X — Y}

(5) €= Gp,ob(C) = {all groups}, C(X,Y) = {group homomorphisms X — Y}

(6) C = A is the simplicial category, ob(A) = {{0},{0,1},---} = {[0],[1],---} and

A([m], [n]) = {order preserving maps [m] N [n]}
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(7) alternative definition of A: ob(A’") = {A"},en and
A'(A™ A™) = {f : A™ — A"|f is linear, f(e;) = ey, i <j=1 <j'}.

(8) Given a space X, we define fundamental groupoid I1;(X): ob(Il1(X)) = {points in X} and
C(p, q) = {paths I = X from p to q}/{homotopy related to I}, [] o [n] = [y - 7).

Remark 1.2.2. (1) II;(X)(p,p) = m1 (X, p).

(2) all morphisms in € are isomorphisms, we call such category a groupoid(a groupoid with
single object is group).

Def 1.2.2. Let €, D be categories, a (covariant) functor F': € — D consists of:
(1) an assignment F': ob(€) — ob(D)
(2) for all X,Y € ob(€), amap F:C(X,Y) — D(F(X), F(Y)) satisfying that:
(a) For any X € ob(C), F(1x) = 1p(x)
(b) For any f € €(X,Y),g € C(Y, 2), F(go f) = F(g) o F().

Exam 1.2.2. (1) Forn € N, we have a functor H,(—) : Top — Ab, X — H,(X) and morphism
(f: X =Y)—= (fe: Hy(X) = Hy(Y)).

(2) m(~) : Top, — Gp, (X,b) = 11 (X, b).

(3) Given space X, we have a functor F : 111 (X) — Gp, F(b) = m1 (X, b), for [y] € II1(X)(b, V'),
set P([7]) : 71 (X,8) = 1 (X, 1), [o] = [y 0 03]

Def 1.2.3. Given category €, define its opposite category C° as ob (CP) = ob(C), the morphism
CP(X,Y):=CY,X),(fP:Y =-X) (f:Y = X),(fPog?P)=(go f)P

Def 1.2.4. A contravariant functor F' : € — D is defined as a covariant functor F' : € — D.
That is, F': € — D consists of:

(1) an assignment F': ob(C) — ob(D)

Exam 1.2.3. (1) Fiz any space Y, we can define a contravariant functor F : Top — Set with
F(X)=Map(X,Y) and
F: TOp(Xl,XQ) — Set(F(XQ),F(X1>)
Map(X1, X2) — {all maps Map(X2,Y) — Map(X,Y)}
fre(g=g0of)
(2) Given any C and any Y € ob(C), we can define a contravariant functor F : € — Set with
F(X)=¢C(X,Y) and
F:C(X1,X2) = Set(C(X2,Y),C(X1,Y))
fre(g—=(gof))
(3) We also have a covariant functor F': € — Set with F'(X) = C(Y, X).
We call F and F' the functor represented by the object Y.

Def 1.2.5. A simplicial set is a contravariant functor K : A — Set.
More concretely, a simplical set consists of:
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(1) aset K([n]) for alln € N
(2) amap K(f): K([n]) = K([m]) for all order preserving f : [m] — [n], such that K(fog) =
K(g) o K(f) for amy [m] < [n] L [
Exam 1.2.4. Let X be a space, then we have a simplicial set K = sin,(X) with
K : [m] — sin,(X) = Map(A", X).
And for any f : [m] — [n], we have iy : A™ — A" ex = esq, define
K(f) : sing(X) — sing, (X),o0 — oo f.

Remark 1.2.3. d* : sin, (X) — sin,_1(X) is exactly K(f) for f: [n —1] < [n].
So H,(X) can be recovered from K.
Actually, the simplicial set K = sin,(X) contains strictly more information that is enough

to recover the (weak) homotopy type of X.
But H,(CP?) = H,(S?> AS*) although CP? 2 S? A S*.

Def 1.2.6. Given covariant functors Fi, F : € — D, a natural transformation T from F; to Fy
is an assignment T'(X) € D(F1(X), F2(X)) such that the diagram

5

FI(X) E— F2
Y

(X)
Fl(f)l )
AY) 22 By(y)

commutes for any f: X — Y.
If T(X) is an isomorphism VX € ob(C), we call T' a natural isomorphism.

Remark 1.2.4. Similar definition works for contravariant functors.

