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1 Complex manifold

Def 1.1. A complex manifold M is a differentiable manifold admitting an open cover {U,} and
coordinate maps ¢, : U, — C™ such that ¢, o gogl is holomorphic on ¢3(Uy NUg) C C™ for all
a, B.

Def 1.2. A function on an open set U C M is holomorphic if for all o, f o ¢! is holomorphic
on p,(UNU,) C C™.

z = (z1, -+, 2,) of functions on U C M is said to be a holomorphic coordinate system if
a0z tand zop,t are holomorphic on z(U NU,), o (U N Uy) resp.

A map f: M — N of complex manifolds is holomorphic if it is given in terms of local
holomorphic coordinates on N by holomorphic functions.

Exam 1.1. One-dimensional complex manifold is called a Riemann surface

P = {lines through the origin in C"*1} is the complex projective space, with homogeneous
coordinates z = [zo : -+t zp].

C™/A is the complex torus, where A = ZF C C* is a discrete lattice.

Def 1.3. Tk (M) is the real tangent space to M at p, it can be realized as the space of R-
linear derivations on the ring of real-valued C'*° functions in a neighborhood of p. If we write

zj = xj + 1yj, then 5 o
el =R {5

Tep(M) = Trp(M) ®r C is called the complexified tangent space to M at p, it can be
realized as the space of C-linear derivations on the ring of complex-valued C*° functions in a
neighborhood of p. We can write
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T;(M )=C {571]-} is called the holomorphic tangent space, it can be realized as the sub-

where

space of Tg ,(M) consisting of derivations that vanish on antiholomorphic functions. And it is

independent of the holomorphic coordinate system chosen.

The subspace T;’ (M)=C {8%]-} is called the antiholomorphic tangent space, and we have

T (M) = T(M) & T/ (M).



Prop 1.1. A map f: M — N is holomorphic iff
FATH(M)) C T, (N)
forallp e M.
Prop 1.2. T))(M) = T;(M) with operation of conjugation % — %
Trp(M) — Tep(M) — T, (M) is an isomorphism

Exam 1.2. For a smooth curve z(t) = x(t) + iy(t) in C, the tangent to the are can be taken

either as 5 9
"t)=— + 9 ()= € Tr(C
2 (5 +/ )5 € Ta(C)
or
z’(t)2 e T'(C)
0z
Remark 1.1. Let (z1,---,2y), (w1, ,wy) be the holomorphic coordinates centered at p €

M,q € N resp. and f: M — N is a holomorphic map with f(p) = q.
If we write zj; = zj + 1yj, Wa = Uq + 1Vq, then fi : T, (M) = Tr 4(N) is given by

where

0=(55)

If m = n, then det Jg(f) = |det J(f)|> = 0, i.e. holomorphic maps are orientation preserv-
ing.

Prop 1.3. C” has natural orientation given by 2n-form
i n
<2> (dzg Adz1) A+ A (dzp AdZ,) =dag Adyr A+ Adyy,
Moreover, any complexr manifold has natural orientation.

2 Submanifolds and subvarieties

Thm 2.1 (Implicit Function Theorem). Given holomorphic functions fi,--- , fr : U — C with
a neighborhood U of 0 such that
det <8fl> =0
aZj

Then there exists functions wy,--- ,wy defined in a neighborhood of 0 € C** such that in
a neighborhood of 0 in C™,

filz) == fr(2) =0 z; = wi(zgs1, ** , 2n)-



Def 2.1. A complex submanifold S of a complex manifold M is a subset S C M given locally
either as the zeros of a collection f1,--- , fi of holomorphic functions with rank J(f) = k, or as
the image of an open set U in C"* under a map f : U — M with rank J(f) = n — k.

Remark 2.1. By the implicit function theorem, two conditions are equivalent, and S has natu-
rally the structure of a complex manifold of dimension n — k.

Def 2.2. An analytic subvariety V' of a complex manifold is a subset given locally as the zeros
of a finite collection of holomorphic functions.

A point p € V is called a smooth point of V if V' is a submanifold of M near p, and the
locus of smooth points of V' is denoted by V*, a point p € V — V* is called a singular point of
V, Vs =V — V* is called the singular locus.

V' is called smooth or nonsingular if V = V*.

Prop 2.1. smooth analytic subvariety V' is a submanifold of M.

Def 2.3. An analytic variety V is called irreducible, if there does not exists proper subvariety
V1, Vo of V such that Vi, UV, =V,

Prop 2.2. An analytic variety V is irreducible iff V* is connected.
Proof. <: Suppose V =V, U V5.