Exam 1.2.5. Given continuous map f : X — Y, we have a natural transformation f. from
sin, (X) : A — Set to sin.(Y) : A — Set and f«([n]) : sin,(X) — sin,(Y),o0 — poo.

1.3 Homotopy invariance of homology

Def 1.3.1. Let C,, D, be chain complexes, fo«, fix : Cix — D4 be two chain maps.
A chain homotopy h from fo. to fi« is a degree-1 map h : Cx — D, such that

dh + hd = f1. — fox.

h
In this case, we say fo, f1 are chain homotopic, denoted by fo« =~ f1s.

T Cn-‘rl d Cn d Cn-1 AR
fo*uﬁ%o*ufl* h fmufl*
S DnJrl d D, d Dy >

Lemma 1.3.1. If fo. L f1xs then for = f1e: Ho(Cy) — Hy(Dy) for any n.
Proof. Take [c] € Hy,(C), then de = 0.
So dh(c) = dh(c) + hd(c) = fiu(c) — fou(c) € Bu(Dy) = im (Dn+1 4, Dn)
Hence [f1.(0)] = [fo-(c)] € Ha(D,). n
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Prop 1.3.1. fo,f1: X =Y, fo 4 f1, then fou, fis : Sx(X) — Su(Y) are chain homotopic.

The ideal is to subdivide A™ x I(domain of the restriction of H in a simplex) into simplices,
denote the map by P. Once we have this, we know the domain f1, — fo« are the top and bottom
of this triangular prism, which is the difference of the boundary of prism and the side of prism.

In particular, side of prism is given by dA™ x I. So we have
OP + PO = fl* —f(]*.

This means that P is a chain homotopy. And to subdivide A" x I, we let the bottom surface
of prism to be the “bottom” of the first simplex. Every time, we vertically drag a vertex in
the bottom to the top, and let the new surface be the “top” of previous simplex, as well as the

“bottom” of next simplex. For example, for n = 2:
wo w2 w2 w2
w1 Wo w1

= + +

wo w1

V2

Vo U1 Vo U1 Yo U1 Vo

Proof. Given o : A" — X, we have A" x 12 x w1 2y
Let A™ = {eqg, -+ ,e,} and denote v; = e; X {0}, w; = e; x {1}.
Consider the singular simplex 7; : A1 — A" x I such that

€0 F> V0, "t 564 > VU, €41 F Wiyttt , Ep4l B2 Wh.

Then we have

n
A" x I = Jm(am).
i=0
Denote the simplex A"t 2oy An T LA 'SV | by

€ sin, (X x I).

[vo, vi,wi, 7wn]>

We claim that P is a chain homotopy: dP(c) + Pd(o) = fi.(0) — fox(0).

dP(o) =3 (1) (Ho(a x 1d) )
(V0,7 05,0 V5, W4, swn)

(o x1Id

)|['UO)"' YU, Wiy 7wn]

Define prism operator P : S, (X) — Sp+1(Y) by

n

P(o) =Y (-1) (H o (o x Id)

1=0

i=0 j=0
+D D (=1 (Ho(a x Id) )
=0 j—i V0, 05 Wi yeee 1o W]
n j—1
Pd(o) = (—1)7t <H o (o x Id) >
=0 i=0 [Vo,+ ,v5,Wi,+ W, ;W]

+

[00, D, g, Wg 7wn]>

(—1)Hi—t (H o (o x 1d)
J+1

01

()
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So we obtain that

dP(o)+ Pd(o) = <H0 (o x Id) >
i=0 [vo, vim1,wi, swn]
- <H o (o x 1d) >
=0 VO,V V5, Wit 1, Wn
=H o (0 x Id) — Ho (o x1d)
[0, swn] [v0,-- yvn]

=f1:(0) — fox(0)

O
Coro 1.3.1. If f : X — Y is a homotopy equivalence, then f, : H,(X) = H,(Y)
Proof. Let g be the homotopy inverse of f.
Then go f ~1Idx, fog = Idy.
So g« o fi = IdH*(X)Jf* O Gx = IdH*(Y)-
Hence g, = f; ! are isomorphism. O
. . Z n=0
Exam 1.3.1. If X is contractible, then H,(X) =
0 n#0

IfY is a deformation retract of X, then H,(Y) = H,(X) for any n.

Def 1.3.2. Hy(Top) is the homotopy category of Top with
obj(Ho(Top)) = obj(Top) = {spaces},
Hy(Top)(X,Y) = [X,Y] := Map(X,Y)/homotopy = {homotopy classes of maps X — Y'}.