Then Vi NV, C Vi, i.e.V* is disconnected, contradiction! O
3 Calculus on Complex Manifolds

Def 3.1. For p + ¢ = n, define QP4 = {p € Q"|p(z) € A\P(TL)*(M) @ NU(TY)*(M)}, the form
in QP4 is said to be of type (p,q).

Prop 3.1. For p € QP4 dp € QptLa @ Qpatl,
Def 3.2. 9 = 7Ptl4od: QP — QPTLE § = gPatl o 4 QP9 — QP9HL and then d = 9 + 0.

Prop 3.2. For p = ¢1;(2)dz! Adz’ with |I| = p,|J| = q, the operators O and O is given by
9 .
dp = ﬁgou(z)dz’ Adzf A dz!

_ 9 .
_ 57 I 5J
Op = 55 ory(z)dz? Adz' Adz

Def 3.3. A hermitian metric on M is given by a positive definite hermitian inner product

(o,0), : TL(M)RT,(M)— C

on the holomorphic tangent space at z for each z € M, depending smoothly on z, that is,

such that for local coordinates z on M, the functions h;;(z) = (%, %) are smooth.
% 3/

Remark 3.1. Writing (e,e), in terms of the basis {dz; ® dz;} for (TZ’(M) ®TZ’(M)> , the
hermitian matrix is given by

ds® = Z hij(z)dzi ® dfj
i,J
Def 3.4. A coframe for the hermitian metric is an n-tuple of forms (¢1,- - , @) of type (1,0)

such that
dSQ = Z Pi & @i,
i

i.e. (p1(2), - ,pn(2)) is an orthonormal basis for (T7)*(M).



Def 3.5. By the R linear isomorphism T (M) — T.(M),
Rds? : Tr (M) @ Tg (M) — R
is a Riemannian metric and the quadratic form
Imds? : Tr (M) ® Tr (M) — R

is alternating, i.e. it represents a real differential form of degree 2.
w = —3Imds? is called the associated (1,1)-form of the metric.

Prop 3.3. w = 5Y"¢; A @;

Proof. Let ¢; = o 4 1f;.
Then

ds? =) (a; @ a; + 8@ B +i Y _(—a; ® B + B @ aj).
So 1 )
1 _
w:—ilmdszzza]‘/\ﬁj252901'/\903"

O
Def 3.6. A real differential form w of type (1,1) is positive if i(w(z),v A v) > 0 for any
veTLM).
Prop 3.4. Let z = (21, - ,2n) be a local holomorphic coordinate on M, a form w is positive if

1
w(z) = 5 E hjr(z)dz; A dZy,

with H(z) = (hij(2)) a positive definite hermitian matriz for each z.

Exam 3.1. Let 2, - ,2, be the coordinates on C"*1, and let 7 : C"*1\{0} — P" be the

standard projection map.
Let U C P™ be an open set and Z : U — C"T\{0} be a lifting of U, i.e. mo Z = 1d.
Consider the differential form w = 5-00log 122
We claim that w is well-defined and positive.
For another lifting Z' : U — C"*1\{0}, where f is holomorphic, let Z' = fZ, then

 ot1on 1212 = 100 (10g |21 N b
gﬁﬁlogHZ | = 27788 <logHZH +10gf+logf) =w+ o (

In open set Uy = {z9 # 0}, consider coordinate w; = j—(”) and lifting Z = (1L, wy, -+ ,wy)

1 .= _ 7 Zwidwi

2 (Zdwz‘/\dwi 5 (O widwi) A (X0 ’wz'd’wz‘))

o 1+ w;w; (1 + Z wiwi)Q

At point [1:0:---:0], w= 5= > dw; A dw; > 0.
So w defines a Hermitain metric on P", called the Fubini-Study metric.

00log f — 5810gﬂ =w



4 Holomorphic Vector Bundles

Def 4.1. A holomorphic vector bundle E — M is a complex vector bundle together with the
structure of a complex manifold on E, 4.e. the trivialization ¢ : Eyy — U x CF is biholomorphic.
(or equivalently, it has holomorphic transition function gos : Uy N Ug — GLg(C))

Prop 4.1. dual, direct sum, temsor, alternating product of holomorphic vector bundles are
holomorphic.

Def 4.2. Take a local holomorphic frame {e!,--- , ¥} of E over U, define
9 : QPIUE) —» PIHE) w; @ el = Ow; @ €.