Prop 1.3.2. The functor H,(—) : Top — Ab can be factorized as Top — Hy(Top) — Ab.
Proof. Follows by the homotopy invariance of H,(—). O

Def 1.3.3. For any X, define its reduced homology H,,(X) := ker(f, : H,(X) — H,(*)) where
[+ X — xis the constant map.
We can also define H,, (X) as the homology group of chain complex

s C(X) Y O(X) L Op(X) ——Z —— 0

where € (> nio;) = > n;.



Chapter 2

Properties of Homology

2.1 Relative homology

Def 2.1.1. Let C, = @ C), be a chain complex, a subcomplex is a graded subgroup B, = @ B,

such that B,, C Cn,d( n) C Bp_1.
In this case, we define the quotient chain complex

C, Ch
B @7@[@] = [da].

It is easy to check that < , > is still a chain complex.

Exam 2.1.1. Let (X, A) be a space pair, i.e. A is a subspace of X.
Then sin, (A) = {0 € sin, (X)|c(A") C A} C sin,(X) and Si(A) is a subcomplex of S (X).

Def 2.1.2. Define S,(X, A) = ((f)), called relative smgular chain complex.

And we define the relative homology H,(X,A) = H,(5.(X, A4)).

Remark 2.1.1. H,(—,—) is a functor Top, — Ab, where obj(Topy) = {(X,A)|A C X} with
Topy((X, A), (Y, B) = { : X — Y|f(A) C BY.

For f: X =Y, then f, : S.(X) = S.(Y) maps S.(A) into S«(B).

So we can induce the maps f, : Si(X, A) S«(Y,B), f« : H(X,A) — H.(Y, B).

Given fo, fi : (X, A) = (¥, B) with fo 2 fy, then fo. = fu. : H(X, A) = Hy (Y, B).
And we will prove that

Prop 2.1.1. If A is a subcomplex of a CW complex X, then H,(X,A) = H,(X/A).

Def 2.1.3. A sequence of abelian group consists of maps:

Cn+1 It Cn In Cn—l —_—

such that f, o fo+1 = 0, we say the sequence is exact at C,, if ker f,, = imf,11.
Remark 2.1.2. A sequence of abelian group is a chain complex, and exact at C,, iff H,(C\) = 0.

Def 2.1.4. We say the sequence is exact if it is exact everywhere.
A short exact sequence is an exact sequence of the form

0 A—'»B-1sC 0
Prop 2.1.2. i is injective(i.e. A is subgroup of B), q is surjective and BJ/A = C.

12
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Proof. keri =im(0 - A) = {0},imqg = ker(C' — 0) = C.
So C'=imq = B/kerq = B/imi = B/(A/keri) = B/A O

Def 2.1.5. A short exact sequence of chain complexes consists of

0 > A » B* 2 ¢~ 0

such that f, g are chain maps and 0 — A, N B, %5 C,, — 0 is exact for every n.

Exam 2.1.2. 0 — S.(4) — S«(X) — S«(X,A) — 0 is a short exact sequence of chain
complezxes.

Prop 2.1.3. Let0 — A s B 250 —0 be a short exact sequence, show that the following
three sets are in bijection with one another:

(1) The set of homomorphisms o : C — B such that po = 1¢.
(2) The set of homomorphisms m: B — A such that wi = 14.

(3) The set of homomorphisms o : A@® C — B such that a(a,0) = ia,pala,c) = ¢ for all
acAce(C.

Moreover, show that any homomorphism as in (3) is an isomorphism.

Proof. (i) = (ii): Since p(Idp —op) =p —p =0 and A = kerp.
So there is a morphism 7 : B — A, such that iw = Idg — op.
Therefore imi = ¢ — opi = 1.

And since 17 is injective.

Hence 71 = Id 4.

Similarly, we have (i7) = (7).

(1) = (iit1): Let a: A C — B, (a,c) —i(a) + o(c).

Then a(a,0) = ia, pa(a, c) = pi(a) + po(c) = c.

(791) = (i): Let 0 : C' = B,c— a(0,c).

Then po(c) = pa(0,c) = c.

Moreover, let 5: B+ A® C,bw— (mw(b),p(b)).

Then Sa(a,c) = B(ia + oc) = (a,c).

And af(b) = a(m(b), p(b)) = im(b) + op(b) = b — op(b) + op(b) = 0.

Hence « is isomorphism. O

Def 2.1.6. Any one of those structures in the previous proposition is a splitting of the short
exact sequence, and the sequence is then said to be split.

Prop 2.1.4. H,(X) = H,(X) forn >0 and Hy(X) = Hy(X) ® Z.

Proof. Since H,(x) =0 for n > 0.

So it sufficient to prove 0 — Ho(X) N Ho(X) L5 Z — 0 is split.

Let a € Ho(X) such that g(a) = 1.

Then h : Z — Ho(X),1 — a satisfies that hg = 1¢.

By proposition 2.1.3, Hyo(X) = Ho(X) @ Z. O

Lemma 2.1.1 (Snake). Let 0 — A, -5 B, 4, Cy — 0 be a short exact sequence of chain
complezes.

Then there is a well-define map 0 : Hp(Cy) — H,—1(As) that fits into the long eract
sequence:
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- Hpp1(Cy)

/
Hn—l(A*) R
Proof. Take [C] € H,(C,), pick b € ¢~ 1(C).
Then ¢(db) = dec =0, i.e.db € ker g = Im .
So there exists a € A,_1 such that i(a) = db.
And since i(da) = d(ia) = 0 and i is injective.
Therefore da = 0, i.e.[a] € Hp—1(Ax).
This define the map 0 : H,(Cy) = H,—1(4Ax), [c] — [a].

b —4 5 ¢

ld d
a—sdb—150
d ld
0——-0

If we choose another b’ € ¢~!(c), then b — ¥’ € ker ¢ = Im .
So there exists @ € A,, such that b — b =i(a).
Therefore i(a — a') = db — db’ = i(da), i.e.[a] = [d].

i —t sp—v —L 50

IO

da —*— db—dv

If we choose ¢ with [¢] = [¢], then ¢ — ¢ = dé.
Pick any b € ¢~(¢) and let &' = b+ db.

So q(V') = q(b) + ¢(db) = ¢ +dé = ¢.
Therefore db = db + d2b = db, i.e.d’ = a.

~ q ~
b —— ¢

Since goi = 0.

So g, oy = 0.

Take [b] € ker g, [q(b)] =0 € H,(Cy).

Then there exists ¢ € Cj, 41 such that de = ¢(b).

Pick b’ € g7 (c).

Then ¢(b — db’) = de — d(q(b')) = de —de = 0.

So there exists a € A,, such that i(a) = b — d¥, i.e.i(da) = db — d?b' = 0.
Therefore da = 0, i.e.ix[a] = [b — dV'] = [b] € Im ..

Consider [b] € H,(B,) with b € ¢~ *(c).
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So q«[b] = [q(b)] and db = 0, i.e. Dg.[b] = 0.

If O[c] = 0, then there exists @ € A,, such that a = da.

Therefore d(b —i(a)) = i(a) —i(a) = 0.

Hence [b —i(a)] € Hy(By), i-e.qi[b —i(a)] = [q(b)] = [¢] € Im q.. O

Remark 2.1.3. Happy year of the Snake!

Prop 2.1.5. Triple (X, A, B) with B C A C X, then sin, (B) C sin,(A) C sin, (X).
We have exact sequence

And long exact sequence
oo Hy (X, A) % Hy (A, B) 25 Hy(X,B) 25 Hy (X, A) -2 H,_1(A,B) — -
Proof. Follows by Snake lemma. O

Coro 2.1.1. If we set B = x, we get
oo = Hp (X, A) = Hy(A) = Hy(X) = Hy(X,A) — -

Remark 2.1.4. 0 : Hp41(X, A) — H,(A) is “natural”, that is, for any f: (X, A) — (Y, B), the
following diagram is commutes:

Ho1(X, A) —S H, (Y. B)

Lemma 2.1.2 (Five). Given commutative diagram
Ay —9 44 A Ay A
if4 ifz if2 ifl lfo
By —% By By By By

assume first row si exact at As, Aa, A1, second row exact at Bs, Bo, By, then

d | d d |

d | d d |

(1) fo injective, f1, f3 surjective then fo surjective.
(2) fa surjective, fi, fs injective then fo injective.

(3) fo, f1, f3, fa isomorphism then fo is isomorphism.