Prop 4.2. 0 is well-defined.

Proof. For another holomorphic frame {(¢')!, -, (¢/)*} of E over U, let €' = g;'-(e’ ).
Then o = glw; @ (¢')7.
So

do = d(gijw") @ (') = g;- COw; @ () = Ow; ® ¢
since g;; is holomorphic. O

Exam 4.1. T'(M) is called holomorphic tangent bundle.

5 Metrics, connections and curvature

Def 5.1. A hermitian metric on F is a hermitian inner product on each fiber F, of E varying
smoothly with x € M, i.e. for a frame ¢ = {(1, -, (i} of E, hij(z) = (¢(x), (j(x)) is smooth.
The frame ( is called unitary if {1(x),--- ,(x(z) is orthonormal basis for FE,.
A holomorphic vector bundle with a hermitian metric is called a hermitian vector bundle.

Def 5.2. A connection D on E — M is amap D : Q°(E) — Q'(E) satisfying the Leibnitz rule:

D(f¢) =df @ ¢+ f-D(C)

for all sections ¢ € QY(E)(U), f € C>(U).
Let e = {e!,--- ,e"} be a frame for E over U, write De’ = 9;'-6]', where 6 = (6;;) is a matrix
of 1-forms, called the connection matrix of D w.r.t. e.

Remark 5.1. For general o = o;e’, we have
Do =do;-e" +0;-De' = (doj + Ul-@;-) el

For another frame ¢’ = {(¢/)',---, (¢/)"} with (¢/) = Y gle/, then

D(e) = Z dgj- ej + Zg,inej

So

0o =dg-g ' +g-0c-g9 "

Def 5.3. If £ is hermitian, we say connection D on E is compatible with the complex structure
if D" =0, where D = D' + D" with D' : Q°(E) — QY(E), D" : Q%(E) — QVL(E).
D is said to be compatible with the metric if d(&,n) = (D&, n) + (&, Dn).

Thm 5.1. If E is hermitian, there is a unique connection D on E compatible with both the
metric and the complex structure.



Proof. Let e = {e1,--- ,en} be a holomorphic frame and h;; = (e;, ;).
If such D exists, then D"e; = de; = 0.
So connection matrix # must have type (1,0), and

dhij =d (67;, ej) = efhkj + é;chzk
Therefore 8h” = thkj, 1.e.0h = Oh and 5}1” = é;ﬁhz‘k, zeéh = héT
Hence 6 = 0h - h™! is the unique solution of these two equations. O
Def 5.4. This unique connection is called the associated(or metric) connection.

Remark 5.2. If e1,--- , e, is a unitary frame, then 95 + é; = d(ej,ej) =0, i.e. the connection
matrix w.r.t. a unitary frame is skew-hermitian.

6 Kahler manifold

Def 6.1. A compact complex manifold M with a hermitian metric ds? is called Kéahler if its
associated (1, 1)-form w is d-closed(Sympletic structure)

Def 6.2. We say a metric ds? on M osculates to order k to the Euclidean on C" if for every
point p € M, we can find a holomorphic coordinate system (z) in a neighborhood of p for which

ds? = Z(éij + gij)dz' @ d#
where g;; vanishes up to order k at p, written as
ds? =) (6 + [k])dz" @ d&.
Prop 6.1. ds? is Kdihler iff it osculates to order 2 to the Euclidean metric everywhere.

Proof. < is trivial.
=: Let w = %Z(éjk‘ + ajklzl + ajkl-il + [2])d2’j A dzg
Then Qi = Qjkl and aj = aj; since dw = 0.
Let 2! = w' + YL w™w™ with b, = —ajmn.
We claim that w = § > (d;; + [2])dw’ A dw/. O

Exam 6.1. Any metric on a compact Riemann surface is Kahler since dw is 3-form.
The complex torus T = CN/A is Kahler with Euclidean metric ds® = > dz @ dz;.
If M, N are Kdihler, then M x N is Kihler with product metric.
If S C M is a submanifold and M is Kahler, then S is Kdahler with pull-back (1,1)-form i*w
Consider Fubini-Study metric on P", its associated (1,1)-form is
w= \/Qilaalog 122 = Y"1 (0.1 8)(@ - 9)10g ] 2]1* = \Td ((0-0)10g)2/7)

T 4 ™

So w is closed, i.e. Fubini-Study metric is Kdhler.

Prop 6.2. Any compact manifold that can be embedded in projective space P™ is Kdihler.
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