Proof. (2) If fa(az) =0, let a1 = das.
Then f1 (al) = dfg(ag) =0.
So a1 =0, i.e.as = dag for ag € As.
Let b3 = f3a3.
Then dbs = fa(az) =0, i.e. there exists by € By, such that dby = bs.
Take ay € Ay, s.t.f1(aq) = by.
Let a4 = day.
Then f3(a3) = dbs = b3 = f3(a3).
So af = a3z = day, i.e.ag = dag = 0.
(1) is similar and (3) follows by (1)+(2). O



CHAPTER 2. PROPERTIES OF HOMOLOGY 16

Def 2.1.7. A map f: (X, A) — (Y, B) is called a homology isomorphism if f, : H,(X,A) —
H, (Y, B) is an isomorphism for any n.
Coro 2.1.2. Given f: (X, A) — (Y, B), if 2 out of the 3 maps
fi(X,A) = (,B),f: X =Y, f|,: A= B
are homology isomorphisms, then so is the third one.

Proof. WLOG, assume f/, ( f‘ A)* are isomorphism, then

— 5 Hy(A) —— Hp(X) —— Hp(X,A) —25 H, 1 (A) —— Hp 1 (X) ——

R T

— Hy(B) — H,(Y) —— H,(Y,B) —2— H,_(B) —— Hp,_1(Y) ——

1%
1%

The proof is complete by five lemma. ]

Exam 2.1.3. For triple (X, A, B) such that B is a deformation retract of A, then we have the
inclusion Idx : (X, B) — (X, A) that B — A.

So H(X) = H.(X),H.(B) = H.(A),i.e.H.(X,B) - H.(X, A) is an isomorphism.

This can also be proved by long exact sequence of triple, since H,(A, B) = 0.

Def 2.1.8. A triple (X, A,U) is called excisive if U C int(A).
In this case, the inclusion (X — U, A —U) < (X, A) is called an excision.

Thm 2.1.1. Any excision is a homology isomorphism.

This theorem is powerful but hard as well, so we will prove it in the next section. We now
first give some of its corollaries.

Coro 2.1.3. Given (X, A), suppose B C X, A C int(B) and A is a deformation retract of B,
then the quotient map q : (X, A) — (X/A, ) is a homology isomorphism.

Proof. We have the following commutative diagram, and we claim that they are all isomorphism.

x,4) — 2 (x,B) —% . (x-A,B-4)

|® | ©

(X/A, ) =L (x/4,B/4) Y (X/A - %, BJA — %)

(6) is a homeomorphism so is a homology isomorphism.
(2),(4) are excision.
(1)
)

So (5) is isomorphism. O

Z{tn]) m=n
0 m=#mn
where 1, € Sy (D™, 0D), [1,] € H,, (D", dD") = H, (S").

Prop 2.1.6. H,,(S") = {
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~ Z{|
Proof. When n =0, H,,(S°) = H,,(D"/@) = H,,(D°, &) = 0
Consider triple (D™, "1 %), by corollary 2.1.3, H,,(D",S" 1) = H,,(S ] (S")

Then we have

Hp (D", %) —— Hp (D, S™Y) —— Hyp (S, %) —— Hyu1 (D", %)
0 ———— Hp(S") —— Hp(S"H) ——— 0

So H,,(S™) = Hy,—1(S™ 1) and this concludes the desired formula. O
Coro 2.1.4. (1) Forn # m, S™ £ S™ R"™ 2 R™.
(2) S is not a retraction of D".
Proof. (1) H,(S™) = Z %0 H,(S™).

So " 2 S™ and R™\{0} = S~ » §m~1 = R™\ {0}.

Hence R™ £ R™.
(2) Z= H, 1(S*') = H,_1(D") = 0 has no left inverse.

So S”~1 — D" has no left inverse.

Thm 2.1.2 (Brouwer fixed point). f: D" — D" is continuous, then Fix(f) # @.

Proof. Suppose f(z) # x for any z € D".
Define f : D" — S"~! that map z to the intersection of S"~! and the ray I, from x to f(x).

Then f Gt = Id, i.e. f is a retraction, contradiction! O

2.2 Locality principle of homology

Def 2.2.1. X is a space and A = {a collection of subsets of X}, we say A is a cover of X if
X = [ int(4)
AcA

And we can define a chain complex:

sinf (X) = {0 : A" — X|o(A") € A for some A € A} = {A-small simplices} C sin, (X).
SA(X) = Zsin(X) = {A-small chains} C S, (X).

Then SZ is a subcomplex of S, (X).

Thm 2.2.1. The inclusion SH(X) AN S«(X) is a quasi-isomorphism, that is, it induces an
isomorphism on homology group:

Ho(SA(X)) = Ha(S4(X)).

The idea to prove this theorem is to prove that we can divide a simplex into some small
piece that are as small as we want. This operator is done by the barycentric subdivision. For
a simplex [vg, -+ ,v,], we decomposite it into some n-simplex [b, wo, - - ,w,—1] where b is the
barycenter and [wp, -+ ,w,—1] is the barycentric subdivision of a face [vg,- - ,0;, -+ ,v,]. In
particular, the figures below show the cases when n =1, 2:
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b
O U1
V2
bo2 b12
Vo bo1 U1

Using this idea, we now try to prove this theorem rigorously.

Proof. We define $ : S, (X) — S.(X) called barycentric subdivision, which is natural chain
map, naturally homotopic to Id.

By linearity, suffices to define $(o) for o € sin, (X).

Let o, : sin, (A™) — sin, (X), by naturality, $o = 0.($¢,,), where ¢, : A" 1 Ane sin,, (A™)
is the universal singular simplex.

So we just need to define $¢,,.
Given star shaped (X,b) and o : A" — X, define

bxo: A" 5 X (xg,-- ,Zpy1) 20D+ (1 —20)0 i S Tntl )
1—(150 1—560

This extends to a linear map b* — : S, (X) = Sp41(X).
We inductively define $¢,, as $co = co, $tp, = by, x (3dey,), for example,

$L1 = [b, ’Ul] - [b, Uo],
$t2 = [b, bo1, v1] — [b, bo1,vo] + [b, b1z, v2] — [b, b12,v1] + [b, boz, vo] — [b, bo2, v2].
For barycentric subdivision, we have the following propositions: O
Prop 2.2.1. $: S.(X) — S.(X) is a chain map.

Proof. By naturality of d, $, it suffices to check d$(c,) = $d(cy,).
When n =1, $di; = $(e1 — eg) = e1 — eg and d($e1) = d(bre; — bieg) = e1 — eo.
For n > 2, we have d(b* ¢) = ¢ — bx dc for ¢ € S>1(X).

1Ly=a-L+/5-h

—b de)

So d$t, = d(b,, * $di,,) = $diy, — by, * d$de, = $duy, — by * $d%e, = $du,. O
Prop 2.2.2. There exists a natural chain homotopy T : S«(X) — Si41(X) from $ to 1d.
Proof. Set Tty = by * (1, — T'dey,).

A P

Geometrically, this formula inductively defined a subdivision of A™ x I by join all simplices
of A™ x {0} UOA™ x I to the barycenter of A™ x {1}, as the figure above shown.
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We now prove that d7'+ Td = Id — $ by induction.
It suffices to prove dT't, + T'dey, = tyy — Sy

dT vy, =dby, * (ty, — T'dey,)

=tp, — T'dey, — by, * (dey, — AT dey,)
=ty — Tdiy, — by * ($dey, + Td?0,)

=, — Tdey, — $tp,
O
Lemma 2.2.1. Given any cover A of A", there exists m such that $™, € S4(A™M).
Proof. For o € sin, (A"™), we define diam(o) := sup |o(x) — o(y)|.
T,yeA”

And for a chaine = ) a;0; € S, (A"), diam(c) = max diam(o;).

Then by induction, diam($0) < max{2-2diam(c), |o(b,) — o (vg)|} < —ipdiam(o).

So by Lebesgue lemma, there exists m such that $7(.,) € SA(A"). O

Coro 2.2.1. For any cover A of X and any c € S.(X), there exists m such that $™c € SIH(X).

Proof. By finiteness, it suffices to assume ¢ = o : A" — X.
Let A’ = {o71(A)|A € A}.
Then A’ is a cover of A™.
By lemma 2.2.1, Im >> 0, 5.t.$™4, € S (A™).
So $™a = $M0. (1) = 04 ($™0y) € SH(X). O

proof of theorem 2.2.1. Consider i, : H,(S2H(X)) = Hy(S«(X)).

Surjectivity: take [C] € H,(Sx(X)) with dc = 0, then there exists m such that $"c € S4(X)
and d($™c) = $™dc = 0.

So [$7¢] € H,,(SA(X)) and i,[$™c] = [$™c] = [c] since $ L 14,

Injectivity: Take [c] € ker iy, then ¢ € S} (X) and da = ¢ for some a € S, 1(X).

Then there exists m, such that $™a € S, | (X).

So d($™a) = $™da = $§™¢, i.e. [c] = [$7c] = 0 € H.(SH(X)).

Hence i, is isomorphism. O

Coro 2.2.2. If (X, A,U) is excisive, i.e. U C int(A), then the excision (X\U, A\U) — (X, A)
induces isomorphism on homology.

Proof. Let B= X\U, A = {A, B} is a cover of X, then (X\U, A\U) = (B, AN B).
So sin! (X)) = sin, (A) Usin,(B), SA(X) = S.(A) + S.(B) and S.(A) N S.(B) = S.(AN B).

0 —— Sy(A) —— SAHX) —— S.(B)/S«(ANB) —— 0

Fook I

0 —— Si(4) —— Su(X) ——— S«(X)/Si(A) —— 0

By 5-lemma, j, is an isomorphism. O
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Thm 2.2.2 (Mayer-Vietoris sequence). A = {41, A2} is a cover of X, then we have a long
exact sequence

S Hypi(X)
19)

114 —12%

Hn(Al ﬂAg) m Hl(Al) @Hl(AQ) —_— H (X)
0

Hn—l(Al M Ag) _

where '
AN Ay L> Ao

| I

A1T>X

Proof. SA(X) = S.(A1) + Si(A2), S4(A1) N Si(As) = S, (A1 N Ap).
So we have a short exact sequence

0 — S.(A1 N A) Y 6 (A1) @ S, (As) —— SA(X) —— 0
And the proof is complete by snake lemma. O

Prop 2.2.3. If X is a CW complex, X = A1 U Ay are subcomplex, then we also have the MV
sequence

2.3 The Eilen-Steenrod axioms
Def 2.3.1. A homology theory is

(1) a sequence of functors {h, : Tops — Ab},cz

(2) a natural transformation 9 : h, (X, A) — hy,—1(A, &) that satisfy:

a) (homotopy invariance axiom)f ~ g = fx = gx : ho(X,Y) = h, (X', Y’) for any n and
(a) (
fr9:(XY) = (X1Y).
(b) (excision axiom)Any excision (X —U, A—U) — (X, A) induces isomorphisms on h,(—)
for any n.

(c) (long exact sequence) --- — hgy1(X, A) N hg(A) — hey(X) — he(X, A) s

exact.
Z q=0
0 ¢g#0

(e) (Milnor axiom)Given a collection of spaces { X }rer, the inclusion maps

i X = || Xiige : hn(X3) = b <|_|Xk>

kel kel

(d) (dimension axiom)hgq(x) =2 {

induces an isomorphism

a:=Piry : @B hn(Xp) = by <|_| Xk> .

kel kel kel
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Thm 2.3.1 (Milnor). Let hy,(—) be a homology theory, then for any CW pairs (X, A), we have
natural isomorphism hy, (X, A) = H,(X, A), i.e. these axioms determines homology theory.

Def 2.3.2. A generalized homology theory consists of a sequence of functors {h,, : Top, —
Ab}, ez and natural transformations 0 : hy,41(X, A) — h, X that satisfy all axioms other than

the dimension axiom.

Exam 2.3.1. For an abelian group G and space X, we define the chain complex
Sp(X;G) =S (X)®G,d: Sp(X;G) = Sh—1(X;G).

And the homology with G-coefficient:
H,(X; = H, (S (X; L Hy (X A; =H, | ——~
(X:6) = Ho(S.06: 6. 1, (X, 4:6) = 1 (5

The dimenston azxiom is replaced by

G n=0

H,(x;G) = {0 n£0

Exam 2.3.2. For a space X andn > 0, define

Qn(X) :={(M, f)|M is smooth n-dimensional closed manifold, f : M — X continuous}/ ~ .

And (M, f) ~ (N, g) if there is some (n+ 1)-dim compact manifold W and h : W — X such
that OW = M UN, h|,. = fUg.

The group structure is given by [(M, f)] + [(N,g)] = [M UN.f Ug].

Qn(X) :=ker(Q,(X) = Q. (%)), D (X, A) = Q. (X/A) for CW pairs (X, A).

Qn(—) is a generalized cobordism theory.

And Q, (%) 2 7Z/2,0,2,/2,0,Z/2@Z/2, - - - with generators *, 0, [RP?], 0, (RP? x RP?], [RPY]).
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